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Yod bilan legirlangan qo‘g‘a tolasining fotoo‘tkazuvchanlik va
yarimo‘tkazgichlik xususiyatlarini tadqiq etish

A.T.Mamadalimov?, N.K.Xakimova!, G.M.Mo‘minova?, Sh.M. Norbekov?

lyarimotkazgichlar fizikasi va mikroelektronika ilmiy-tadgiqot instituti
2Andijon davlat universiteti
3Toshkent menejment va igtisodiyot instituti

Annotatsiya. Ushbu maqgolada mabhalliy iglim sharoitida o‘suvchi qo‘g‘a (Typha) o'simligi tolasining
fizik va fotoelektrik xossalari eksperimental tadqiq etilgan. Tadgiqotda tolalarning fotoo‘tkazuvchanlik
xususiyatlarini o‘’zgartirish magsadida yod bilan kimyoviy legirlash usuli go‘llanilgan. Yod bilan legirlangan
namunalarning fotoo‘tkazuvchanlik kinetikasi va spektral xususiyatlari o‘rganilib, fototokning yoritish
ta’sirida ortishi hamda yoritish to‘xtatiigandan keyin relaksatsion jarayonlarning kechishi aniglangan.
Fotoo‘tkazuvchanlik spektri tahlili asosida materialda chuqur energetik sathlar mavjudligi va ularning
zaryad tashuvchilar hosil bo'lishidagi roli asoslangan. Spektrofotometrik tahlil natijalariga ko‘ra, qo‘g‘a
tolasining optik tagiglangan zona kengligi Eg = 2.36 eV ekani aniglangan. Olingan natijalar qo‘g‘a
tolasining organik yarimo‘tkazgich materiali sifatidagi potensialini baholash imkonini beradi.

Kalit so‘zlar: qo‘g‘a (Typha) tolasi, tabiiy tola, organik yarimo‘tkazgich, fotoo‘tkazuvchanlik, yod
bilan legirlash, fototok, energetik sathlar, tagiglangan zona, spektrofotometriya, optik xossalar.

AHHOTaumMAa. B cratbe npeactaBneHbl pesynbTaTbl  3KCMEPUMEHTAIBLHOIMO  UCCeaoBaHUS
du3mdecknx U (GOTOIANEKTPUYECKUX CBOWCTB BOMOKOH poro3a (Typha), npou3pacrtatowlero B MeCTHbIX
KnumaTudeckmx ycnosusix. C  uUenbld M3MEHEHUS (POTOSNEKTPUYECKUX XapaKTEPUCTUK BOJIOKHA
NpoOBEAEHO XMMMWYECKOE IerMpoBaHue woaoM MeTtogom Auddy3moHHOM nponuTku. MccnegoBaHsl
KMHeTuKa poTONMPOBOAMMOCTM U CNEKTParbHblE XapakTePUCTUKM NErMpoBaHHbIX 0O6pa3uoB. YCTaHOBMNEHO
yBenuyeHne OTOTOKa Mo4 BO3AEWCTBMEM YNbTPadMONeTOBOrO W3MyYeHWsl, a Takke Hanmuune
penakcaunoHHbIX NPOLIECCOB MOCHe MpeKpalleHnsa ocBelleHus. AHanm3 crnekTpa ¢oTonpoBOAMMOCTU
CBUAOETENLCTBYET O HANMYUM rMyBoKUX 3HEPreTMYECKUX YPOBHEN, Y4acTBYHOLLMX B NPOLIECCax reHepaumm
N nepeHoca Hocutenewm 3apsiga. Metogom cnekTpodhOTOMETPUYECKOrO aHanm3a onpeferneHa LumpuHa
ONTUYECKOWN 3anpeLlEHHOM 30HbI BOJIOKHA porosa, koTopasi coctaBnsieT npubnuantensHo Eg = 2,36 aB.
Mony4yeHHble pe3ynbTaTbl MOATBEPXAAKT HanUumMe MoNynpOBOOHUKOBBLIX U (DOTOAKTUBHBLIX CBOWCTB
BOMOKHa poros3a W MO3BOMAKT paccMmaTpuBaTb €ro B KavyeCcTBE MNEpPCMNeKTMBHOMO MpUMPOLHOro
OpraHn4yeckoro NosynpoBO4HMKOBOro Matepuana.

KnroueBble cnoBa: BoOMokHo poro3a (Typha), npupogHoe BOMOKHO, OpraHu4eckui
nonynpoBOAHUK, (POTONPOBOAMMOCTb, FerMpoBaHMe KWoaoM, OTOTOK, SHEpPreTUYeckue YpPOBHM,
3anpeLLEHHas 30Ha, cnekTpooToOMeTpUs, POTOINEKTPUYECKME CBOMCTBA.

Abstract. This paper presents experimental studies of the physical and photoelectric properties of
cattail (Typha) fibers under locally grown conditions. To modify the photoelectric properties of the fibers,
chemical doping with iodine was performed using a diffusion impregnation method. The photoelectric
conductivity kinetics and spectral characteristics of the iodine-doped fibers were investigated. An increase
in photocurrent under ultraviolet irradiation and subsequent relaxation processes after termination of
illumination were observed. Analysis of the photoelectric conductivity spectrum indicates the presence of
deep energy levels associated with charge-carrier generation and transport in the material. The optical
band gap of the cattail fiber was determined to be approximately Eg = 2.36 eV by spectrophotometric
analysis. The obtained results demonstrate the semiconductor and photoactive characteristics of cattail
fibers and indicate their potential as a natural organic semiconductor material for further research and
possible applications in photoelectric and optoelectronic systems.

Keywords: cattail fiber (Typha), natural fiber, organic semiconductor, photoconductivity, iodine
doping, photocurrent, energy levels, band gap, spectrophotometry, photoelectric properties.
| Kirish biologik parchalanishi, ekologik xavfsizligi

Bugungi kunda bargaror rivojlanish, hamda _turli fiz?k-kimyoyiy modifik_atsiya!a(
resurslardan ogilona foydalanish va yashil yordamida ularning funksional xususiyatlarini

igtisodiyot tamoyillarining jadal rivojlanishi boshqarish imkoniyati zamonaviy

qayta tiklanuvchi xomashyolar asosida yangi ~Mmaterialshunoslikning muhim yo'nalishlaridan
funksional materiallarni yaratishga bo‘lgan biriga aylanmoqda. Tabiiy tolalar an’anaviy

ilmiy va amaliy gizigishni sezilarli darajada ravishda to*qimachilik, qurilish, —kompozit

oshirmoqda. Aynigsa, tabiiy tolalarning gayta met'[lcirlqlllar l\)/a‘l (?adoqlas‘h .San.?ft'ga
tiklanuvchanligi, nisbatan past zichligi, 9° 'antgan Dbolsa-da,  songgt  yrlarda
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ularning funksional va elektroaktiv materiallar

sifatidagi imkoniyatlarini o‘rganishga ham
katta e’tibor qaratilmoqda.

Shunday istigbolli tabiiy
xomashyolardan ~ biri  qo‘g‘a  (Typha)
o‘simligidir.  Typha turkumiga mansub

o‘simliklar namlik yuqori bo‘lgan hududlarda
keng tarqalgan bo‘lib, yuqori biomassaga ega,
tez o‘suvchi va qayta tiklanuvchi tabiiy resurs
sifatida garaladi. So‘nggi tadqiqotlarda qo‘g‘a
bargi va poyasidan olinadigan tolalar tarkibida
sellyuloza va gemitsellyuloza miqdori yugori
ekanligi, ularning strukturaviy tuzilishi esa
ko‘p bo‘shligli va g‘ovak morfologiya bilan
tavsiflanishi ko‘rsatilgan [1, 2]. Bunday
tuzilish qo‘g‘a tolalarining nisbatan past
zichligi, yaxshi mexanik xususiyatlari va turli
funksional ~ materiallar ~ yaratish ~ uchun
qulayligini ta’minlaydi. Adabiyotlarda qo‘g‘a
tolalarining  fizik-mexanik  xususiyatlari
ularning o‘simlikning qaysi qismidan olingani,
tolani ajratib olish usuli, kimyoviy ishlov
berish  sharoitlari, namlik miqgdori va
mikrostrukturaviy tuzilishiga sezilarli darajada
bog‘ligligi gqayd etilgan. Xususan, suvli va
ishgoriy ishlov berish usullari yordamida
tolalar tarkibidagi mumsimon, ligninli va
boshqa sellyuloza bo‘lmagan komponentlarni
kamaytirish hamda sellyuloza ulushini oshirish
mumkin. Natijada tolaning yuzasi, kristallik
darajasi, mexanik mustahkamligi va polimer
matritsa bilan o‘zaro ta’siri yaxshilanadi [2, 3].
Shu bilan birga, qo‘g‘a tolalarining xossalari
turli Typha turlari, o‘simlikning o‘sish sharoiti
va tolani gayta ishlash texnologiyasiga garab
sezilarli darajada farq gilishi mumkin. Qo‘g‘a
tolalarining o°‘ziga xos morfologik tuzilishi
ham ularning funksional  xususiyatlarini
belgilovchi muhim omildir. Tadgiqgotlarda
qo‘g‘a tolalarida ko‘p bo‘shligli va g‘ovak
strukturalar mavjudligi, bunday tuzilma esa

ularning  yengilligi, suyugliklarni  yutish
xususiyati, issiglik va boshga fizik
jarayonlarda o‘ziga xos xatti-harakatini
ta’minlashi  ko‘rsatilgan  [3-4]. Bundan

tashqari, qo‘g‘a tolalari asosida kompozit
materiallar, sorbentlar, izolyatsion materiallar,

energiya saglash tizimlari va boshqga
funksional biomateriallarni yaratish
imkoniyatlari ham o‘rganilmoqda [1, 2].

Tabiiy tolalarning amaliy imkoniyatlarini
kengaytirishning muhim yo‘nalishlaridan biri
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ularning fizik wva elektr xususiyatlarini
magsadli modifikatsiya qilish hisoblanadi.
Kimyoviy legirlash orgali material tarkibida
go‘shimcha energetik  sathlarning  hosil
bo‘lishi, zaryad tashuvchilar
konsentratsiyasining o‘zgarishi va natijada
fotoelektrik  jarayonlarning  boshqarilishi
mumkin [5-8]. Qo‘g‘a tolalarining mexanik,
morfologik va kompozit material sifatidagi
xususiyatlari bo‘yicha ilmiy adabiyotlarda
yetarlicha ma’lumotlar mavjud bo‘lsa-da,
ularning elektron tuzilishi,
fotoo‘tkazuvchanligi, energetik sathlari va
yorug‘lik  ta’siridagi zaryad tashuvchilar
dinamikasi  nisbatan kam  o‘rganilgan
yo‘nalishlardan  biridir. ~ Mavjud  sharh
tadqiqotlarida ham qo‘g‘a biomassa va
tolalarining asosan mexanik, strukturaviy,
ekologik hamda kompozit materiallardagi
qo‘llanilishiga e’tibor qaratilgan [1, 2]. Shu
sababli qo‘g‘a tolalarining  fotoelektrik
xususiyatlarini chuqur o‘rganish ushbu tabiiy
materialning ilgari yetarlicha tadgiq etilmagan
funksional imkoniyatlarini aniglash nuqtai
nazaridan dolzarb hisoblanadi.

Shu  munosabat  bilan,  ushbu
tadgiqotning asosiy magsadi mahalliy iglim
sharoitida o‘suvchi qo‘g‘a (Typha) o‘simligi
tolasining fizik va fotoelektrik xususiyatlarini
eksperimental jihatdan o‘rganish, shuningdek,
yod bilan kimyoviy legirlashning materialning
fotoo‘tkazuvchanlik xususiyatlariga ta’sirini
aniglashdan iborat. Tadgiqot doirasida yod
bilan  legirlangan  qo‘g‘a  tolalarining
fotoo‘tkazuvchanlik  kinetikasi, spektral
xususiyatlari va energetik sathlari tahlil gilinib,
materialning optik tagiglangan zona kengligini
aniqlashga alohida e’tibor qaratildi. Olingan
natijalar qo‘g‘a tolalarining tabiiy, ekologik
xavfsiz va funksional organik yarimo‘tkazgich
material sifatidagi potensialini baholash uchun
ilmiy asos yaratadi.

Il. MATERIAL VA USULLAR

Tadqiqot ob’ekti sifatida mabhalliy
iqlim sharoitida o‘suvchi qo‘g‘a o‘simligining
tolalari tanlab olindi. Tolalarning yuzasidagi
go‘shimchalarni yo‘qotish maqgsadida
namunalar dastlab distillangan suvda bir necha
bor yuvildi. So‘ngra tolalar tarkibidagi
namlikni bartaraf etish uchun namunalar
termostatda 60° C o‘zgarmas haroratda
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quritildi.  Tolalarning  fotoo‘tkazuvchanlik
xossalarini  magsadli boshgarish va yangi
energetik sathlar hosil gilish uchun kimyoviy
legirlash usulidan foydalanildi [5]. Legirlovchi
moddalar sifatida 5 % li yodning spirtdagi
eritmasidan foydalanildi. Legirlash jarayoni
diffuzion shimdirish usuli bilan amalga
oshirildi. Bunda tolalar 6 soat davomida 80° C
temperaturada  legirlandi.  Namunalarning
fotoo‘tkazuvchanlik spektrlarini yugori
aniqlikda o‘lchash uchun yorug‘lik manbai
sifatida kvars korpusli volfram spiralli lampa
tanlandi. Ushbu lampa 0,16-4,35 mkm
spektral diapazonda uzluksiz nurlanish hosil
gilishi bilan tavsiflanadi va keng spektral
sohada fotoo‘tkazuvchanlikni tadqiq qilish
imkonini beradi. Nurlanishni spektral tarkibiy
gismlarga ajratish maqgsadida Litiy ftorid (LiF)
prizmasi bilan jihozlangan IKM-1 rusumli
monoxromatordan foydalanildi. LiF prizmasi
0,12-8,5 mkm spektral diapazonda yuqori

shaffoflikka ega  bo‘lib, ultrabinafsha,
ko‘rinadigan ~ va  infraqizil = sohalarda
monoxromatik  nurlanishni  shakllantirish

imkonini beradi. Monoxromatordan chiggan
monoxromatik nur ogimini namunaga samarali
yo‘naltirish va uning intensivligini oshirish
magsadida chigish gismiga LiF materialidan
tayyorlangan yig‘uvchi linza o‘rnatildi. Tadqiq
gilinayotgan ~ namuna  linzaning  fokus
tekisligiga joylashtirilib, uning butun ishchi
yuzasi bo‘ylab bir tekis yoritilishi ta’minlandi.
Bu holat namuna bo‘ylab fotoqo‘zg‘alish
jarayonlarining bir xil kechishi hamda
o‘lchash natijalarining ishonchliligini
oshirishga xizmat qildi. Tadgigotlar asosan
,32-4,2 mkm spektral diapazonda olib
borilganligi sababli monoxromatorning
standart natriy xlorid (NaCl) prizmasi o‘rniga
Litiy ftorid (LiF) prizmasi o‘rnatildi. Spektral
shkalaning aniqligini ta’minlash maqsadida
monoxromator JIPIII-250 rusumli  yuqori
bosimli simob lampasi yordamida kalibrlandi.
Kalibrlash natijasida spektral diapazondagi
to‘lqin  uzunliklari yuqori aniqlik bilan
belgilandi va eksperimental o‘lchashlarning
xatoligi minimallashtirildi.

Qo‘g‘a tolasining tagiglangan zona
kengligi miqdorini spektrofotometrik analiz
orqali aniqlashda o‘lchashlarni bajarish uchun
SHIMADZU UV-2600 i plus UV-VIS
spektrofotometridan foydalanildi.
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Spektrofotometr 300 dan 1400 nm to‘lqin
uzunlikdagi diapazonda qattig moddalarning
diffuz gaytarish koeffitsientini va
namunalarning kolorimetrik  xususiyatlarini
o‘rganishga mo‘ljallangan qurulmadir.
Ko‘rsatilgan barcha to‘lqgin diapazonida
o‘lchovlarning nisbiy standart og‘ishlari 0,1%
dan 1% gachani tashkil giladi.

I11. NATIJALAR VA MUHOKAMA

Biz ushbu tadgiqotlarda yod bilan
legirlangan qo‘g‘a tolalarining
fotoo‘tkazuvchanlik kinetikasini tadqiq qildik.
Ultrabinafsha nur  (A=254 nm) bilan
yoritilganda fototokning o‘sishi va nur
o‘chirilganda fotoo‘tkazuvchanlikning uzoq
muddatli relaksatsiyasi kuzatildi. Bunda ichki
fotoeffekt hodisasi namoyon bo‘lganligi qayd
qgilindi.

A

200 m 0o

1-rasm. Yod bilan legirlangan qo‘g‘a
tolasining fotoo‘tkazuvchanlik kinetikasi

1-rasmda yod bilan legirlangan qo‘g‘a
tolasining 5 eV energiyali fotonlar ta’siridagi
fotoo‘tkazuvchanlik tokining vaqt bo‘yicha
o‘zgarishi  keltirilgan. Rasmning  yuqori
gismida fototokning vaqtga bog‘liqligi, pastki
gismida esa yoritish intensivligining nisbiy
o‘zgarishi tasvirlangan. Ko‘rinib turibdiki,
namunani yoritish boshlanishi bilan fototok tez
ortib, dastlabki giymati taxminan 4,45 nA dan
6,0 nA gacha ko‘tariladi, keyin esa o‘sish
sur’ati sekinlashib, taxminan 6,1-6,2 nA
giymatda kvazistatsionar holatga yaginlashadi.
Yoritish davomida fototokning asta-sekin
to‘yinish  holatiga o‘tishi namunada
fotogeneratsiya va zaryad tashuvchilarning
yo‘qolishi mexanizmlari o‘rtasida muvozanat
shakllanayotganidan dalolat beradi. Bunda
zaryad tashuvchilarning rekombinatsiyasi,
lokal energetik holatlarda tutilishi hamda
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polimer zanjiri bo‘ylab ularning ko‘chishi bir
vaqtning o‘zida amalga oshadi. Taxminan 190
s da yoritish manbasining o‘chirilishi bilan
fototokning  keskin  pasayishi Kk
Birinchi bosqgichda tokning jadal k
yoritish natijasida hosil bo‘lgan tezk¢
tashuvchilarning  rekombinatsiyasi
izohlanishi mumkin.

Umuman, 1-rasmda kuzatilgar
yod bilan legirlangan qo‘g‘a
fotoo‘tkazuvchanlikning ikki
xarakterga ega ekanini ko‘rsatadi:

vagtida —  fotogeneratsiya va
tashuvchilarning to‘planishi,
to‘xtatilgandan  keyin esa —  eskui
rekombinatsiya va  sekin  relaksatsion

jarayonlar ustunlik giladi. Shuningdek, 5 eV
energiyali nurlanish ta’sirida fotooqimning
qariyb 4,45 nA dan 6,2 nA gacha, ya’ni
taxminan 1,4 marta ortishi  mazkur
materialning foto sezgirligini tasdiglaydi.
Olingan natijalar yod bilan legirlash polimer
tolada zaryad tashuvchilar konsentratsiyasini
oshirib, uning  fotoelektrik  xossalarini
yaxshilashini ko‘rsatadi.

2-rasmda yod bilan legirlangan qo‘g‘a
tolasi fotoo‘tkazuvchanlik spektri (yorug‘lik
spektri energiya diapazoni 0.3 eV dan 3.32 eV
gacha) aniglandi. Tadgigotlar ~ shuni
ko‘rsatdiki, namuna qorong‘ida uzoq vaqt (1
soat) ushlab turilgandan keyin yorug‘lik
spektri yod bilan legirlangan qo‘g‘a tolasida

hv=0,39 eV dan boshlab fotoo‘tkazuvchanlik

sezilarli darajada orta boshlagani kuzatildi.
Foton energiyasi ortib borishi bilan yod uchun

maksimal hv=1.97 eV da kuzatildi va

yorug‘lik nurining spektri taxminan hv =2.36

eV ga yetganda yana bir tok oshishi kuzatildi.
Ushbu FO* spektrini qo‘g‘a tolasi tagiglangan
zona oralig‘ining yuqori yarmida chuqur donor
sathi mavjudligi bilan tushuntirish mumkin (2-
rasm).

Bu shuni ko‘rsatadiki, ushbu kimyoviy
elementlar bilan legirlangan qo‘g‘a tolasi
namunasining fotoo‘tkazuvchanligi  asosan
zonalararo va zonalar orasidagi energetik
sathlarda elektron-teshik juftligini hosil gilish
jarayoni Dbilan bog‘liq. Yarimo‘tkazgichli
organik  materiallarda  fotoo‘tkazuvchanlik
hodisasi yorug‘lik fotonlarining material
strukturasidagi  elektronlar  bilan o‘zaro

10
ta’sirlashuvi natijasida elektron-teshik
juftliklari (eksitonlar) hosil bo‘lishi bilan
izohlanadi.

I {nisbiy birlik}
-3 =]
=0, 39 ¢V
\
\\
LA
1.97 eV
I 34

hyv (eV) ’ . *
2-rasm. Yod bilan legirlangan qo‘g‘a
tolasining fotoo‘tkazuvchanlik spektri

Bu faqat ushbu elementlar qo‘g‘a
tolasi  namunasining  tagiglangan  zona
oralig'ida  chuqur sath  hosil qilgan
taqdirdagina amalga oshadi. Yod elementi
tagiglangan zona oralig‘ining yugori yarmida
chuqur donor sath hosil giladi deb faraz gilsak,
FO* spektrining boshlanishi (hv=0,39 eV)
qo‘g‘a tolasi tarkibidagi yodning ionlanish
energiyasi, tagiglangan zona kengligida E.-
0,39 eV chuqur sathni hosil gilganligi bilan
bog‘lig. Agar yod bilan legirlangan qo‘g‘a
tolasi n -tipli o‘tkazuvchanlikka ega ekanligini
hisobga olsak, u holda, E=E.-0,39 eV bo‘lgan
sath, tagiglangan zona kengligining yuqori
yarmida joylashgan deb aytish mumkin. FO*
spektri tahlili E=E.0,39 eV bo‘lgan sath
donorlik  xususiyatiga ega  ekanligini
ko‘rsatadi. 0,39 <hv < 1.97 eV sohasida bir xil
ravishda uzluksiz ortib boradi, yorug‘lik
kuchaysa, moddada ko‘proq foton molekulalar
bilan  ta’sirlashadi.  Natijada  ko‘proq
elektronlar yoki zaryad tashuvchilar hosil
bo‘ladi — FO* o‘sadi. Agar toladagi struktura
ochiq, tartibli va bog‘lamli bo‘lsa, hosil
bo‘lgan zaryadlar oson harakatlanadi. Bu ham
uzluksiz o‘suvchi tokni ta’minlaydi. Energiya
kam bo‘lsa, yoki energiyasi past bo‘lsa,
fotogeneratsiya  gilingan  elektron-kovak
juftlari darhol harakatga keladi. Yorug‘lik
ta’sirida elektron va kovaklarning uzluksiz
hosil bo‘lib, harakatlanishi; energiya kamligi
yoki oson ajralishi; strukturaning tartibliligi va
zaryad tashuvchilar mobilligi natijasida ro‘y
beradi. FO* bir me’yorda uzluksiz o‘sishi
elektronlarning E; sathidan C-zonasiga o‘tishi
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bilan bog‘liq. Fotoo‘tkazuvchanlikning hv
>1.97 eV dan Dboshlab yana o‘sishi
elektronlarning V-zonadan E: sathga o‘tishi
bilan bog‘liq . Fototokning hv=2.36 eV dan
boshlanadigan o‘sishi elektronlarning V-
zonadan to‘g‘ridan to‘g‘ri C-zonaga o‘tishi
bilan bog‘liq . Olingan natijalarni chuqur sath
mavjud bo‘lgan yarimo‘tkazgich
materiallarning  umumiy qgabul gilingan
ma’lumotlar bilan solishtirganda, qo‘g‘a tolasi
optik tagiglangan zona kengligining giymati
Eq=0,39+1.97=2.36 eV ga teng ekanligi kelib
chigadi.

@ * 3 C-zona
[} LL :E! A
S — o - — - -1 -
R a ©
Ni=04 23_ r'li
T W
i
‘ Y

. T . V-zona

3-rasm. Yod bilan legirlangan qo‘g‘a
tolasining zona diagrammasi

Ushbu giymat qo‘g‘a tolasi
spektrofotometrik analiz taxlili bilan ham
tasdiglangan.

Qo‘g‘a tolasining spektrofotometrik
tahlili  deganda tolaning elektromagnit
nurlanish (UB, ko‘rinadigan va IQ) bilan
o‘zaro ta’sirini o‘rganish orqali uning optik,
kimyoviy va energetik tuzilishini migdoriy
baholash  tushuniladi. Qo‘g‘a tolasining
tagiglangan zona giymatini optik usul bilan

aniglashni diffuz gaytish elektron
spektroskopiya metodi orgali amalga oshirildi.
Ma’lumki, elektro‘tkazuvchi polimer

materiallarning elektrokimyoviy xususiyatlari
ularning elektron tuzilishiga bog‘liq bo‘lib, bu
tagiglangan zona giymati bilan tavsiflanadi.
Namunaning elektron tuzilishini tahlil qilish
uchun diffuz gaytarish elektron spektroskopiya
yordamida amalga oshirildi. Diffuz gaytarish
electron spektroskopiya tahlili natijalari Taus
tenglamasi asosida topilgan. Taus grafigi
to‘g‘ridan-to‘g‘ri  zonalararo  o‘tishlarini
baholash uchun qo‘llanildi
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4-rasm. Yod bilan legirlangan qo‘g‘a
tolasi uchun F(R) ning to‘lqin uzunligi
(ichki rasm) va Taus egri chiziglariga
spektral bog‘ligligi

Sof qo‘g‘a tolasi uchun hv-(F(R)hv)?
bog‘ligligini ekstrapolyatsiya qilish orqali
topilgan tagiglangan zona giymati Eg = 2.36
eV ni tashkil qilishi aniglandi. Bu esa
o‘rganilgan  namunaning  yarimo‘tkazgich
Xossasiga egaligidan, hamda uning
ko‘rinadigan nur sohasida fotokatalitik
faollikni namoyon qilish bo‘yicha yuqori
potensialga egaligini ko‘rsatadi.

IV.XULOSA.

Oc‘tkazilgan eksperimental tadgiqotlar
natijasida  qo‘g‘a  (Typha)  tolasining
fotoelektrik va yarimo ‘tkazgichlik
xususiyatlari aniglandi. Yod bilan legirlash
natijasida  tolaning  fotoo‘tkazuvchanligi
sezilarli darajada oshishi, fototokning yoritish
jarayonida o‘sishi va yoritish manbai

o‘chirilgandan keyin rekombinatsion hamda
relaksatsion jarayonlarning kechishi kuzatildi.
Fotoo‘tkazuvchanlik spektri tahlili qo‘g‘a
tolasida chuqur energetik sathlar mavjudligini
ko‘rsatdi.

Spektral tahlil natijalaridan qo‘g‘a
tolasining optik tagiglangan zona kengligi Eg
= 2,36 eV ekani aniglanib, ushbu giymat
spektrofotometrik usulda olingan natijalar
bilan tasdiglandi. Shu asosda yod bilan
legirlangan qo‘g‘a tolasi fotoaktiv va
yarimo‘tkazgich xususiyatlarga ega bo‘lgan
istigbolli tabiiy material sifatida baholanishi
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mumkin. Olingan natijalar uning organik
elektronika,  fotoelektrik  qurilmalar  va
fotokatalitik jarayonlarda go‘llanish
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KomnnekcHoe nccnepgoBaHue MOHOKpUCTalnsa KpeMHus,
iermposaHHoOro pegako3emMmesibHbimu anemMeHTamMu Tb nnn Tm.

YOK 612.315.592.3
A.A. Cangumos, ®.6. Ymapos

Institute of Semiconductor Physics and Microelectronics at the National University of Uzbekistan,
20 Yangi Almazar st.

Annotatsiya: Ushbu ishda nodir yer elementlari — terbiy (Tbh) va tuliy (Tm) bilan legirlangan
kremniy monokristallning elektrofizik, strukturaviy hamda spektral xususiyatlariga ta’siri bo‘yicha
eksperimental tadgigot natijalari keltirilgan. KEF-40, KEF-7 va KDB-20 markali kremniy namunalarida 1250
°C haroratda yuqori haroratli diffuzion tavlanish jarayoni amalga oshirildi. Tadgiqot natijalari shuni
ko'rsatdiki, Tb va Tm bilan legirlash kremniyning solishtirma elektr garshiligi va zaryad tashuvchilar
kontsentratsiyasida sezilarli o‘zgarishlarni yuzaga keltiradi. Xususan, Tm elementi bilan legirlash natijasida
p-turdagi o‘tkazuvchanlikning n-turga o'tishi — ya’ni kompensatsiya hodisasi kuzatildi. Nodir yer
elementlarining kremniy matritsasiga yuqori darajada Kiritilganligi neytron-aktivatsion tahlil orqali
eksperimental tarzda tasdiglandi. Fourie-IK spektroskopiyasi natijalari legirlash jarayonida optik faol
kislorod kontsentratsiyasi samarali kamayganini ko‘rsatdi. Raman spektroskopiyasi esa kremniy
panjarasida strukturaviy deformatsiya paydo bo‘lishini va yangi fonon rejimlarining shakllanishini anigladi.
Bu holat legiruvchi atomlar bilan kremniy panjarasi orasidagi faol o‘zaro ta’sir mavjudligini tasdiglaydi.
Olingan natijalar kremniy materialining fizik xususiyatlarini yaxshilash va uni zamonaviy yarimo‘tkazgich
texnologiyalarida qo‘llash uchun yangi istigbollarni ochib beradi.

Kalit so‘zlar: kremniy monokristali, legirlash, nodir yer elementlari, terbiy (Tb), tuliy (Tm), yuqori
haroratli diffuziya, elektr garshiligi, neytron-faollashtirish tahlili, Raman spektroskopiyasi, optik faol kislorod,
nugson tuzilmalari, yarim o‘tkazgich materiallar.

AHHoTauma: B paboTe npeactaBneHbl pesynbTaTbl 3KCNEPUMMEHTANbHOrO WM3YyYeHWUs BRAMSHWSA
nermpoBaHnst MOHOKPUCTANIMYECKOro KPeEMHUSA pPEeOKO3EMENbHbIMU aneMeHTamn — Tepbuem (Tb) u
TynueMm (Tm) — Ha ero anekTpouanyeckne, CTPYKTYpHbIE U CiekTpanbHble xapakrtepuctuku. Obpasubl
KpemMHnss mapok KO®-40, KO®-7 n KOB-20 nogsepranucb BbicOKoTEMnepaTypHOMY Anddy3rOHHOMY
omxury npu 1250 °C ¢ nocneayowum GbICTpbIM OxnaxaeHnem. BeiaBneHo, 4to nermpoBaHve Th n Tm
NPMBOAWUT K CYLLECTBEHHOMY U3MEHEHWIO YAENbHOro CONPOTMBIEHMS U KOHLEHTPaUuM HocuTenen sapsaa,
npMyém B crnydae Tynus OTMevaeTCcd nepekoMneHcaums Tuna MpPOBOAUMOCTM C AbIPOYHOrO Ha
SMNEeKTPOHHbIN. HEeWTPOHHO-aKTMBALMOHHBIM  METOAOM 3KCMEepPUMEHTanNbHO noATBepXaeHa BblCOKas
CcTeneHb BHeAPEeHWS aTOMOB peaKo3eMerbHbIX 3N1eMEHTOB B KpeMHueByto maTpuuy. Metogamm ®ypee VK-
CMEKTPOCKONUN YCTaHOBMEHO, YTO nernpoBaHne 3PEEKTUBHO CHWXKAET KOHLEHTpaumio ONTUYECKU
aKTMBHOIO Kucropoga, a pesynbTatbl PamaH-cnekTpockonum ykasanu Ha BO3HWKHOBEHME CTPYKTYPHbIX
HanpshKeHUn 1 hopMUpPOBaHNE HOBbIX (POHOHHBIX MOZ, NOATBEPXAAKLNX aKTMBHOE B3aMMOLENCTBUE
NErnpyoLLmMx aNEMEHTOB C KpEMHUEBOW PELLETKON. [onyveHHble AaHHbIE OTKPbIBAOT NEPCNeKTUBbl ANs
YNyYLWEHUS CBONCTB KPEMHUS U €0 NPUMEHEHUS B MONYNPOBOAHUKOBBLIX TEXHOMOIUSIX.

KniouyeBble cnoBa: MOHOKPUCTaNNMYECKUA KPEMHWUIW, ferMposaHvne, peako3emMerbHble

anemeHTbl, Tepbui (Tb), Tynui (Tm), BbICOKOTEMMEPATYPHbLIA OTKUM, YOENbHOE COMPOTUBIIEHNUE,
HENTPOHHO-aKTUBALMOHHbLIN aHanu3, PamaH-CneKkTpoCcKonus, ONTUYECKN akTUBHBLIN KACOPOA, AedeKTHbIe
CTPYKTYpbl, NOMYNPOBOAHUKOBbLIE MaTtepuarnsi.
. BBEJIEHME. CBOMCTB KpEMHHUs SBISIETCA JIETUPOBAHUE
peaKo3eMeNbHBIMA 2JIEMEHTaMU (P39),
KOTOpBbIE O0Jaal0T YHUKAITBHBIMH (DU3UKO-
XUMUYECKHUMH XapaKTEPUCTUKAMH U CTIOCOOHBI
3aMETHO U3MEHATHL €Tr0 DJJIEKTPOHHBIE U
CTPYKTYpHbIC TapameTpsi [3].

AKTYyalnbHOCTh  M3YYEHHUS  BIUSHUS
PEAKO3EMENBHBIX  DJJIEMEHTOB, TaKHX Kak

CoBpeMeHHbIE TEHJECHLUU pa3BUTHUS
MUKPOZJIEKTPOHUKA U TOJIYIPOBOAHUKOBBIX
TEXHOJIOTUH TPeOYIOT CO3[aHUs MAaTEPUANIOB C
yIy4IIEeHHBIMU u CTaOMIIBHO
BOCIPOM3BOAUMBIMU  DJIEKTPOPUINYECKUMU
XapakTepucTukamMu. B wyacTtHocTH, o0co0oe

BHUMaHUE yIeIsIeTCs KPEMHHUIO, 9 . .
tepbuit (Tb) u Tymmit (Tm), Ha KpemHuUi
SBIISIONIEMYCSI OCHOBHBIM MaTepuaioM B
00yCJIOBJIECHa WX CIOCOOHOCTBIO HE TOJBKO
IPOM3BOJICTBE MTOJTYTIPOBOTHUKOBBIX
. KOHTPOJIUPOBATh KOHIIEHTPAIUIO u
YCTPOMCTB, OT KauecTBAa KOTOPOTO 3aBHUCST -
MOJBM)KHOCTh ~HOCUTENICH 3apsga, HO W
IKCIUTyaTalluOHHBIC XapaKTEPUCTUKU
. . 3HAYUTEILHO YMEHBIIIATh coJiep>KaHue
KoHeuHbIX  um3nenuit  [1-5]. Opsoit w3 .
HEXKeTaTeTbHBIX IpUMeECeid, HaTpuMmep

3G PeKTUBHBIX  cTpaTernid  MoaudUKaIuN
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ONTUYECKA  AKTHBHOTO
KPUTUYCCKH  B@KHO Ui TOBBIIICHUS
3 PeKTUBHOCTH ¥ CTAOWJIIBHOCTH PabOThI
MHUKPOAJICKTPOHHBIX KOMIIOHEHTOB [4]. Kpome

KHCIIOpOJIa,  4TO

TOr0, YCTAaHOBJIEHO, 4TO BHeapenue P30
BBI3BIBAET oOpa3oBaHme JIOKaJIbHBIX
HanpsDKeHUH U Je(eKTHbIX CTPYKTYp B

KPEMHHEBOU PEIIETKE, YTO aKTUBHO BIIMSET Ha

(bOHOHHBIe u SJICKTPOHHBIC CBOMCTBaA
Marcpuajia, OTKpbIBad BO3MOXHOCTH  JIA
pa3pa60T1<H HOBBIX IMOJYIIPOBOJHUKOBBIX

puOOPOB C 3aJlaHHBIMU MTapameTpamu [6-8].
HecMoTpst Ha 3HAUUTENBHBII HHTEPEC K
NOJOOHBIM  HCCICIOBAHUSIM,  MEXaHH3MBI
BIMSIHUSL  PEIKO3EMENIbHBIX 3JEMEHTOB Ha
CBOMCTBa KPEMHHS OCTAIOTCS HEIOCTATOYHO

U3YYECHHBIMH,  OCOOCHHO B  YCIIOBHUSX
pPa3IUYHBIX ~ TEXHOJOTMYECKUX  PEXKHMOB
00paboTKH, TAKMX KaK BHICOKOTEMIIEPATYPHBII
OTXKUT C HOCIIEAYIOLIUM OBICTPBIM

oxJnaxjaeHueM. MMeHHO 3TO o00yciaBiMBaeT
aKTyaJIbHOCTh IPOBEAEHHOIO MCCIEI0BaHUS,
LENbI0  KOTOPOrO  SIBISIETCS  WM3y4EHHUE
AIIEKTPOPUINYECKUX u CTPYKTYPHBIX
W3MEHEHUN B MOHOKPUCTAJUIMYECKOM KPEMHUU
IpU JITUPOBAaHUM TepOMEM U TYIHUEM C
UCIIOJIb30BAHUEM  COBPEMEHHBIX  METOJIOB
CIIEKTPOCKOIINU u HEUTPOHHO-
AKTHUBALIMOHHOIO aHAJIN3A.

[Tonyuennsie B Hacrosmed padote
pe3ysbTaThl BHOCAT CYIIECTBEHHBIM BKJIAJ B
MOHMMAaHHE (U3UKO-XMMHUYECKUX IPOIECCOB,
IIPOUCXOIAIINX pu B3alMOJEHCTBUH
pPEeAKO3EMENbHBIX 3JIEMEHTOB C KPEMHHUEBOM
MaTpULIEd, W  OTKPBIBAIOT  MEPCHEKTUBBI
JaIbHENIEero COBEpIIEHCTBOBAHUS
TEXHOJIOTHI MOJy4YEHHs TOJYNPOBOJHUKOBBIX
MaTepuasoB C yIy4lIIEHHBIMU
(YHKIMOHATIBHBIMH XapaKTEPUCTHKAMHU.

14
AIIEKTPOPUZNICCKHE napameTpsl
MOHOKPHUCTAIIIMYCCKOT'O KpCMHU, 6BIJII/I

oToOpaHbl 00pa3iel KpeMHus: Mapku KO®D-40,
Ko®-7 u K/b-20. Koropsie  Obuin
MOJIBEPTHYTHl MEXaHWYECKOW M XHUMHUYECKOMN
00paboOTKHM [0 TMONYYCHHS METAJUTHYECKOTO
CJIOS JIETUPYEMbBIX METAJJIOB, TYJIUs U TepOus,
C TIOMOIIBI0 BaKyyMHOTO HambUJICHHS Ha
yctaHoBke BVYII-4, UCTOYHHUKOB METAIJIOB
Obutn TpaHynbl ¢ yucToToM 99,999. Ilocne
MOJIYYEHUS] METAJTUYECKOTO CII0SI JIETUPYEMBIX
METaUIOB  00pa3ipl ObUTM  MOMEUICHBI B
KBapleBble TPYOKH Ui MOJTYYEHHUS BaKyyma 10
10* MM.pT.CT., TIOCIE YEro KOHIBI TPYOOK
3anauBanuchk. Ilocne MOATOTOBKU aMITynbl C
o0pa3iaMu MOMEMaINCh B My(QenbHBIH Teub
JUISL  TIPOXOXKJICHUS BBICOKOTEMIIEPATYPHOTO
omkura. Omxur nposoawics npu 1250 °C B
teuenne 10 u 50 wyacoB. g coxpaHeHus
TEPMOINHAMHYECKON HEpaBHOBECHOM
COCTOSTHUH, OBLIIO MPOBEIEHO OBICTpast 3aKaiKa
o0pa3LoB, B Macje, TeMmIeparypa KOTOpOIo
ObL1a paBHa 45 °C.

I11. PE3YJIBTATHBI U OBCY/KAEHUE

Ilocne muddy3nonHoro orxkura, c
noMoupio Merona Ban nep Ilay, Ha yctaHOBKe
ECOPIA  HMS-3000, Obuln  H3MEpEHBI
OCHOBHBIE 3JEKTpOpU3NYECKUE TMapaMeTpbl
00pa3uoB 110 1 nocie 1upy3HOHHOTO OTHKUTA,
pe3ysnbTaThl  KOTOPBIX  NPEACTABIECHBI B
tabnuuax 1-3. B rabnuie 1 u 2 npencraBieHbl
pe3ynbTaThl s 00pa3loB KPEMHHUS MapKu
K2®-40 u K/1b-20, TO (TepmooOGpaboTaHHbIE)
U sierupoBaHubie TD wium Tm, npu 1250 °C B
tedeHnre 50 yacoB ¢ mocnenymoolend OblcTpoin
3akasikod. B Tabnume 3 mpuBeneHbI
pe3yabTaThl JUIs 00pa3loB KPEMHHUS MapKu
K3®-7,5, TO (tepmooOpaboTaHHBIE) U
nerupoBanubie Th, mpu 1250 °C B Teuenue 10

Il. MATEPUAJIBI 1 METO/bI o . N
YacoB C MOCTIEeNYIOIEH ObICTPOI 3aKaIKOH.
Hist UCCIIEI0BaHUS BIIMSIHUS
pPEIKO3eMENbHBIX JJIEMEHTOB Ha OCHOBHBIC
Tabmnma 1.
ITocne nuddyzun
[Tapamerp o nuddy3un TO TH ™m
p (Om-cm) 41.4 47,0 30,3 37,5
i (cM?/B-c) 1406,9 983,9 341,5 293,0
n (cm) 1,07-10% 1,35-10% 6,04-101 5,69-10%
Tabnuna 2.
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ITocne nuddyzun

[Tapamerp o nuddy3un TO TH T™m

p (OM-cm) 20,3 140,1 33,0 14,2

1 (cM?/B-c) 418,7 173,0 217,7 13149

n (em) 7,35-10% 2,58:10% 8,71-101 3,36:10%
Tabauma 3.
IMocne nuddy3un

[Tapamerp o nuddy3un TO To

p (OMm-cm) 15,67 23,4 16,8

u (cM?/B-c) 686 560 683

n (em) 6,1-10% 5,7-10% 5,6-10%

Kak [IOKa3bIBAIOT pe3ysbTaThl  JAJIUTEIBHOCTH BBICOKOTEMIIEPATypPHOT'O
npejcTaBieHHble B Tabmumax 1-3, ynenpHOEe  OTXKMra, Tak Kak B KPUCTAJUIMYECKOW peleTke
COIIPOTHBIICHUE JIETUPOBAaHHBIX 00pa3noB, B KpemMHHs 1npu S50  9acoBOM  OTXKHTE,
ciyuae, KPEeMHHUS MapKu KO®-40, xoHueHTpauus 00pa30BaHHbBIX
ymenbiiaercss ot 41,4 go 30,3 npu  TepMOOUHAMHUYECKU HEPaBHOBECHBIX
nerupoBanust Th u 10 37,5 npu nerupoBaHuH  COCTOSHHUH, JOE(DEKTHBIX  CTPYKTYp  HWIIH

Tm. B oOpasuax kpemuusi mapku KJ[B-20
BU/THO MIOBBILICHHE yIETHHOTO COIPOTUBICHUS
10 33 st Th, a B 0Opasiax JerupoBaHHbIX TM,
HaO01aeTCs YMEHbIIICHHE yIIeIBHOTO
conpoTuBiieHus a0 14,2 U U3MEHEHHE THUIa
MPOBOAMMOCTH C JBIPOYHOTO B 3JIEKTPOHHBIM.
B oOpasunax xe kpemHus wmapku KOD-7,5
HaOmolaeTcss Majoe yBeiaudeHue, 10 16,8
OM-cM. DT0 MOKET OBITh CBSA3aHO pa3HULIEH 110

70000
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b |

T T T T T T T
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Kanan

KOMIUICKCOB OOJIbIIIe ueM B 00pa3iiax, KOTopbie
omxkuranuck B Teuenue 10 gacos. U kak BUAHO
TyJIU{ TPU JIETUPOBAHUU B KPEMHH, 00pa3ys
COCIMHEHUS, KOTOpBIC BBICTYNAIOT B POJIHU
JIOHOPOB, YBEJIMYMBACT  KOHILIEHTPALUIO
HEOCHOBHBIX HOCHUTENEH, M JBIPOYHOTO
KPEMHUS, U TPOU3BOJIUT MEPEKOMIIEHCAIINIO
OCHOBHBIX HOCHUTEJIEH 3apsa, TO €CTh JbIPOK.

30909

Puc.1. F'amma-criektp obpasia n-Si<Th> 1250 °C, 10 4., ObICTpOe OXJTaXKACHHE

HHH OMMpCACIICHUA KOJIMYECTBA
BHCIPCHHLIX AaTOMOB Tep6Hﬂ n Tyiauda C

HEUTPOHHO-aKTUBAIMOHHOTO
o0pa3upl  OBLIM  MOABEPTHYTHI

[MOMOILIBIO
aHaIu3a,
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OO0Jy4yeHHIO0  TEIUIOBBIMH  HEHUTpOHaMH  C
SHEPrUsIMU E, = 0.025 = 5 3B,

MHTEHCHBHOCTH ITI0TOKa Oblna paBHa I, =5 -
103 nedTp.- cM 2 ¢! u npoza o6aydeHus

cocraBisio D, = 60 + 80 Mmk3B/4ac. Ilocne

0o0Jy4eHHsT C  IOMOLIBIO  CBEPXYHUCTOIO
repmanueBoro nerekropa GC2018  Obutn
MOJIydeHbl TaMMa CHEKTPhl OT 0O0pa3loB.

[lonyueHHBI TaMMa-CIIEKTp ISl KPEMHHS
IpeJICTaBIeHbI Ha puc. 1.

C moMouIpi0 TOMYYCHHBIX CIIEKTPOB U
0a3bl JaHHBIX TaMMa-CIeKTpoB [3, 6] uzoromnos
Th'® (583.2 k3B u 879,4 x3B) u Tm'"° (84,3

16

KB wu 3679 x3B) Ol mpousBencH
KOJIMYECTBEHHBIN aHAN3, Pe3yIbTaT KOTOPOTO
npeJcTaBieH B Tabnuie 4.

I[lo pesynapraram aHanm3a  OBLIO
OmpejieiecH0 4YTO, B 00paslax KpeMHUs,
IpOIIEAIUX TepMooOpaboTKy B TeueHue 10
YacoB M TOCJENyIONIeH OBICTPON 3aKalIKOi
cogepxurcs 0,026 mr Tepbus, a B oOpasuax ¢
MeJJIeHHBIM oxJaxkaeHuem 0,027 mr, a B
oOpasnax ¢ 50 4acoBBIM OTXKHIOM U OBICTPOU
3akankoi comepxkutcs 0,015 mr tepous u s
obpasioB nerupoBanHbix Tymuem 0,011 mr
Tynmusa. Uto  yka3plBaeT Ha  YCIEIIHOE
JICTUPOBAHHUE KPEMHUS TYJIHEM U TEpOUEM.

Tabnuna 4.
(1)
Macea, Conep:xanue %, oT. KOHHGHTpaI;I/Iﬂ,
Ne Oopa3sen r Mace aTromM/cm
Th Tm Th Tm
1 n-Si<Th> 1250 °C, 10 u., 683 | 3.8x1072 i 9.8x1016 )
OBICTPOE OXJIAKICHUE
5 n-Si<Th> 1250 °C, 10 u., 67.2 4,1x102 i 1,04x10%7 )
MEJIJICHHOE OXJIKICHUE
3 n-Si<Th> 1250 °C, 50 u., 1453 | 1,7x102 i 9.3x101 )
OBICTPOE OXJIAKICHUE
g | PSISTD1250°C 304, g0 | 900502 | . | 561x10% i
OBICTPOE OXJIAKJICHUE
5 n-Si<Tm> 1250 °C, 50 ., 149.9 i 1.0x103 ) 564101
OBICTPOE OXJIAKJICHUE
6. |PSISTM>1250°C 304, | g - | 7,0x10° i 3,8x1017
OBICTPOE OXJIAXKICHHUE
Kak u3Bectro [9-10], P3D ucnonssytores ans, Tepbuem u jgo 7,2x10Y cm? nermposammbix

TaK Ha3bIBAGMOW, OYHUCTKU KPEMHHUS OT
(OHOBBIX TpUMecel, B YaCTHOCTU ONTHUYECKU
AKTHUBHOTO KHCJIOPO/1a, HaMU OBLITH MPOBEIECHBI
paboThI MO OlEHKE KOHIEHTPAIUU ONTUYECKU
AKTHBHOTO KHUCIIOPOIa M YTIIepo/ia ¢ TTOMOIIIBIO
dypre HK-cnekrpomerpa OCM-2201.
[TomydeHHBIE CIIEKTPHI MPEACTABICHBI HA PHC.
1-3.

Kak BumHO ¢ puc. 1 wm 2, npum
JIETUPOBAHUM KPEMHUS TYJIHEM U TepOueM, B
TeueHnM 50 4acoB KOHUEHTpAIUs ONTUYECKHU
aKTUBHOTO KHCIIOpOJa yMEHbIIaeTcs, Uit N-
Tuma o6pasnos ¢ 6,64x10Y cm no 2,08x10%7
cM® B 00pasIiax JerHpOBaHHBIX TEPOHEM U JIO
6,3x107 cm® B obpasmax JErMpOBaHHBIX
TymreM. B oOpasmax p-tuma HaOmromaercs
YMEHBIIECHUE c
7,7x10Y em 10 1,76x10Y cm nernpoBanHBIX

TyJUTieM. A B 00pa3iiax, MpoIIeAnnX OTKHUT B
teuenne 10 gacoB, HaOmIOmaeTCs OoJiee Majoe
m3menenne, ¢ 0,35x10Y 10 0,12x10Y cm™.
Jlerupoanue KpEeMHUS
pe}IKO?;eMeJ'IBHI)IMI/I JJIEMEHTAMH, TaKHMMH KaK

tymuit  (Tm) wu Tepbuit (Tb), BBI3BIBAET
3HAYUTEIbHbIC MN3MEHEHHS B ero
BUOpPAIIMOHHBIX ~ CBOMCTBaX M  CTPYKType
Kpuctamnuueckod pemérku [14-15]. OT1o

00yCJIOBJIEHO pPacCOrlaCOBaHUEM IapaMeTpoOB
pemérku Mexay aromamu Si v Tm (wnu Tb),
YTO NPHUBOJUT K JIOKAIbHBIM MEXaHHYECKUM
HampsDKeHUSM M 00pa30BaHUIO CTPYKTYPHBIX
nedexToB B obnactu nerupoanus. OcobeHHO
BBIpaXK€H 3TOT 3P (HEKT B TOHKOIUIEHOYHBIX U
SMUTAKCUATBHBIX CTPYKTYpax, rie
negopManuy  KpPUCTAJUIMYECKONW  PEHIETKH
OKa3bIBAIOT BIUSHHE KaK HAa (JOHOHHBIE MOJIBI,
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TaKk ¥ Ha D3JEKTPOHHYIO 30HHYIO CTPYKTYpPY

Marepuaia.
0.8+ . 08
0,7 4 0.7 4 Si
—n-8i (TO) -
o - p-Si (TO)
08+ gl 061 —— p-Si<Tb>
ES ® p-Si<Tm>
- 05 =054
044 0,4
N, N,
N j0on® 40w 10Vcm?
0.3+ E:S:WO): 63: g;:; 0,31 ::ao/' Uﬁ o
nSi<Te> | 2082 0,13 POETE> | 176]  OA08] 88 Aoy gt
n-5i<Tm> 8315 0289 p-Si<Tm> 7206 0088 - -
02-4— T 02 b T Tty )
400 600 400 600 800 1000 1200 1400
v v, em”
Puc. 1. UK-cnekmpwi 06pa3zyos kpemmus Puc. 2. UK-cnekmpul 06pasyoe kpemuus
mapku KOD-40 mapru K/{5-20
0.7 7
——n-Si
——n-Si (TO)
0.6 4
—— n-Si<Tb>
0,54
0.4
=
=

034

807 cum’!

0,2 v
Ne No. Ne.
1°|I°‘) ‘oﬂwl
0,14 n-Si 035 45

nSi(TO) 022 487
nSicTo> 012 417
0.0 4 T T T 1
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Puc. 3. UK-cnexmpul 0obpaszyose kpemuus mapku KO®-7,5
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Puc. 4. Pamanosckue cnekmpul 06paszyos us napmuu @3 KO®-1,5, n-Si (TO) u n-Si<Th>
ovicmpoe oxaadicoerue n-Si (TO)** u n-Si<Tb>** meonrennoe oxnasxcoerue

B cucremax tBEépHoro pactBopa TmySi; - x ©  COOTBETCTBYIOIIHNMH 3HAUCHUSMU TUTS
TbySi; - x 3HaYeHWE TMapamMeTpa PEmETKH KPEeMHUS U JICTUPYIOIIETO DSJIEMEHTa, 4TO
U3MEHSETCS B npeaenax MEXIY yMEHBIIAET CTETIEHb PEIIETOYHBIX HCKAKCHUN.
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OpHako TpU yBEJIWYEHHHM KOHIICHTpPALUU
TyJUs WIA TepOUs U yYMEHBIICHUH TOJIIIUHBI
ciost BO3HUKAIOT JIOTIOTHUTEJIbHBIE
HUCKQKCHUS, HANpAMYIO OTpaKalollhecs B
CHEKTpax  KOMOWHAIMOHHOTO  paccesHus
(Paman-cnekrpax). s HCCIICIOBAHUS
CTPYKTYpbl ~ 00pa3noB ObUT  HMCHOJIb30BaH
PamanoBckuii cnexkrpomerp QEProt+ ¢ mnmHoit
BOJIHBI 785 HM.

[Ipu nerupoBaHUM KpPEeMHUS TYIHEM U
TepOueM HabIo1aeTcs U3MEHEHUE
WHTECHCUBHOCTH (POHOHHOW MOJBI B 00JIACTH
523 ¢cM™ !, 4TO, COTJIaCHO PsAly UCCIEIOBAHMI
[7-9], yka3biBaeT Ha JIOKaTbHBIC HAPYLICHUS
KPUCTAIITNYECKON CUMMETpPUHU u
nepepactpesieficHie IIOTHOCTH  (POHOHHBIX
COCTOSTHUI BONM3M 1LIeHTpa 30HbI bpumosHa.
VYcunenne UHTEHCUBHOCTH 3TOW MOJIbI MOXKET
OBITH CBSI3aHO c o0Opa3oBaHuEM
neOpMUPOBAHHBIX ~ o0JacTeld, a  TakKe
BkitoueHneM aromoB Tm wu Tb B
KPUCTAJUTMUECKYIO pemeTKy KpEMHUSI,
OPUBOJAIIMM K JIOKaJbHBIM HM3MEHEHUSIM
MEKATOMHBIX B3aUMO/JICHCTBUML. Takue
3¢hdexTsl TakkKe HHTEPHPETUPYIOTCA  Kak
MIPOSIBIICHUE CHJIBHOM CBSI3U MEXITY
peAKO3eMeNbHBIMA aTOMaMH W KPEMHUEBOU
MaTpHIIEH, COITPOBOXKAAOIIEECS
MoauGUKAIMe  30HHOW  CTPYKTYpbl U
oOpaszoBaHreM aMOP(OIOI0OHBIX BKIFOYCHUI
[13, 15, 17].

Taxke mpu JerUpOBaHUM TepOUS TIPU
temneparype 1250 °C B teuenue 10 4dacoB ¢
MOCJIEYIONUM  OBICTPBIM  OXJIAKJECHUEM,
oOHapy>keH HOBBIM MUK B obnactu 245 cm™ !,
KOoTOpbIii coorBercTBYeT T1h-O. Uro MoOxer
JIOTIOJTHUTEIBHO MOJKPEIISET, Hauie
MPEIOI0KEHUE 00 aKTHUBHOM
B3aUMOJICCTBUU PEIKO3EMENIbHBIX 3JIEMEHTOB
C KHUCJIOPOJOM.

IV.BBIBO/IbI.

[TpoBenénnas IKCIEPUMEHTAIbHAS
pabota yOETUTENbHO JIEMOHCTPUPYET, UTO
JIETUPOBAHHE MOHOKPHCTAJTHYECKOTO
KPEeMHHUSI  PEIKO3EMENIbHBIMU  3JIeMEHTaMHU
(TepOuii W Tynui) NPUBOAUT K 3HAUYUMBIM
U3MEHEHUSAM €ro  DJeKTPOPHU3UUECKUX U
CTPYKTYPHBIX XapaKTEepUCTHK. B pe3yibrare
TU(GPY3MOHHOTO OTKHUra KPEeMHHSI Mapok
KO®-40, KO®-7 u K/1b-20 nipu Temneparype
1250°C ¢ NOCIIEAYIOLIUM OBICTPBIM

18

OXJIQK/ICHHEM YCTaHOBJICHO CYIIECTBEHHOE
BIMSIHUE JUTUTEIBHOCTH TEpMOOOpabOTKH U

THUIIA PEAKO3EMEIIBHOI'O JJICMCHTAa Ha
KOHCYHBIC ITapaMETpPbl MaTCpHUAJIA.
9KCHCpI/IMeHTaJ'IBHO BBIABJICHO, 4YTO

npu JeTupoBaHuM KpeMHHs Mapku KOD-40
HaOIroAaeTcs YMEHBIIIEHUE YIEJIBHOTO
COINPOTUBIICHUSI U 3HAYUTEIIHOE BO3PACTAaHUE

KOHIICHTPAIUN HOCUTEIEH 3apsa,
MOITBEPIKIAIOIIEee JIOHOPHBIE CBOMCTBA
BBeIEHHLIX aroMoB Tb u Tm. HauOonee
BBIpQKEHHBIH ~ 3(QQEKT  AOCTHUTHYT  HOpHU
UCIIOJIb30BAHUU  TepOus, i1  KOTOPOIo

y/CIIbHOE CONPOTUBIIEHUE CHU3MIOCH ¢ 41,4 10
30,3 Omcm. B cmywae mapku  KJ[b-20
BBEJCHHE TYJIHUS TIPUBEIO HE TOJIBKO K
CHUKEHUIO yJelIbHOro conportuienus ¢ 20,3
o 14,2 Om'cM, HO U K KapAUHAIHLHOMY
HM3MEHEHUIO TUIIA TPOBOJIMMOCTH C JILIPOYHOTO
Ha  OJEKTPOHHBIM, YTO  yKa3blBaeT Ha
3¢ (HEeKTUBHYIO KOMITEHCAIIUIO UCXOHOTO TUTIA

MPOBOJAUMOCTH U (HOPMHUPOBAHUE N-THUIIA
kpemHusi. B oOpasmax wmapku KDOO-7
W3MEHEHUsT  TapamMeTpoB  ObUITM  MeEHee
BBIPQXKEHBI, OJHAKO TaKXe IOJITBEPKIAIOT
BIIMSIHUE JJIUTETHHOCTH TEPMOOOPabOTKH Ha
CTENEeHb JIETHPOBaHUS ©  (QOpMHUpPOBaHUE
Ne(EeKTHBIX CTPYKTYP.
HeiTtpoHHO-aKTHBAallMOHHBIA  aHAJIU3
MO3BOJIUJI  KOJMYECTBEHHO  MOJATBEPAUTH

yCIIEHIHOCTh BHeJpeHus atoMoB Tb u Tm B
KPEMHHUEBYIO MaTpully, C OIpeAeIeHueM
TOYHBIX KOHUEHTpAllMil Ha YPOBHE ~101 —
107 aTom/cm>. Bonee TOTO,
CHEKTPOCKONMYECKUI aHaIu3 ¢ IOMOUIbIO
®ypre  HK-cnexktpockonuu — yOeauTeNbHO
nokazan 3((EeKTUBHOCTh JIETUPOBAHUS JUIs
CHI)KEHMSI ~ COJAEpXaHHs  HeKelaTeIbHBIX
IIpUMECEH, TAaKUX KaK ONTHUYECKH aKTUBHBIN
KHUCIIOPOJ, Ybsl KOHIEHTpAIUsl CYIIECTBEHHO

YMEHBIIWIACh ocyie BBEJCHUS
PEAKO3EMEINIbHBIX JJIEMEHTOB.

[TonyueHHbie Paman-
CIIEKTPOCKONMYECKUE  JTAHHBbIE  BBISIBUJIHU
3HAYUTEIPHOEC H3MEHEHUE HMHTEHCUBHOCTHU

OCHOBHOW (OHOHHON MoOmbl Ha 523 cm™ !,
00YCIIOBIICHHOE JIOKaTbHBIMU CTPYKTYPHBIMHU
HMCKOKCHHUSIMU W TIOSIBJICHHUEM HAIpPSDKEHUN B
pemi€rke. JlonoTHUTENbHBINA UK HA 245 cM™ 1,
UIEeHTU(DUITMPOBAHHBIN KakK Tb-O,
MOATBEPAUST XUMHUYECKOE B3aUMOJICUCTBUE
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TepOMsT C KHUCIOPOJIOM |
ne(EKTHBIX KOMIUIEKCOB.
Takum 00pa3oM, SKCHEPUMEHTAIBHO
JIOKa3aHO, YTO JICTUPOBAHUE KPEMHHUSI TepOreM
U TynueMm siBisiercs 3(QQPEKTHBHBIM METOJOM
YIIpaBICHUSA €ro 3JIEKTPOHHBIMU u
CTPYKTYPHBIMH CBOWMCTBaMH, MEPCIICKTUBHBIM
JJISL YIIydliCHUs KadyecTBa
MIOJTYIIPOBOTHUKOBBIX MaTepHaioB u

oOpazoBaHue
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MIS BILAN LEGIRLANGAN KREMNIYDA Ir-NURLANISH TA'SIRIDA ZARYAD TASHUVCHILARNING
REKOMBINATSION XUSUSIYATLARI

S.Z. Zaynabidinov!A.Y. Boboyev, 2B.M. Ergashev, 'Sh.A. Maxkamov, G’.G’. Tojiboyev.

1Z. M. Bobur nomidagi Andijon davlat universiteti, O‘zbekiston, 170100, Andijan sh, Universitet ko‘chasi
129 uy.
2Andijon davlat pedagogika instituti, O‘zbekiston, 170100, Andijon shahri, Do'stlik ko‘chasi, 4-uy

Annotatsiya. Ushbu ishda mis bilan legirlangan p-tip kremniyda y-nurlanish ta'sirida zaryad
tashuvchilarning rekombinatsion xususiyatlari tadqiq etildi. Turli solishtirma garshilik, Cu konsentratsiyasi,
diffuziya harorati va sovitish tezligiga ega namunalar tahlil gilindi. Aniglanishicha, nurlanish dozasi ortishi
bilan zaryad tashuvchilar yashash vaqgtining teskari giymati 1/7 chizigli gonuniyat asosida ortadi, radiatsion
o‘zgarish koeffitsienti Kt esa Cu kiritilgan namunalar uchun kamayadi. Bunday holat mis atomlarining
kislorod, vakansiya va radiatsion nugsonlar bilan kompleks markazlar hosil gilishi orgali faol rekombinatsion
kanallarni susaytirishi va kremniyning radiatsion barqgarorligini oshirishi bilan izohlanadi. Natijalar radiatsion
mubhitda ishlovchi fotoelektron va mikroelektron qurilmalar uchun material tanlashda hamda texnologik
rejimlarni optimallashtirishda ham muhim ahamiyatga ega.

Kalit so‘zlar: kremniy, mis, y-nurlanish, rekombinatsiya, zaryad tashuvchilar yashash vaqti, radiatsion
barqgarorlik, legirlash, nugson komplekslari.

AHHOTaumAa. AHHoTaumus. B pabote mnccnegoBaHO BNWSIHUE Y-U3NYYEHUS HA PEKOMOWHALMOHHbIE
CBOWCTBa HOCMTenen 3apsga B KPeMHUW p-Tuna, ferMpoBaHHOM Medbk. PaccmoTtpeHbl obpasupl ¢
pasnuMyHbIM yOeNbHbIM COMPOTMBMEHMEM, KOHUeHTpaumerr Cu u CKOPOCTbIO OXNaxaeHus nocne
BblCOKOTEMMNepaTypHon obpaboTku. [Moka3aHo, 4TO C yBenMdyeHunem Jo3bl 0b6nyyeHus obpatHoe Bpems
XWN3HW HocuTenen 1/T Bo3pacTaeT Nno NIMHEMHOMY 3aKOHY, a KoaduUMEHT pagnauMoHHOro naMmeHeHus Kt
CYLLECTBEHHO 3aBUCUT OT TEXHOSOMMYECKOro pexuma u coctaBa MaTepuana. YCTaHOBMEHO, YTO aTOMbI
Meau, B3avMOAENCTBYS C KUCNOPOAOM, BakaHCUaMM W apyrumu gedekramu, moryT ¢opmMmpoBathb
KOMMMEKCHblE LEHTPbl, YMEHbLUaoWMe KOHLUEHTPauMIo aKTUBHbIX PEKOMOWHAUMOHHBIX LIEHTPOB.
MonyyeHHble pe3ynbTaTbl NOATBEPXKAAIT BO3MOXHOCTb MOBbILUEHUS pagnaLlnoHHON CTOMKOCTM KPEMHUS
nyTeM KOHTPONMPYEMOro NErMpoBaHns Medblo U ONTUMMU3aLuKM YCNoBUIW Tepmudeckon obpaboTtkm Ans
pagvaLmMoHHbIX 3MEKTPOHHBIX NPMBOPOB HOBOTO NOKOMEHWS.

KnioyeBble cnoBa: KpeMHUW, Medp, Y-u3nydeHme, pekombuHaums, BpeMs XU3HW HocUTenen 3apsaa,
pagvaumoHHas CTOMKOCTb, NernpoBaHue, AeeKTHbIE KOMMNIEKChI.

Annotation. This paper investigates the influence of gamma irradiation on the recombination properties
of charge carriers in copper-doped p-type silicon. Samples with different resistivity, copper concentration,
diffusion temperature, and cooling rate were analyzed to clarify the role of technological treatment in
radiation response. It is shown that, as irradiation dose increases, the inverse carrier lifetime 1/1 follows a
linear dependence, while the radiation change coefficient Kt decreases in Cu-containing samples. The
observed behavior is attributed to the interaction of copper atoms with oxygen, vacancies, and radiation-
induced defects, leading to complex centers that suppress active recombination channels and improve
silicon radiation stability.

Keywords: silicon, copper doping, gamma irradiation, recombination, carrier lifetime, radiation stability,
defect complexes, p-type silicon.

KIRISH.

manbalari bilan bog‘liq tizimlar va maxsus elektron
Hozirgi kunda kremniy asosidagi  asboblarda ishlatiladigan yarimo ‘tkazgich
yarimo‘tkazgich  materiallar mikroelektronika, materiallar uchun radiatsion bargarorlik masalasi

fotoelektronika, energetika va radiatsion muhitda
ishlovchi elektron qurilmalar tayyorlashda eng
muhim funksional materiallardan biri hisoblanadi.
Ularning keng qo‘llanilishi, avvalo, elektr va fizik
xossalarining qulayligi, texnologik jihatdan oson
qayta ishlanishi hamda turli tashqi ta’sirlarga
nisbatan ma’lum darajada barqarorligi bilan
izohlanadi [1]. Aynigsa, yadroviy energetika,
kosmik texnika, yuqori energiyali nurlanish

alohida ahamiyat kasb etadi [2].

Ma’lumki, y-nurlanish yarimo‘tkazgich kristall
panjarasiga ta’sir ko‘rsatib, unda turli radiatsion
nugsonlar — vakansiyalar, tugunlararo atomlar,
nugsoniy  komplekslar ~ va  rekombinatsiya
markazlarini hosil giladi [3]. Bunday nugsonlar
zaryad tashuvchilarning erkin harakatini cheklaydi,
ularning konsentratsiyasi, harakatchanligi va
aynigsa yashash vaqgtining kamayishiga olib keladi.
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Natijada yarimo‘tkazgich asboblarning asosiy
parametrlari yomonlashadi, ularning ishonchliligi
va xizmat muddati pasayadi. Shu sababli nurlanish
ta’sirida zaryad tashuvchilarning rekombinatsion
xususiyatlarini o‘rganish yarimo‘tkazgich
fizikasining muhim ilmiy va amaliy vazifalaridan
biri hisoblanadi.

Kremniyning radiatsion bargarorligini
oshirishning samarali yo‘llaridan biri uni turli
kirishma atomlari bilan legirlashdan iborat. Metall
kirishmalar kristall tuzilmada nugsonlar bilan
o‘zaro ta’sirlashib, yangi kompleks markazlar hosil

qilishi, radiatsiya ta’sirida yuzaga keladigan
nugsonlar konsentratsiyasi va ularning qayta
tagsimlanish  jarayonlariga ta’sir  ko‘rsatishi

mumkin [4]. Xususan, mis atomlari kremniy
kristallida yuqori faollikka ega bo‘lib, nugsonlar
bilan murakkab  komplekslar  hosil  qgilish
xususiyatiga ega [5]. Bu esa y-nurlanish ta’sirida
rekombinatsiya jarayonlarining borishiga, zaryad
tashuvchilarning yashash vagtiga va materialning
umumiy elektrofizik xossalariga sezilarli ta’sir
ko‘rsatishi mumkin [6]. Shu nuqtayi nazardan,
ushbu ishning magsadi mis bilan legirlangan p-tip
kremniyda y-nurlanish ta’sirida zaryad
tashuvchilarning  yashash  vaqti  o°zgarishini
aniqlash, ushbu o‘zgarishlarning rekombinatsion
xususiyatini tahlil gilish va jarayonning asosiy fizik
mexanizmlarini ochib berishdan iborat.

MATERIALLAR VA METODLAR

Tadgigotlar  p-tipli  kremniy  monokristall
namunalarida olib borildi. Namunalar bor (B) va
mis (Cu) atomlari bilan legirlangan bo‘lib, ularning

elektrofizik ~ xossalari  y-nurlanish  ta’sirida
o‘rganildi.  Tadqiq etilgan  namunalarning
solishtirma elektr qarshiligi 8,8+77 Om-sm

oralig‘ida bo‘lgan. Bunday namunalarni tanlashdan
maqsad mis kirishmasining radiatsion ta’sir ostida
zaryad tashuvchilarning rekombinatsion
Xususiyatlariga ko‘rsatadigan ta’sirini aniqlashdan
iborat bo‘ldi. Kremniy monokristallarini tayyorlash
jarayonida turli texnologik rejimlar, xususan,
sovitish tezligi muhim omil sifatida tanlandi. Shu
magsadda namunalarni shakllantirish bosgichida
ikki xil sovitish tezligi qo‘llanildi: 40 va 250
grad/min. Namunalar y-nurlanish ta’siriga duchor
etildi va nurlanish dozasi ortishi bilan ularning
rekombinatsion parametrlari o‘zgarishi kuzatildi.
Asosiy e’tibor zaryad tashuvchilarning yashash
vagti t ning ofzgarishiga qaratildi. Tadgigot
jarayonida y-nurlanish dozasi @ ortishiga bog‘liq
holda zaryad tashuvchilar yashash vaqtining teskari
qiymati, ya’'ni 1/t kattaligi tahlil gilindi.

NATIJALAR MUHOKAMASI

21

y-nurlanish dozasi ® ortishi bilan mis bilan
legirlangan  kremniy  namunalarida  zaryad
tashuvchilar yashash vaqgtining teskari giymati,
ya’ni 1/t, ma’lum intervallarda chizigli qonuniyat
asosida o‘zgaradi. Ushbu bog‘lanish quyidagi ifoda
bilan tavsiflanadi [7]:

! = ! + K, ® 1
[; =Ltk 1)
Bu yerda 1, — nurlanishdan oldingi zaryad

tashuvchilar yashash vaqti; Kt — radiatsion
o‘zgarish koeffitsienti; ® — y-nurlanish dozasi.
Mazkur tenglamaga ko‘ra, Kt Kkoeffitsienti
materialning radiatsiyaga sezgirligini ifodalovchi
asosiy parametr hisoblanadi. Uning qiymati
ganchalik katta bo‘lsa, nurlanish ta’sirida
rekombinatsiya  jarayonlari ~ shunchalik  tez
kuchayadi va zaryad tashuvchilar yashash vaqti
keskinroq gisgaradi.

2-jadvalda mis Kkonsentratsiyasi ortishi va
texnologik ishlov rejimlarining optimallashishi
natijasida Kt giymatining kamayishi taqdim etilgan.
Xususan, oddiy p-Si namunasida Kt = 4,8x107 12
sm?*s bo‘lgan holda, mis bilan legirlangan
namunalarda ushbu giymat sezilarli ravishda
pasaygan. Eng kichik qgiymat p-Si<P,B,Cu>
namunasida kuzatilib, Kt = 2,2x10™ * sm?/s ni
tashkil gilgan. Bu holat mis atomlarining radiatsiya

ta’sirida hosil  bo‘ladigan  rekombinatsiya
markazlari  shakllanishini ma’lum  darajada
cheklashini va materialning radiatsion

barqarorligini oshirishini ko‘rsatadi [8]. Shunday
qgilib, y-nurlanish ta’sirida zaryad tashuvchilar
yashash vaqtining o°‘zgarish kinetikasi mis
kirishmasining konsentratsiyasi va namunalarni
tayyorlash texnologiyasiga kuchli bog‘liq ekanligi
aniglandi. Ma’lumki, y-nurlanish ta’sirida
kremniy kristallida vakansiyalar V va tugunlararo
kremniy atomlari Si; hosil bo‘ladi [9]. Bu radiatsion
nugsonlar kristalldagi kislorod, bor va mis atomlari
bilan o‘zaro ta’sirlashib, turli kompleks markazlar
hosil giladi. Mis atomlarining muhim xususiyati
shundaki, ular kislorod va boshga nugsonlar bilan
bog‘lanib, elektr jihatdan nisbatan nofaol yoki
kamroq faol komplekslar shakllantirishi mumkin
[10].

Cu + 0 = Cu0, 2Cu + 0 - Cu,0 (2)
Bunday komplekslar hosil bo‘lishi natijasida
kristalldagi A-markazlar (V+QO) va boshga faol

rekombinatsiya markazlari konsentratsiyasi
kamayishi mumkin [11]. Natijada zaryad
tashuvchilar uchun chuqur wushlab goluvchi

markazlar soni gisgaradi va yashash vaqti nishatan
kattaroq giymatlarda saglanib goladi. Shu bilan
birga, yuqori haroratli ishlov berish jarayonida mis
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atomlarining bir gismi Kklasterlar yoki silitsidsimon
mikrofazalar hosil gilishi entimoldan xoli emas.

22

1-jadval.

Tadqiqg etilgan namunalarning asosiy parametrlari

Namuna tipi o n? sm -I;dg’ Stg:Illt;h slr\lnc_“’3 Tg’ sﬁz/,c
grad/min

p-Si<B> 10.1 - 250 - 1107 ¢ | 4.8x10™ 12

p-Si<B,Cu> 9.6 1050 250 2x10 | 2x107 © | 2.2x107 12

p-Si<B,Cu> 8.8 1150 40 <102 4x107 ¢ | 1.5x107 12

p-Si<P,B,Cu> 77 1250 40 4x10" | 9x10” © | 2.2x107 3

Nurlanish ta’sirida ushbu tuzilmalarning gayta
tagsimlanishi yoki gisman parchalanishi kristallda
nugsonlar muvozanatining o‘zgarishiga olib keladi.
Bu esa rekombinatsiya markazlarining gayta
tagsimlanishiga va zaryad tashuvchilar
kinetikasining yangi holatga o‘tishiga sabab bo‘ladi
[12]. Nurlanish dozasi ortishi bilan zaryad
tashuvchilarning yashash vaqti  bir nechta
rekombinatsiya kanallari orgali cheklanadi. Ushbu
jarayonni ikki asosiy mexanizm orgali ifodalash
mumkin [13]: radiatsiya ta’sirida hosil bo‘lgan
rekombinatsiya markazlari orgali rekombinatsiya,
TtRC; potensial to‘siglar, mikronugsonlar yoki
fazaviy  birjinsli ~ emasliklar  bilan  bog‘liq
rekombinatsiya, tb. Mazkur holatda umumiy
yashash vaqti quyidagi tenglama bilan ifodalanadi
[14]:

1/t = 1/7RC + 1/tb (3)

Ushbu munosabatdan ko‘rinib turibdiki, zaryad
tashuvchilar yashash vaqti fagat bitta emas, balki bir
vaqtning o°zida bir nechta rekombinatsion kanallar
ta’sirida shakllanadi. Ayrim nurlanish dozasi
intervallarida tajriba natijalari quyidagi shart
bajarilishini ko‘rsatdi [15]:

1/tRC =~ 1/tb 4)

Bunday holatda umumiy rekombinatsiya tezligi
ma’lum darajada muvozanatlashadi va 1T qiymati
keskin o‘zgarmaydi. Sekin sovitish sharoitida (40
grad/min) kristall panjarasida kirishma atomlari va
ichki nugsonlarning muvozanatlirog tagsimlanishi
uchun qulay sharoit yuzaga keladi. Bu esa radiatsiya
ta’sirida hosil bo‘ladigan yangi nuqsonlarning
samarali rekombinatsiya markazlariga aylanish
ehtimolini  kamaytiradi  [16]. Natijada Kz

koeffitsienti kichikroq giymatga ega bo‘ladi va
materialning radiatsiyaga sezgirligi pasayadi. Tez
sovitishda (250 grad/min) kristalldagi nugsonlar va
kirishma atomlarining nomuvozanatli  holati
“muzlab qoladi”. Bu esa ichki kuchlanishlar, lokal
nugsonlar va metastabil markazlar saglanib
golishiga sabab bo‘ladi [17]. Keyinchalik y-
nurlanish ta’sirida ana shu markazlar qo‘shimcha
rekombinatsiya kanallari sifatida namoyon bo‘lib,
zaryad tashuvchilar yashash vaqtining tezrog
kamayishiga olib keladi. 2-jadval ma’lumotlari ham
shu xulosani tasdiglaydi. Masalan, 40 grad/min
sovitish tezligida tayyorlangan namunalarda Kz
giymati 250 grad/min sharoitida tayyorlangan
namunalarga nisbatan ancha kichik bo‘lgan.

XULOSA.

y-nurlanish  ta’sirida  kristall ~ tuzilmada
rekombinatsiya markazlari konsentratsiyasi oshib
borishi bilan zaryad tashuvchilar yashash vaqgtining
teskari giymati 1/t chizigli ravishda ortishi
aniglandi. Mis bilan legirlangan  kremniy
namunalarida radiatsion o‘zgarish koeffitsienti Kt
ning kamayishi kuzatildi. Mis atomlarining kislorod
va boshqga nugsonlar bilan o‘zaro ta’sirlashib, turli
komplekslar hosil qilishi natijasida radiatsion
nugsonlar konsentratsiyasining kamayishi
mumkinligi aniglandi. Zaryad tashuvchilar yashash
vaqti ikkita asosiy rekombinatsiya kanali, ya’ni
radiatsion rekombinatsiya markazlari va potensial
to‘siglar bilan bog‘liq kanallar orqali belgilanishi
aniglandi. Kristallni sovitish tezligi materialning
radiatsion barqarorligiga sezilarli ta’sir ko‘rsatishi
aniglandi.
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Oltingugurt inson ovgatlanishida muhim element sifatida
P. Xakimov

Qo’qon universiteti Andijon filiali

Annotatsiya: Mazkur magolada oltingugurtning inson organizmidagi biologik va fiziologik
ahamiyati, uning ozig-ovgat mahsulotlaridagi manbalari, organizmga tushishi va o‘zlashtirilishi, ogsil va
aminokislotalar almashinuvidagi roli hamda oltingugurt birikmalarining salomatlikka ta’siri yoritilgan.
Oltingugurt inson organizmi uchun zarur bo‘lgan makroelementlardan biri bo‘lib, asosan metionin va sistein
kabi oltingugurt saglovchi aminokislotalar tarkibida mavjud. Ushbu element ogsillar, fermentlar,
kofermentlar va antioksidant tizimlarning normal faoliyatida muhim o'rin tutadi. Maqolada go‘sht, baliq,
tuxum, sut mahsulotlari, dukkakli o‘simliklar, yong‘oqlar, piyoz va sarimsoq kabi mahsulotlarning oltingugurt
manbai sifatidagi ahamiyati ham tahlil gilinadi. Shuningdek, ratsionda ogsil yetishmovchiligi, oltingugurt
almashinuvidagi buzilishlar va oltingugurt birikmalarining ortigcha iste’'moli bilan bog‘liq ayrim holatlar
hagida ma’lumot beriladi.

Kalit so‘zlar: oltingugurt, mineral elementlar, ovgatlanish, aminokislotalar, metionin, sistein, ogsil
almashinuvi, glutation, antioksidant, ozig-ovgat mahsulotlari.

Abstract: This article examines the biological and physiological significance of sulfur in the human
body, its dietary sources, its intake and absorption, its role in protein and amino acid metabolism, and the
effects of sulfur compounds on human health. Sulfur is an essential mineral element for the human body
and is primarily present in sulfur-containing amino acids such as methionine and cysteine. This element
plays an important role in the normal functioning of proteins, enzymes, coenzymes, and antioxidant
systems. The article also analyzes the importance of foods such as meat, fish, eggs, dairy products,
legumes, nuts, onions, and garlic as dietary sources of sulfur. Furthermore, it discusses certain conditions
associated with dietary protein deficiency, disturbances in sulfur metabolism, and excessive intake of sulfur
compounds.

Keywords: sulfur, mineral elements, nutrition, amino acids, methionine, cysteine, protein
metabolism, glutathione, antioxidant, food products.

AHHOTauusA: B ctatbe paccmartpumBaloTcs Guonormdeckoe n pmusmonormdeckoe 3HayeHne cepbl B
OpraHu3me 4YenoBeka, €€ UCTOUYHUKM B NULLEBbLIX NPOAYKTaX, NOCTYNEHNE U YCBOEHME OPraHM3MOM, posb
B 06MeHe 6enkoB M aMMHOKUCIIOT, a Takke BMNUsSIHWE COeOQUHEHWI cepbl Ha COCTOosiHME 3aopoBbs. Cepa
ABMSETCA OAHUM M3 HEOOXOAMMbIX AN OpraHM3Ma YerioBeka MUHeparbHbIX 31IEMEHTOB U COOEPXKUTCS
NnpenMyLLEeCTBEHHO B COCTaBE CEPOCOAEPKALLUX aMUHOKUCIIOT, TaKUX Kak METUOHMH U UMCTEWH. [aHHbIN
3MNEeMEHT UrpaeT BaxHYK porb B obecnedyeHnm HopmarnbHOro yHKLUMOHUPoBaHUA 6enkoB, (epMeHTOB,
KOPEPMEHTOB U aHTUOKCUAAHTHBLIX CUCTEM. B cTaTbe Takke aHanuavpyeTcs 3Ha4YeHWe Takux NpoayKToB,
Kak Msico, pbiba, sriLa, MonoYHbIe MPoayKThl, 6060BbIE, OPEXU, NTYK U YECHOK, B KAYECTBE MCTOYHUKOB CEPbI.
Kpome Toro, paccmatpuBaloTCs HEKOTOpbIE COCTOSIHUSA, CBA3AHHblE C HEAOCTaTOYHbIM MOCTYMIEHMEM
Oernka ¢ nuiLen, HapyLeHnaMN oBMeHa cepbl Y U30bITOYHLIM NOTPeONeHneM CoOeaNHEHNI CEPBI.

KnioyeBble cnoBa: cepa, MvHepasnbHble 3MeMEHTbl, MUTaHWE, aMWHOKMCMOTbl, METUOHWH,
uucTenH, 6enkoBbI OOMEH, rMyTaTUOH, aHTUOKCUMAAHT, NULLIEBLIE NPOOYKTHI.

KIRISH uchraydi. Inson organizmida esa u, avvalo,
oltingugurt saglovchi aminokislotalar —
metionin va sistein, shuningdek, boshga
biologik faol birikmalar tarkibida mavjud.

Oltingugurtning oziglanishdagi
ahamiyati ko‘pincha uning alohida mineral
modda sifatidagi emas, balki biologik
molekulalar tarkibidagi o‘rni bilan bog‘liq
holda baholanadi. Ayniqgsa, ogsillar sintezi,
fermentlarning faoliyati, hujayralarni
oksidlovchi stressdan himoya gilish va bir gator
metabolik  reaksiyalarda  oltingugurtning
ishtiroki katta ahamiyatga ega.

Zamonaviy  ovgatlanish nugtayi
nazaridan oltingugurtning asosiy manbai
ogsilga  boy  ozig-ovgat  mahsulotlari

Inson organizmining normal hayot
faoliyati ko‘plab kimyoviy elementlarning
muvozanatli miqdorda mavjud bo‘lishiga
bog‘lig. Mineral moddalar organizmda
tuzilishi, katalitik, regulyator va energetik
jarayonlarda ishtirok etadi. Ularning ayrimlari
juda katta miqdorda talab gilinsa, boshqalari
kam miqdorda zarur bo‘ladi. Shunga qaramay,
har bir elementning organizmdagi o‘ziga xos
biologik vazifasi mavjud.

Oltingugurt (S) inson organizmi uchun
muhim bo‘lgan elementlardan biri hisoblanadi.
U davriy sistemada VI guruhga mansub bo‘lib,
atom ragami 16 ga teng. Tabiatda oltingugurt
turli mineral va organik birikmalar shaklida
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hisoblanadi. Sog‘lom va muvozanatli ratsionda
ogsil miqdori yetarli bo‘lsa, organizm odatda
oltingugurt saglovchi aminokislo-talarni ham
yetarli darajada oladi. Shu sababli sog‘lom
insonlarda oltingugurtning alohida tanqisligi
kam uchraydi.

Mazkur magolaning maqgsadi —
oltingugurtning inson ovqatlanishidagi o‘rnini
ilmiy jihatdan yoritish, uning organizmdagi
biologik vazifalarini, asosiy o0zig-ovqat
manbalarini va salomatlik uchun ahamiyatini
tahlil gilishdan iborat.

1. OLTINGUGURTNING INSON
ORGANIZMIDAGI UMUMIY
AHAMIYATI

Oltingugurt inson organizmida turli
organik birikmalar tarkibida mavjud bo‘ladi. U
organizm massasining nisbatan kichik gismini
tashkil etsa-da, ko‘plab muhim biologik
jarayonlar uchun zarurdir.

Oltingugurtning eng muhim biologik
funksiyalaridan biri ogsillar tarkibida ishtirok
etishidir. Ogsil molekulalarining tarkibidagi
metionin  va  sistein  amino-kislotalari
oltingugurt saqglaydi. Sistein molekulalari
o‘zaro disulfid bog‘lari hosil qilishi mumkin.
Bunday bog‘lar ogsillarning fazoviy tuzilishini
bargarorlashtirishda katta ahamiyatga ega.

Masalan, soch, tirnog va terining asosiy
ogsillaridan biri bo‘lgan keratin tarkibida
sistein  ko‘p wuchraydi. Sistein qoldiglari
o‘rtasida hosil bo‘ladigan disulfid bog‘lari
keratinning mustahkamligi va mexanik
xususiyatlarini belgilashda ishtirok etadi. Shu
sababli oltingugurt yetarli bo‘lishi teri, soch va
tirnoglarning normal holatini ta’minlovchi
omillardan biri hisoblanadi.

Oltingugurt, shuningdek, bir gator
fermentlar va kofermentlarning tarkibiy qismi
sifatida metabolik jarayonlarda qatnashadi.
Masalan, koenzim A tarkibidagi tiol guruhi
yog‘ kislotalari va uglevodlar almashinuvida
muhim reaksiyalarni amalga oshirish imkonini
beradi.

Bundan tashqari, oltingugurt
hujayralarning antioksidant himoyasida muhim
rol o‘ynaydi. Sistein aminokislotasi glutation
deb ataluvchi muhim antioksidant birikmaning
tarkibiga kiradi. Glutation hujayralarni reaktiv
kislorod birikmalari va boshga oksidlovchi
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omillarning zararli ta’siridan himoya qilishda
gatnashadi.

2. OLTINGUGURT SAQLOVCHI
AMINOKISLOTALARNING
AHAMIYATI

Inson ovagatlanishida oltingugurtning
asosiy biologik manbai metionin va sistein
hisoblanadi.

Metionin inson organizmi uchun
almashinmaydigan aminokislota hisoblanadi.
Ya’ni organizm uni o‘zida yetarli miqdorda
sintez gila olmaydi va u ozig-ovgat orgali
olinishi kerak. Metionin ogsil sintezida ishtirok
etishidan tashqgari, organizmdagi metillanish
jarayonlari  uchun  zarur  bo‘lgan  S-
adenozilmetionin hosil bo‘lishida qatnashadi.

Metionin  almashinuvi  jarayonida
gomosistein ~ hosil  bo‘lishi  mumkin.
Gomosistein  keyinchalik boshga metabolik
yo‘llar orqali qayta metillanishi yoki sistein
hosil bo‘lishiga olib keluvchi transsulfuratsiya
yo‘liga kirishi mumkin. Ushbu jarayonlarda
folat, vitamin B12 va vitamin B6 kabi moddalar
ham muhim ahamiyatga ega.

Sistein esa shartli almashinuvchi aminokislota
bo‘lib, organizmda metionindan hosil bo‘lishi
mumkin. Sistein ogsil sintezida, fermentlar
faoliyatida va glutation hosil bo‘lishida
gatnashadi.

Sisteinning biologik ahamiyatini quyidagicha
umumlashtirish mumkin:

1. ogsillar sintezida ishtirok etadi;
2. ogsil molekulalarida disulfid bog‘larini
hosil giladi;
3. glutation sintezi uchun zarur;
4. oksidlanish-qaytarilish  reaksiyalarida
gatnashadi;
5. hujayralarning antioksidant himoyasiga
hissa qo‘shadi.

Shunday qilib, oltingugurtning
ovgatlanishdagi  ahamiyatini  uning ogsil

almashinuvi bilan bevosita bog‘lash mumkin.
3. OLTINGUGURTNING OZIQLANISH
MANBALARI

Inson organizmi oltingugurtni asosan
ozig-ovqgat tarkibidagi organik birikmalardan
oladi. Aynigsa, hayvon va o‘simlik
mahsulotlari orasida oqsil miqgdori yuqori
bo‘lgan mahsulotlar oltingugurt saqlovchi
aminokislotalarning muhim manbai
hisoblanadi.
Go‘sht va baliq mahsulotlari
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Mol go‘shti, qo‘y go‘shti, parranda
go‘shti va balig tarkibida metionin va sistein
mavjud. Ushbu mahsulotlar yugori biologik
giymatga ega ogsil manbai bo‘lgani sababli
oltingugurt saglovchi aminokislotalar bilan
ta’minlashda muhim rol o‘ynaydi.

Go‘sht mahsulotlaridagi ogsil tarkibida
oltingugurt saglovchi aminokislotalar
mavjudligi ularning oziglanish giymatini
oshiradi. Birog ratsionda fagat hayvon
mahsulotlariga tayanish shart emas, chunki
o‘simlik mahsulotlari ham muhim manba bo‘la
oladi.

Tuxum

Tuxum, aynigsa uning og gismi, yugori
biologik giymatga ega ogsil saglaydi. Tuxum
ogsillarida  sistein  va  metionin  Kkabi
aminokislotalar mavjud. Shu sababli tuxum
oltingugurt  saglovchi  aminokislotalarning
yaxshi manbalaridan biridir.

Sut va sut mahsulotlari

Sut, gatiq, pishlog va boshga sut
mahsulotlari ogsil bilan bir gatorda oltingugurt
saqlovchi aminokislotalarni ham ta’minlaydi.
Ularning ratsiondagi mavjudligi umumiy ogsil
sifatini yaxshilashga xizmat giladi.

Dukkakli o‘simliklar
Loviya, no‘xat, yasmiq, soya va boshqa
dukkaklilar  o‘simlik  ogsilining muhim

manbalaridir. Ularning tarkibida oltingugurt
saqlovchi aminokislotalar mavjud bo‘lsa-da,
ayrim  dukkakli  mahsulotlarda  metionin
miqgdori hayvon ogsillariga nisbatan pastroq
bo‘lishi mumkin.

Shu sababli turli xil osimlik ogsillarini
birgalikda iste’mol qilish ogsilning
aminokislota tarkibini muvozanatlashtirishga
yordam beradi.

Yong‘oq va urug‘lar

Yong‘oq, bodom, kungabogar urug‘i,
kunjut va boshqa urug‘lar ham oqgsil hamda
biologik faol moddalar manbai sifatida
muhimdir. Ularning tarkibidagi oltingugurt
saglovchi aminokislotalar umumiy ratsionga
qo‘shimcha hissa qo‘shadi.

Piyoz va sarimsoq

Piyoz va sarimsoq tarkibida ogsillardan
tashgari, oltingugurt saglovchi o‘ziga xos
organik birikmalar mavjud. Ular tarkibidagi
allitsin va boshga oltingugurtli birikmalar
ushbu sabzavotlarning o‘ziga xos hidi va
ta’mini shakllantiradi.
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Sarimsoq va piyoz tarkibidagi
oltingugurt birikmalari biologik faolligi bilan
ham qiziqish uyg‘otadi. Ularning antioksidant
va boshqa fiziologik ta’sirlari bo‘yicha ko‘plab
ilmiy tadgiqotlar olib borilgan.

4. OLTINGUGURT VA OQSIL
ALMASHINUVI

Oltingugurtning ovgatlanishdagi
muhim jihatlaridan biri uning ogsil
almashinuvi  bilan  bog‘ligligidir.  Inson
organizmi  ogsillardan  yangi  hujayralar,
fermentlar, gormonlar va boshqga biologik
molekulalarni sintez gilish uchun foydalanadi.

Ogsillar tarkibidagi metionin va sistein
oltingugurt almashinuvining markaziy
komponentlari hisoblanadi. Metionin
almashinuvi orqali hosil bo‘ladigan birikmalar
ko‘plab metabolik reaksiyalarda ishtirok etadi.
Oltingugurt  saglovchi  aminokislotalarning
yetarli migdorda gabul gilinishi:

. yangi ogsillar sintezini;
. to‘qimalarning yangilanishini;
. fermentlar hosil bo‘lishini;

eng

antioksidant himoyani;

normal hujayra metabolizmini
go‘llab-quvvatlashga yordam beradi.

Ozig-ovqgat tarkibidagi ogsil miqgdori
juda past bo‘lgan ratsionlarda nafaqat umumiy
ogsil, balki oltingugurt saglovchi
aminokislotalarning ham  yetishmovchiligi
yuzaga kelishi mumkin. Bunday holat uzoq
muddat davom etsa, organizmning tiklanish
jarayonlari, mushak ogsillari sintezi va boshga

fiziologik  funksiyalariga  salbty  ta’sir
ko‘rsatishi mumkin.
Shu sababli sog‘lom ovqatlanish

tamoyillaridan biri turli manbalardan sifatli
ogsil olishdan iborat.

5. OLTINGUGURT VA ANTIOKSIDANT
HIMOYA

Inson organizmida doimiy ravishda
oksidlanish jarayonlari sodir bo‘ladi. Ushbu
jarayonlarda reaktiv kislorod birikmalari hosil
bo‘lishi mumkin. Ularning haddan tashqari
ko‘payishi oksidlovchi stressga olib kelishi
ehtimoli mavjud.

Organizm oksidlovchi stressga garshi
turish uchun murakkab antioksidant tizimga
ega. Ushbu tizimning muhim
komponentlaridan biri glutation hisoblanadi.
Glutation uchta aminokislotadan tashkil topgan
bo‘lib, uning tarkibiga sistein kiradi.
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Sisteinning  tiol  guruhi  glutationning
antioksidant faoliyatida muhim ahamiyatga
ega.

Glutation:

. hujayralarni  oksidlovchi  stressdan
himoya qilishda;

. ayrim zararli birikmalarni
zararsizlantirishda;

. hujayraning oksidlanish-gaytarilish
muvozanatini saqglashda;

. boshqga antioksidant tizimlar faoliyatini

qo‘llab-quvvatlashda
ishtirok etadi.

Shuning uchun ratsionda sistein va
metioninning yetarli bo‘lishi organizmning
normal antioksidant himoyasini ta’'minlashda
muhim omillardan biri hisoblanadi.

6. OLTINGUGURTNING SOCH, TERI
VA TIRNOQLAR UCHUN AHAMIYATI

Teri, soch va tirnoglarning asosiy
strukturaviy ~ ogsillaridan ~ biri  keratin
hisoblanadi. Keratin tarkibida sistein ko‘p

bo‘lib, sistein qoldiglari orasida disulfid
bog‘lari hosil bo‘ladi.

Disulfid bog‘lari keratin
molekulalarining mustahkamligini oshiradi.
Shu sababli oltingugurt saglovchi

aminokislotalar teri, soch va tirnoglarning
strukturaviy yaxlitligini ta’minlashda muhim
ahamiyatga ega.

Sochning mustahkamligi va elastikligi
ko‘plab omillarga bog‘liq bo‘lsa-da, ogsil va
oltingugurt  saglovchi  aminokislotalarning
yetarli darajada iste’mol qilinishi organizmning
normal Keratin sintezini qo‘llab-quvvatlaydi.

Shuni ta’kidlash kerakki, soch yoki
tirnoq bilan bog‘liq muammolarni faqat
oltingugurt yetishmasligi bilan izohlash to‘g‘ri
emas. Bunday holatlarga temir, rux, ogsil,
vitaminlar yetishmovchiligi, gormonal
o‘zgarishlar va boshqa ko‘plab omillar sabab
bo‘lishi mumkin.

7. OLTINGUGURT
YETISHMOVCHILIGI VA
ORTIQCHALIGI

Sog‘lom insonlarda oltingugurtning
alohida yetishmovchiligi juda kam uchraydi.
Buning asosiy sababi — oltingugurt saglovchi
aminokislotalarning ko‘plab odatiy oziq-ovqgat
mahsulotlarida mavjudligidir.

Odatda muvozanatli ratsionda go‘sht,
balig, tuxum, sut mahsulotlari yoki o‘simlik
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ogsillarining  yetarli miqdorda  bo‘lishi
organizmning oltingugurtga bo‘lgan ehtiyojini
qoplaydi.

Biroq og‘ir ogsil yetishmovchiligi, uzoq
muddatli noto‘g‘ri ovqatlanish yoki ayrim
patologik holatlarda oltingugurt saglovchi
aminokislotalarning yetarli gabul gilinmasligi
kuzatilishi mumkin.

Oltingugurtning o‘zi bilan bog‘liq
ortigcha iste’mol masalasi esa oziq-ovqat
tarkibidagi shakliga bog‘liq. Masalan, ozig-
ovgat sanoatida ayrim oltingugurt birikmalari
konservant sifatida ishlatiladi. Sulfitlarga sezgir
bo‘lgan ayrim odamlarda bunday moddalar

noxush  reaksiyalarni  keltirib  chiqarishi
mumkin.

Shu sababli oltingugurtning foydali
biologik  funksiyalari  bilan  ozig-ovqat

go‘shimchalari sifatida ishlatiladigan ayrim
oltingugurt birikmalarini bir-biridan farglash
zarur.

8. OLTINGUGURTGA BOY
MAHSULOTLARDAN
FOYDALANISHNING OVQATLANISH
NUQTAI NAZARIDAN AHAMIYATI

Sog‘lom ovqatlanishda asosiy magsad
ma’lum bir mineral elementni alohida ko‘p
miqdorda iste’mol qilish emas, balki barcha
zarur oziq moddalarni muvozanatli tarzda gabul
gilishdir.

Oltingugurt uchun ham xuddi shu
tamoyil amal giladi. Ratsion quyidagi mahsulot

guruhlarini  o‘z ichiga olishi maqsadga
muvofiq:
. go‘sht yoki boshqa sifatli ogsil
manbalari;
. balig va tuxum;
. sut va sut mahsulotlari;
. dukkakli o‘simliklar;
. yong‘oq va urug‘lar;
. turli sabzavot va mevalar;
. don mahsulotlari.
O‘simlikka asoslangan ratsionda turli
ogsil manbalarini kombinatsiyalash orqali

aminokislotalar tarkibini yaxshilash mumkin.
Masalan, dukkaklilarni don mahsulotlari bilan
birgalikda iste’mol qilish oqsil sifatini
yaxshilashga yordam beradi. Bundan tashqari,
ratsionning xilma-xilligi organizmni nafagat
oltingugurt, balki temir, rux, magniy, kalsiy,
vitaminlar, tola va boshga biologik faol
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moddalar bilan ham ta’minlash imkonini
beradi.

9. OLTINGUGURTNING INSON
SALOMATLIGIDAGI ISTIQBOLLI
AHAMIYATI

So‘nggi yillarda oltingugurt saqlovchi
biologik faol birikmalarga bo‘lgan ilmiy
qgizigish ortib bormogda. Aynigsa, sarimsoq,
piyoz, karamdoshlarga mansub sabzavotlar
tarkibidagi oltingugurtli birikmalarning
biologik xususiyatlari tadqiq gilinmogda.

Bunday birikmalar antioksidant,
hujayra signalizatsiyasi va boshga fiziologik
jarayonlarda ishtirok etishi mumkin. Biroq
ozig-ovgat tarkibidagi tabiiy oltingugurt
birikmalarining inson salomatligiga ta’sirini
baholashda ularning turi, miqgdori, biologik
o‘zlashtirilishi va individual xususiyatlarni
hisobga olish zarur.

Shuningdek, oltingugurt almashinuvi
bilan bog‘liq metabolik jarayonlar yurak-gon
tomir, asab va boshga tizimlar faoliyati bilan
ham bevosita yoki bilvosita bog‘liq bo‘lishi
mumkin. Masalan, metionin almashinuvida
hosil bo‘ladigan gomosistein miqdorining
ortishi bir gator metabolik va fiziologik omillar
bilan bog‘lig. Shu sababli oltingugurt
almashinuvini fagat bitta element nugtayi
nazaridan emas, balki folat, B6 va B12
vitaminlari hamda umumiy ogsil almashinuvi
bilan birgalikda o‘rganish muhimdir.

XULOSA

Oltingugurt inson organizmi uchun
muhim biologik elementlardan biri bo‘lib,
uning asosiy ahamiyati oltingugurt saglovchi
aminokislotalar va boshga organik birikmalar
tarkibida namoyon bo‘ladi. Metionin va sistein
ogsil sintezi, hujayralarning normal faoliyati,
fermentlar faoliyati va antioksidant himoya
jarayonlarida muhim o‘rin tutadi.

Oltingugurt, ayniqsa, keratin tarkibida
mavjud bo‘lganligi sababli teri, soch va
tirnoglarning  strukturaviy  xususiyatlarini
saglashda ishtirok etadi. Sisteinning glutation
tarkibiga  Kirishi esa  oltingugurtning
hujayralarni  oksidlovchi stressdan himoya
qilishdagi ahamiyatini ko‘rsatadi.

Inson oltingugurtni asosan go‘sht, baliq,
tuxum, sut  mahsulotlari,  dukkaklilar,
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yong‘oqlar va boshga ogsilga boy mahsulotlar
orgali oladi. Piyoz va sarimsoq kabi
mahsulotlar esa o‘ziga xos oltingugurt
saglovchi biologik faol birikmalarning manbai
hisoblanadi.

Muvozanatli va xilma-xil
ovgatlanadigan sog‘lom insonlarda oltingugurt
yetishmovchiligi odatda alohida muammo
sifatida yuzaga kelmaydi. Shuning uchun
oltingugurtni qo‘shimcha preparatlar shaklida
gabul qilishdan ko‘ra, uni tabiiy va sifatli oziq-

ovgat mahsulotlari orgali olish magsadga
muvofiqdir.

Umuman olganda, oltingugurtning
inson ovgatlanishidagi ahamiyati uning ogsil
almashinuvi, fermentativ jarayonlar,
antioksidant himoya va to‘qimalarning
strukturaviy yaxlitligini ta’minlashdagi
ishtiroki ~ bilan  belgilanadi.  Kelgusida
oltingugurt saglovchi 0zig-ovqat

birikmalarining metabolik jarayonlar va inson
salomatligiga ta’sirini yanada chuqur o‘rganish
ozig-ovgat  biokimyosi  va  profilaktik
ovgatlanish sohalari uchun muhim ilmiy

yo‘nalishlardan biri bo‘lib qoladi.
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Abstract. This work investigates the effect of high external hydrostatic pressure on the structure and
stability of nickel-silicide precipitates in single-crystal silicon. It is shown that external hydrostatic pressure can
compensate the internal elastic stresses that arise from the lattice mismatch between the silicon matrix and
the silicide inclusions. At a critical pressure, Pcr = g NiSiz, the onset of precipitate dissociation is observed,
corresponding to a transition of the system toward a thermodynamically more stable state.

Electron-microscopy analysis established that the precipitates possess a layered structure comprising

the Ni2Si, NiSi, NiSiz, and oxide phases, distinguished by contrast and by silicon content across the layers.
The kinetics of decomposition were analyzed with reference to diffusion processes and the role of vacancies.
The theoretical description is based on the Mott—Nabarro model, which relates internal stresses to baric effects
and to the conditions for phase instability.

The results confirm that external pressure can initiate the decomposition of silicide inclusions and also
influences the activation energy of diffusion. These findings are relevant to understanding the mechanisms of
stability and breakdown of metallic and silicide phases in silicon, which is important for improving doping
technologies and contact formation in microelectronic structures.

AHHoTauusA. B pabote nccnegyetcs BMMSIHWE BbICOKOrO BHELUHEro rMapocTaTMyeckoro AaBrneHus Ha
CTPYKTYPY M CTabunbHOCTb BblAENEHWUN CUMLNAE HUKENS B MOHOKPUCTaNNNYeCKoM KpeMHUUW. MNokasaHo, 4To
BHELUHee rmapocTatMyeckoe AaBneHne CrnocobHO KOMMEHCMpOoBaTb BHYTPEHHWE YMpyrne HamnpsKeHus,
BO3HMKaloLLMe 13-3a HeCOOTBETCTBUS NapamMeTPOB PELUETKN MEXAY KPEMHUEBON MaTPULLEN N CUMMLIMAHBIMM
BKMoYeHnsamu. MNpu kputuueckom gasneHumn Pcr = g NiSiz HabntogaeTca Havano gnccoumnanmm npeumnuTaTos,
COOTBETCTBYHOLLEE NEPEXOAY CUCTEMbI B TepMOAMHamMu4eckn bonee ctabunbHOe COCTOSHME.

OnNeKTPOHHO-MUKPOCKOMMYECKMI  aHanu3 yCTaHOBMUI, 4TO npeuunutatel obnagalT CcrnoucTomn
cTpykTypon, Bkntovatowen dasbl Ni2Si, NiSi, NiSi2 1 okcuagHble dasbl, pasnuyarLlmMecs No KOHTpacTy U
COoAepXaHuio KpeMHus no croaMm. KuHeTuka pacnaga npoaHanmsmMpoBaHa C y4yeToM Auddy3nOHHbIX
MpoOLECCOB M poONnu BakaHCUW. TeopeTuyeckoe onucaHue OcHoBaHO Ha Mogenu Motta — Habappo,
CBA3bIBAIOLLEN BHYTPEHHVWe HanpsikeHnss ¢ Oapudeckumu adpdektamm 1 ycnoBusimu  hasoBomn
HecTabunbHOCTK.

PesynbTaTbl nogTBepXaaloT, UTO BHELUHee OaBrieHve MOXeT MHMULMMpOBaTb pacnag CUIUMUMAHbIX
BKIMIOYEHU, @ Takke BNUSIET Ha 3Hepruio aktueaumm Avddysvn. 3T AaHHble BaXHbl ANA NOHWMaHWS
MEXaHU3MOB CTabUNbHOCTM W paspylleHWUs MeTannuyeckux M CUNUUMAHbIX a3 B KPEMHUW, YTO MMeeT
BaXXHOE 3HayeHve AN COBEPLUEHCTBOBAHMS TEXHOMOMUA NermpoBaHnst U OpMUPOBaAHUS KOHTAKTOB B
MWKPO3MEKTPOHHbIX CTPYKTYpax.

Annotatsiya. Ushbu ishda yuqori tashqi gidrostatik bosimning monokristalli kremniy tarkibidagi nikel
silisid cho'kmalarining tuzilishi va turg‘unligiga ta’siri o‘rganiladi. Tashgi gidrostatik bosim kremniy matritsasi
va silisid go‘shilmalari orasidagi panjara mos kelmasligidan kelib chigadigan ichki elastik kuchlanishlarni
kompensatsiya qilishga qodir ekanligi ko‘rsatilgan. Kritik bosimda Pcr = o NiSiz pretsipitatlarning
dissotsiatsiyalanishi boshlanishi kuzatiladi, bu tizimning termodinamik jihatdan bargarorroq holatga o‘tishiga
mos keladi.

Elektron-mikroskopik tahlil pretsipitatlar Ni2Si, NiSi, NiSiz va oksid fazalarini 0‘z ichiga olgan gatlamli
tuzilishga ega ekanligini, ular gatlamlar bo‘ylab kontrast va kremniy miqdori bilan farglanishini anigladi.
Parchalanish kinetikasi diffuziya jarayonlari va vakansiyalarning roli bilan bog'liq holda tahlil qilindi. Nazariy
tavsif ichki kuchlanishlarni barik effektlar va faza turg‘unsizligi shartlari bilan bog‘laydigan Mott—Nabarro
modeliga asoslangan.

Olingan natijalar tashqgi bosim silisid qo‘shilmalarining parchalanishini boshlashi hamda diffuziyaning
faollashish energiyasiga ta’sir qgilishini tasdiglaydi. Ushbu ma’lumotlar kremniydagi metall va silisid fazalarining
turg‘unligi va yemirilish mexanizmlarini tushunish uchun muhim bo'lib, mikroelektron tuzilmalarda legirlash
texnologiyalari va kontaktlarni shakllantirishni takomillashtirishda ahamiyatlidir.

Keywords: nickel silicides, precipitates, high pressure, dissociation, internal stresses, diffusion.
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1. Introduction

The formation and decomposition of metal
and silicide precipitates in silicon is an important
topic in semiconductor physics, since such
objects affect the electrical and structural
properties of the material. In particular, nickel
precipitates — in the form of various silicides
(Ni2Si, NiSi, NiSi2, and others) — can exist
within the silicon matrix in a thermodynamically
metastable state, held there by internal elastic
stresses arising from the lattice mismatch
between the host matrix and the inclusion.
External hydrostatic pressure can “compensate”
these stresses, leading to precipitate dissociation
and a transition of the system to a more stable
state.

The aim of this work is to investigate the
effect of high external pressure on the structure
and stability of nickel-silicide precipitates, to
identify the conditions for the onset of their
decomposition, and to propose a structural model
of the precipitate that accounts for its layered
structure and internal stresses.

The literature highlights the following key
points: internal elastic stresses in precipitates are
commonly  estimated using  theoretical
approaches such as the Mott—Nabarro theory [3];
precipitates in Si:Ni frequently consist of several
nickel-silicide phases together with oxides
(Ni2Si, NiSi, NiSio, oxides); Ref. [1] considers
baric effects on the decomposition of inclusions
in silicon; and recent studies report direct
observation  of silicide  formation in
nanostructures, e.g. in Si nanowires [2].

Accordingly, the objectives of the present
work are: (1) to experimentally determine the
critical external pressure P at which precipitate
dissociation begins; (2) to compare this pressure
with the theoretical internal stress ¢ of the outer
precipitate layer (e.g., NiSi2); (3) to propose a
structural model of the precipitate layer, taking
into account the layered, contrast-differentiated
structure observed in electron-microscopy
images; and (4) to analyze the dissociation
kinetics with reference to vacancies and diffusion
mechanisms.

2. Theoretical background

2.1. Internal elastic stresses and the
Mott—Nabarro theory

When a precipitate whose lattice parameter
differs from that of the host matrix is embedded
within a crystal, a lattice mismatch (misfit strain)
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arises. This produces internal elastic stresses that
can hold the precipitate in a state removed from
thermodynamic equilibrium.

The Mott—Nabarro theory [3] provides a
framework for estimating the critical stress at
which dislocations or other defects begin to
overcome this barrier, allowing the inclusion to
decompose or transform.

In a simple approximation, an externally
applied pressure P acting against the internal
stress 6 of the precipitate's outer layer can be
taken to “compensate” o. When P > o, the
precipitate becomes unstable and begins to
dissociate. Note that this equality treats ¢ as an
effectively hydrostatic (volumetric) quantity;
misfit-strain fields in general also contain a
deviatoric (shear) component that a purely
hydrostatic external pressure does not directly
oppose, so P = ¢ should be understood as a first-
order estimate rather than an exact mechanical
balance — a point worth stating explicitly if this
derivation is to be defended in review.

2.2. Dissociation kinetics and diffusion
limitations

Even when the external pressure is
sufficient to overcome the mechanical barrier,
the dissociation process itself requires the
migration of atoms and defects. In the vicinity of
the precipitate there is reported to be an elevated
vacancy concentration, which allows atoms
detaching from the precipitate to diffuse over a
characteristic distance | ~ 108 cm within a time
t, according to
[ =,/(Dt) )

where D is the diffusion coefficient. Even
for small D, this diffusion can be sufficient to
produce dissociation, provided that t is
sufficiently long.

A further possible contribution is a baric
“quenching” effect, analogous to thermal
quenching: pressure may alter — in general, raise
— the activation energy of diffusion, thereby
slowing the process.

2.3. Nickel-silicide phases and their
properties

Nickel forms several well-characterized
silicide phases — Ni2Si, NiSi, and NiSi> — that
differ in lattice parameter, density, and thermal
and mechanical properties. The outer layer of the
precipitate is commonly modeled as NiSiy, and it
is the stress of this layer that is most often
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assumed to be compensated by the applied
external pressure P.

Figure 1. Schematic mechanism of nickel-

silicide phase formation in the silicon matrix.

The formation of silicide phases during
thermal treatment of silicon with a thin nickel
overlayer has also been studied in the context of
nickel-silicide-mediated  crystallization  of
amorphous silicon [4,5].

Studies of baric effects in silicon further
indicate that external hydrostatic loading can
promote the dissociation of inclusions once the
internal stresses are already close to the stability
limit [1].

As illustrated in Fig. 1, a thin nickel layer
is initially deposited on a silicon substrate. Upon
heating to approximately 280 °C, interdiffusion
of Ni and Si atoms begins at the interface, giving
rise to the primary Ni2Si phase [4] (the source
manuscript cites ref. [3] here — the Mott-
Nabarro dislocation-theory monograph — for
this silicide-formation-temperature claim; that
citation appears to be misplaced and should
instead point to a silicide-kinetics reference such
as [4] or [5], as corrected here).

The subsequent evolution of the reaction is
governed by which reactant is locally depleted
first:

(i) When silicon is preferentially
consumed, Si atoms diffuse into the nickel layer,
forming Ni2Si. Upon further heating to = 400 °C,
the source diagram indicates a transition through
an intermediate phase and on to a final phase
labeled “Ni3Si” — as noted above, this branch
and its intermediate phase require verification
against the phase diagram before being stated as
an established result.
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(i)  When nickel is preferentially
consumed, Ni atoms diffuse into the silicon
substrate, first forming Ni2Si at T = 300 °C, and
then, upon heating to =700 °C, the NiSi> phase
— the thermodynamically stable end phase of the
Ni—Si system.

In general, the process is characterized by
the sequential formation of silicide phases
according to the scheme:

Ni + Si — Ni2Si — NiSi — NiSi> @)

The phase evolution depends on the
annealing temperature and time, and on the
relative interdiffusion rates of the two
components. At high temperature, NiSi; is the
equilibrium phase, possessing the lowest Gibbs
energy and remaining stable under further
thermal treatment.

3. Experimental

3.1. Sample preparation

Samples were fabricated from n-type
single-crystal silicon with a resistivity of 15-20
Q-cm. The surface was subjected to mechanical
and chemical cleaning, after which a metallic
nickel layer of nominal thickness d = 45 nm was
deposited.

Nickel was diffused into the silicon in a
horizontal resistance furnace (SOUL-4) over the
temperature range T = 1000-1550 K. The source
manuscript states only that a series of
experiments was “almost certainly” carried out at
various temperatures and pressures — language
that cannot be carried into a Methods section.
Please confirm and supply: the actual applied
hydrostatic pressure range and the number of
discrete pressure steps used, the pressure
apparatus (e.g., piston-cylinder or diamond-anvil
cell), the loading duration/protocol, and whether
pressure and temperature were varied
independently or jointly. Once provided, this
paragraph can be written with the precision a
Methods section requires.

After diffusion, the thickness of the Ni
layer was measured, and — per the source
manuscript, which states this only as a possibility
— the precipitate structure was examined by
electron microscopy or other methods. Please
confirm  which structural characterization
technique(s) were actually applied to the diffused
(and, separately, to the pressure-treated) samples,
allowing the appearance of different silicide
phases to be recorded [1].
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3.2. Electron microscopy and structural
analysis

Electron-microscopy examination showed
that the precipitates are not homogeneous
inclusions of uniform structure: they consist of
several layers with differing contrast. The central
layer (core) exhibits the brightest contrast.
Micrographs allow a clear boundary to be
distinguished between the precipitate and the
silicon matrix, and an intermediate layer is
occasionally observed between the background
and the high-contrast core — evidence of an
elevated vacancy concentration in the near-
precipitate region.

Ni Tonorpapua , -
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Figure 2. AFM surface topography of the
nickel-layer sample following exposure to high
pressure [condition to be confirmed].

Fig. 2 shows an atomic force microscopy
(AFM) topographic map of the nickel-layer
surface. The color scale (right) indicates the
distribution of surface heights over the range 0 to
~160 nm.

The surface exhibits a pronounced granular
structure, with isolated raised features (islands)
reaching heights of 150-160 nm. Such features
correspond to regions of locally elevated nickel
concentration and may be associated with
aggregation during deposition or with subsequent
thermal annealing.

The average surface roughness (Ra) is on
the order of several tens of nanometers,
indicating morphological inhomogeneity and a
possible dependence of the diffusion process on
local topography.

Taking into account the differing densities
of the various phases and the observed contrast,
a structural model was proposed in which the
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precipitate core is predominantly Ni, surrounded
by layers of increasing Si content that form the
nickel-silicide layers, up to the transition to the
surrounding Si crystal.

Ni f'mcTorpamma

Figure 3. Three-dimensional AFM
topographic histogram of the nickel-layer
sample following exposure to high pressure
[condition to be confirmed].

Fig. 3 presents a three-dimensional AFM
topographic histogram of the nickel-layer
surface. The scanned area is approximately 9.94
x 9.94 ym? and the maximum relief height
reaches ~170 nm.

The surface again shows a pronounced
granular structure, with isolated raised features
— local nickel aggregates — whose height
substantially exceeds the average surface level.
Such irregularities may result from non-uniform
crystallite growth during nickel deposition or its
subsequent diffusion during thermal treatment.

The morphological analysis indicates
structural inhomogeneity of the nickel coating
and a possible influence of these micro-scale
irregularities on diffusion, silicide formation, and
the mechanical stability of the system under high
pressure [2].

3.3. Determination of the critical
dissociation pressure

In the experiments, external hydrostatic
pressure P was applied incrementally, and the
value at which precipitate decomposition began
to be observed — structural change, size
reduction, loss of contrast — was recorded. This
value, Pcr, is taken to correspond to the internal
stress ¢ of the outer precipitate layer, in the
present case the NiSi> layer [4]. No numerical
value of Pcr — nor of the applied pressure range
or step size — is given anywhere in the source
manuscript. Please supply the measured value(s)
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so that the central quantitative claim of this paper
(Pcr = o) can be stated explicitly rather than only
qualitatively.
Pcr = oNiSi>(layer)

4. Results

4.1. Composition and phases of the
precipitates

Structural analysis showed that in the
Si<Ni> samples, precipitates predominantly
consist of the Ni2Si, NiSi, NiSiz, and silicide-
oxide phases (e.g., Ni2Sio(OH)s). Phase
formation begins at comparatively low
temperatures, with the higher-melting-point —
i.e., more thermally stable — phases forming
first.

Figure 4. AFM line profile across the
nickel layer grown by the diffusion method on
the surface of an n-Si single crystal (measured

step height: 85.3 nm).
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Figure 5. Distribution of the most
frequently occurring nickel-film surface heights
(AFM height histogram).

The thickness d of the metallic layer
strongly influences the resulting phase
composition; at the nominal thickness of d = 45
nm, the silicide phases were found to be most
sensitive to the applied external pressure. Three
different values are given in the source material
for what is nominally the same quantity (“Ni
layer thickness”): d = 45 nm (stated as the
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optimal deposition thickness, §3.1), 85.3 nm (the
step height measured from the AFM line profile,
Fig. 4), and ~136-153 nm (the modal range of the
AFM surface-height distribution, Fig. 5). Please
clarify whether these refer to different quantities
(as-deposited film thickness vs. measured step
height vs. surface-roughness statistics) or to
different samples, so the values can be
reconciled.

4.2. Critical pressure
correspondence with internal stress

The experimentally determined value of
Pcr was found to agree in order of magnitude
with the stress ¢ corresponding to the outer
precipitate layer (NiSiz), supporting a model in
which the outer phase plays the leading role in
maintaining the precipitate's metastable structure
[5]. As noted in §3.3, the underlying numerical
values of Pcr and o are not reported in the source
manuscript; this order-of-magnitude agreement
should be substantiated with explicit figures
(e.g., in a table) before submission.

For P > Pcr, dissociation of the inclusions
is observed, and the Si + precipitate solid solution
tends toward a more stable equilibrium state.

4.3. Dissociation kinetics

From the estimated diffusion length [ =

J/ (Dt), it follows that atoms detaching from the
precipitate can migrate an appreciable distance
even for small D, provided that t is sufficiently
long. The presence of vacancies enhances this
effect [6].

A possible contribution from baric
“quenching,” which may raise the activation
energy of diffusion under pressure, cannot be
excluded; a complete kinetic model will require
further experimental investigation of this effect.

5. Discussion

5.1. Comparison with the literature

The work of Fistul et al. on baric effects in
silicon already proposed that external pressure
can promote the decomposition of inclusions
once the internal stresses are close to the
compensation limit [1]. The present results are
consistent with this theoretical premise.

Recent in situ TEM studies of silicide
formation in nanostructures reveal the dynamics
of phase formation and the role of defects in these
processes [2]; in particular, defects forming near
silicide boundaries can influence diffusion
pathways and phase stability.

and
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Studies of amorphous-silicon
crystallization mediated by nickel silicides
further indicate that NiSi> can migrate through
the crystalline Si matrix, influencing the growth
and structure of precipitates [4,5].

5.2. Limitations and assumptions

The model assumes that the outer
precipitate layer is specifically NiSiz, which may
be a simplification; in reality, a compositional
gradient may be present.

The contribution of the baric effect to the
diffusion coefficient has not been quantified.

The experimental value(s) of Pcr (not yet
numerically reported — see §3.3) require
confirmation through replicate measurements.

The time scales of diffusion and structural
rearrangement may be substantially longer than
assumed.

5.3. Directions for future research

Kinetic experiments at a range of P and T,
to establish the dependence of the decomposition
rate on pressure and temperature.

In situ TEM under pressure, to observe
precipitate dissociation dynamics in real time.

Calculation of the effect of pressure on the
diffusion activation energy (baric effect).

Molecular-dynamics or discrete-
dislocation-dynamics modeling to assess the
dissociation mechanism within the layered
structure.

Refinement of the precipitate structural
model via statistical analysis of multiple samples
and of electron-microscopy image contrast.

6. Conclusion

In this work, a model is proposed and
partially supported in which external hydrostatic
loading, by compensating the internal elastic
stresses of the outer layer of the silicide
precipitate (NiSiz), can initiate its dissociation.
Structural analysis of the inclusions reveals a
layered morphology with a varying Si content,
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and the kinetic analysis highlights the role of
vacancies and diffusion in the decomposition
process.

These results contribute to a deeper
understanding of the stability mechanisms of
metallic and silicide inclusions in silicon crystals
and may be useful for the development of doping
and  contact-formation  technologies in
microelectronics.
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Abstract: This study investigates the formation of internal mechanical stresses in thin
semiconductor films and their influence on electrophysical and piezoresistive properties. Thin
films based on the (Bi-Sb-Te) solid solution were prepared by vacuum thermal evaporation.
Special attention was given to the effects of substrate temperature and deposition conditions on
film adhesion, electrical resistivity, and strain sensitivity. A fractional two-stage evaporation
process was used to reduce volatile impurities and improve stoichiometric stability. Internal
stresses were evaluated by the substrate bending method using the Stoney relation. The results
show that the stress state of the films depends strongly on the substrate type and deposition
conditions, with both tensile and compressive stress regimes being observed. Optimized (Bi-Sb-
Te) thin films exhibited a high gauge factor (K = 42—49), good linearity of the (AR/Ro) versus strain
relationship, and stable temperature behavior. These findings indicate that the developed films

are promising for high-precision strain gauge and sensor applications.

1. Introduction.

Thin-film semiconductors play an
important role in modern sensor technology,
microelectronics, and  electromechanical
transducers. Compared with bulk materials,
thin films usually contain a higher density of
structural imperfections such as vacancies,
dislocations, grain boundaries, and interfacial
defects. These imperfections generate internal
mechanical stresses that can significantly
modify the electrical and mechanical behavior
of the material.

In semiconductor and thermoelectric
systems, internal stresses may reach values on
the order of 108-10° Pa. Such stresses influence
charge carrier concentration, mobility, defect
formation, and the long-term stability of sensor
characteristics. Therefore, the study of stress
formation mechanisms in thin films is of both
fundamental and practical interest.

Among  functional  semiconductor
materials, Bi-Sb-Te-based compounds are
widely known for their thermoelectric
performance and promising piezoresistive
response. However, the properties of thin films
derived from these materials depend strongly
on the preparation technology, particularly on
substrate temperature, evaporation pexxum, and
film-substrate interaction. In this work, the
internal mechanical stresses and piezoresistive
properties of (Bi-Sh-Te) thin films deposited by
thermal evaporation are systematically studied.

2. Theoretical Background and
Measurement Principles

Internal stress in thin films can
generally be represented as the sum of thermal
stress and intrinsic (structural) stress:

0 = Otp T Oin

2.1. Thermal Stress

Thermal stress arises because of the
mismatch between the coefficients of thermal
expansion of the film and the substrate. During
cooling from deposition temperature to room
temperature, this mismatch produces a stress
field inside the film. The thermal stress can be
expressed as:

Ef JTS
- dT
1-— .uf T, (aS af)

where: Es - is the Young’s modulus of the film,
mus - is the Poisson ratio of the film, as - and os
- are the thermal expansion coefficients of the
substrate and the film, respectively, Ts - is the
deposition temperature, To - is the reference
temperature.
2.2. Stress Determination by the Substrate
Curvature Method

The internal stress in the deposited film
was experimentally estimated from the
curvature of the substrate using the Stoney
equation:

Oth =

Egts
6(1 - Vs)tfR
where: Es - is the Young’s modulus of the
substrate, vs - IS the Poisson ratio of the

o =
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substrate, ts - is the substrate thickness, tf - is
the film thickness, R - is the radius of substrate
curvature after deposition.
2.3. Piezoresistive Sensitivity

The piezoresistive response of the films
was evaluated from the relative resistance

change under applied strain:
AR

— = K¢
R
where: AR - is the resistance change, Ro - is
the initial resistance, € - is the applied strain, K
- is the gauge factor.
The gauge factor is defined as:
AR/R
K==
A high value of (K) indicates strong strain
sensitivity, which is important for sensor
applications.
3. Experimental Procedure
Thin films based on the (Bi-Sh-Te) solid
solution were deposited by vacuum thermal
evaporation. To improve film purity and
compositional stability, a fractional evaporation
method was used. In this procedure, the first
10% of the evaporated flux, which may contain
more volatile impurities, was excluded from
deposition. The next 80% of the evaporated
material was used for film formation, while the
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final 10% remained in the crucible. This
approach  reduced the influence of

nonstoichiometric evaporation and improved
reproducibility.

The films were deposited onto different
substrates, including glass-ceramic (CNO) and
polyimide tape. The substrate temperature was
varied to determine its influence on
microstructure, adhesion, electrical properties,
and internal stress.

Electrical  resistivity and  strain
sensitivity were measured after deposition. The
piezoresistive characteristics were obtained by
recording the relative resistance change as a
function of mechanical deformation. The
linearity, reversibility, and repeatability of the
response were analyzed using loading-
unloading cycles.

4. Results and Discussion
4.1. Compositional Analysis

Microstructural and  compositional
investigations showed that the deposited thin
films preserved the elemental ratio of the bulk
source material with only minor deviations.
This confirms the effectiveness of the fractional
evaporation  technique in  maintaining
stoichiometric stability.

| Element I Bulk Material (%)) Thin Film (%)|
Bismuth (Bi) | 16.12| 16.06|
/Antimony (Sb) [ 26.90| 26.32|
Tellurium (Te) | 57.00]| 56.81]

The slight reduction in Sb and Te
content in the film may be related to their partial
re-evaporation or differences in vapor pressure
during the deposition process. Nevertheless, the
deviations remain small, indicating that the film
composition closely matches the starting
material.

4.2. Influence of Substrate Temperature on
Electrical Resistivity

One of the most important technological
dependences observed in this study was the
variation of electrical resistivity with substrate
temperature. At relatively low substrate
temperatures (Ts < 150° C), the films exhibited
high  resistivity due to  insufficient
crystallization, a high density of structural

defects, and enhanced carrier scattering at grain
boundaries.

As the substrate temperature increased,
the film quality improved significantly. At
approximately (Ts = 200° C), the resistivity
reached an optimal low value, close to (2.2 10°®
Q m). This indicates improved crystallinity,
better intergrain connectivity, and stronger
adhesion to the substrate. Thus, the substrate
temperature around (200° C) can be considered
optimal for obtaining films with favorable
electrophysical properties.

4.3. Internal Mechanical Stresses

The stress state of the deposited films
depended strongly on both the substrate
material and the deposition conditions.
Calculations based on the substrate curvature

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 3. 2026



Physics

method revealed that the films could exhibit
either tensile or compressive stress. This
transition is mainly associated with the
mismatch in thermal expansion coefficients and
differences in the elastic properties of the
substrate-film system.

In addition to thermal effects, intrinsic
stresses caused by the growth mechanism, grain
coalescence, point defects, and structural
relaxation also contributed to the overall stress
state. Since internal stress influences charge
carrier transport and defect structure, its control
is essential for achieving stable and
reproducible piezoresistive characteristics.

4.4. Piezoresistive Characteristics

The Bi-Sb-Te films demonstrated a
clear piezoresistive response under applied
mechanical strain. The dependence of AR/Rg 0on
strain € was found to be approximately linear
over the investigated range, which is a desirable
feature for strain gauge applications.
Furthermore, the loading and unloading curves
showed good reversibility, indicating stable
film behavior under repeated deformation.

The measured gauge factor reached
values in the range (K = 42-49), which is
considerably high for practical strain-sensitive
materials. Experimental results also suggested
that the sensitivity under tensile strain was
greater than under compressive strain. This
asymmetry can be explained by the presence of
pre-existing internal  stresses and the
polycrystalline structure of the films, which
affect the redistribution of local deformation
and carrier transport pathways.

The linear relationship, combined with
acceptable measurement uncertainty and
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reproducible behavior, confirms that these
films have significant potential for precision
sensing applications.

5. Conclusion

The present study demonstrates that the
internal mechanical stresses and piezoresistive
properties of Bi-Sh-Te-based thin films are
strongly determined by deposition technology
and substrate conditions.

The main conclusions are as follows:

Internal stresses in the films originate
from both thermal mismatch and intrinsic
structural factors, and their magnitude and sign
depend on the substrate material and deposition
regime.

The use of a fractional two-stage evaporation
process is effective in suppressing volatile
impurities and preserving the stoichiometric
composition of the deposited films.

The substrate temperature has a decisive
influence on film quality. Films deposited at
approximately (200 °C) exhibit improved
crystallinity, lower resistivity, and better
adhesion.

The investigated films show a strong and nearly
linear piezoresistive response, with a high
gauge factor in the range of (42-49), making
them suitable for strain gauge and sensor
applications.

Due to their high sensitivity and stability, (Bi-
Sb-Te) thin films are promising candidates for
use in advanced microelectromechanical
systems (MEMS) and  high-precision
deformation sensors.
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OCco06eHHOCTU INEKTPUYECKMX CBOUCTB LUNAKOLIEeNIOYHbIX KOMMNO3ULMN
HanoNHEeHHbIX TEXHUYECKUM YINepoaoM B paMKax TeOpUn NpoTeKaHus

YOK:537.311.1

LWep3on Kamunos, MyHupa KapabaeBa, Ymap6ek A6gypaxmaHoB

HayuoHanbHbIl yHUBepcumem Y36ekucmaHa, TawkeHm, Y36eKkucmad.

|. Beegenue.

B  mocnegnue  rojnl
BO30OHOBJICHHME  HAY4YHOI'O  HHTEpeca K
AJIEKTPOIPOBOISIIAM

OTMEYACTCA

KOMITIO3MIITMOHHBIM
MarcprajiaM Ha OCHOBC LHCMCHTHBIX MAaTpHl,

MOJIU(DHUIIMPOBAHHBIX  AJIEKTPOIPOBOISIIAMHI
HATIOJTHUTEIISIMU. B psne HEIaBHUX
ucciaenoBanuii 1, 2] ycTaHOBJIEHO, YTO
MOMOOHBIE  CHUCTEMBI  O0JANAlOT  HOBBIMU
(GYHKIIMOHATIBLHBIMU CBOWCTBAMH, B TOM YHUCIIE
CITOCOOHOCTBIO K ¢ hekTHBHOMY
MOTJIOIIECHHUIO 3JICKTPOMArHUTHOTO M3ITyYCHHUSI.
Bwmecte c TEM 3aKOHOMEPHOCTHU
bopMUPOBaHHUS  MX  JJICKTPODU3HUCCKHUX

XapaKTEPUCTUK B 3aBUCUMOCTH OT CTPYKTYPBI

51 cocTaBa KOMITO3ULIUU OCTaroTCsA
HEJIOCTaTOYHO M3Y4YEHHbIMH. B 3Toil CBsA3M
IIPUMEHEHNUE COBPEMEHHBIX IPEICTABICHUN
TEOPUU TETEPOTCHHBIX CHUCTEM [UIsl aHAJIN3a
YKa3aHHBIX 3aBUCUMOCTEH IIPEACTaBIISIETCS

AKTYAaJIbHBIM 1 HAYYHO 000CHOBAHHBIM.

Hacrosimas pabora MOCBSIIICHA
pa3paboTke u HCCIIEOBAHUIO
ANEKTPOPUINIECKUX CBOMCTB

KOMITO3UIIMOHHBIX MaTCpI/IaJ'IOB Ha OCHOBC
[IJIAKOMIEIOYHOTO BSDKYIIETO HAMOJIHEHHOTO
TEXHHUYECKUM VTJIEPOJOM U BBISICHEHHIO HX
MOJICTTHHOW CTPYKTYpHl B paMKax TEOpUU
TeTePOTEeHHBIX CHCTEM.
I1. MeToaoJiorusi uccjieaoBaHus.

B kauecTtBe 00BEKTa HCCIEIOBAHUS
HCIIOJIB30BaIN ANIEKTPOCTAJIC-TIABUITBHBIN

IUIaK, PACTBOPUMOE JKUJAKOE CTEKIO U
TEXHUYECKHN yriiepoa pasmepoMm dactur 10
OObeMHYI0  J0MI0O  HAMOJHHUTEINS

BappupoBanu ot 0,02 mo 0,6. Kommosurum

MKM.

T'OTOBUJIN nepeMeuIMBaHueM HacCTuIl

BSDKYIIIETO M TEXHUYECKOTO yriepojga B
IAPOBOM araToOBOM MEJbHUIIE B TEYECHUH 7
yacoB. M3roToBieHneM TecTo00pa3HO Macchl
M3 KOMITO3UIIMM TyTeM noOaBieHus  3-5%
PacTBOPUMOTO KUIKOTO CTEKJa B IepecueTe
Ha Na,0
00pa3noB nuaMeTpoM 15 MM U BBICOTOH 2 MM
MpHU JTaBJICHUU 3 Mlla. O6pa3isI
MTOABEPTaIUCh TEIJIO BIAKHOCTHON 00paboTKe
nput =90 + 5° C, upexume 3 + 6 + 3 u.

I11. AHanu3 u pe3yabTaThl.

PesynbraTel

OT MacCChl IIJIaKa (1)OpMOBaHI/IeM

HU3MCPCHUA
QJICKTPOIIPOBOAHOCTHU o KOMIIO3HUTOB B

3aBHUCHUMOCTH oT 00BEMHBIX JToJeH
HAIMoJHUTENS Vi mpeacTaBieHbl TOYKAMH Ha
V;, =0,15+0,3

pe3Kkui

puc.l. B obnactu

HaOJIrogaeTcest pocT

ANIEKTPONPOBOAHOCTH  OT  3HAYEHUS O

MaTpHULIbI 110 3HAYEHUs 01
AJIEKTPOIIPOBOIHOCTH HATOJTHUTEJIS.
Kputnueckass KoHueHTpauus V, (mopor
NpOTeKaHMs), TINpU  KOTOPOH  BIIEpBBIE

oOpa3yerca OeckoHeuHblii knactep (BK) wu3

JaCTHII HAIOJHUTEIIS ompeaessIach
muddepenpoanueM lgo komnosura mo V;

(puc.l1, a), 3Hauenus koropoi pasua V. = 0,2.

a) 3aBHUCHUMOCTH OT O0O0BEMHOW JO0JHu

1

HarnoJHurens V;.
H3BecTHO

[31,

ANIEKTPONPOBOIHOCTh  ABYX(A3HBIX CHCTEM,

qTo

COCTOAIINX nus3 KOMIIOHCHTOB C PE3KO

OTIHYAIIHUMUCA MMPOBOANMOCTAMHA

OTUCHIBAIOTCS CTETIEHHBIMU (DOPMYJIaMu:

o(V1) =0, (Vc;cvl)_q

<V (1)

pu
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0.1 0,2 03

04 0.5 0,6

Puc.1. 3aeucumocmsp QﬂeKmPOI’EPOBOOHOCl”u KOMmMno3umoe Ha OCHO6¢e W1aKOu,ei04H020

escyuieco 00vemnou om 0oau V, nanonnumens (mexnudeckuil y2iepoo).

o) = oy (252)'

= npu
Vi>W (2)
o(Vy) = h%0; npu
Vi=W (3)
rie o0; — TPOBOJAUMOCTh  HAIOJHHTEINS,
g2

0, — TPOBOJMMOCTH CBSI3yIOIIET0, h = —
1

nokazarenu crenenu t, g u S B (1), (2), (3) kak
U B Teopud (a30BBIX IEPEXOJOB HaA3BAHBI

KPUTHYECKHUMHU HWHJIEKCAMH, 3HAYCHHUE
KOTOPBIX JUISL TPEXMEPHBIX CHCTEM,
cooTBeTCTBEHHO paBHbl 1,7; 0,98; 0,62.
Mexny KPUTHYECKUMH HHJICKCAaMH

CYIIECTBYET COOTHOILLIEHUE

1
a=t(3-1) “)
AQHAJIOTMYHOE COOTHOIICHHE TEOPHUU TMOA00US
1 (ha30BBIX IEPEXOIOB.

Hns onpeaeeHus mapaMmeTpoB
dopmyn (1) wm (2) oKcrepuMEHTaIbHBIC

PE3YyJbTATEI CTPOUIIUCH B KOOpJAWHATAX l go —

1g(‘%"1) u zga—lg("l—‘v‘f) (puc.2). Tlo

1—

TaHF€HCY yIJla HakJIoOHa U3  rpaduka

Ve=V1
3aBucuMocTd lgo — g = orpesesieH
C

KPUTUYECKUN HWHACKC (, 3HAaYEHHE KOTOPOTO
Juist Komro3unuu paseH 1,16. Kak BuaHo u3
puc.2, Uil KOMIO3WUIMA HAa  OCHOBE
MUTAKOMIEIOYHOTO BSHKYIIEr0 U TEXHUYECKOTO
yriepojaa B WHTepBaie V; 3aBUCUMOCTD [go —
Ig (VfT_VVC) UMeeT JMHeWHbI xapaktep. U3
¢
HaKJIOHA 3aBHCHMOCTH OTPEEICHO 3HAYCHHUE
t=2,3. OTH BEIUYHMHBLI HECKOJIBKO OTINYAIOTCS
OT MpUBEACHHBIX B [3, 4], HO BMecTe C Tewm,
kak u [2, 3] Tak W B Hamel pabore,
COOTHOIIIECHHUE (4) BBITIOIHACTCS C TOYHOCTHIO,
HE BBIXOJAIICH 3a Mpeaesibl TOYHOCTH pacyeTa

caMbIX UHJIEKCOB (S paBeH 0,67).
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V:—V,
tg (1—1/,7 ) 3 lgo, Om™'-sm™!

-1

T

-
el

-2
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" > —Qoints
‘// — -line -4

P
F

9 ()

Puc.2. 3asucumocmeo 3ﬂel<mponp0300uocmu Komno3uuyuu Ha ocHoee 1aKouie10u4Ho2o

GAHCYULEC0 HANOJIHEHHO20 MEXHUYECKUM yZJlePOOOM om 00veMHOIL 001U HANOJTHUMENS V1 6

Koopounamax: lgo om lg(

9KCTpan0any${ HpHMOHI/IHeI/IHLII/I

Y4acTOK lgo —
lg(1 V) puc.2. npulV; - 1

BK B xowmmo3unuy,

3aBHCHMOCTH
orpezeseHa

3J1EKTPONPOBOIHOCTE
3HAauEHME KOTOPOH OKa3aloCh PABHBIM 0 =
0,06 0m=1-sm™! . A
3JIEKTPOIPOBOAHOCTH IPECCOBAHHOTO
TIOpOIIKA TEeXHUYIECKOTO yriepoaa

nojgy4deHHoro npu naasieHuun 3 Mlla umeno
-1

3HA4YCHUC

=1 0m™! sm™L IlonyueHnslii pe3ynbrar
0, OKazajca Golee HU3KHM 110 CPABHEHHIO C
COOTBETCTBYHOIMMH 3HAYEHUAMU o
TEXHHUIECKOTO

00BSACHUTH

MEXKIY

IIPECCOBAHHBIX
yriepona.
KOHTAKTHBIM

MTOPOIIKOB

910 MOJKHO
CONPOTUBIIEHUEM

YaCTHUIAMHU HAIIOJIHUTES.

Takum oOpa3oM, B KOMITO3UIIMOHHBIX
Marepuaiax ¢ B OCHOBHOM OIpEIENsieTcs
CBOMCTBAMM H3OJUPYIOIIUX IUJIEHOK MEXIy
KOHTaKTUPYIOUTUMH YaCTHIIAMHA HATIOTHUTEIIS.
B Takmx cucremax B OTJIMYHE OT MOACIBHBIX
CHCTEM, pacCMaTpPUBAaEMbIX B 3a7a4ax TCOPUHU
MIPOTEKAHUs, T/Ie KOHTAKTHOE COMPOTHBIICHUE

) lgo om lg( Vl).

MEXIYy  CONPHUKACAIOIIUMHUCA  DIIEMEHTaMHU
NPOBOMAIIMX ~ YacCTHI[ HE  yYUTHIBACTCS
(yaenbHOEe TmpOTeKaHWs), HAOMIOJAETCs Tak
Ha3bIBAEMOE «KOHTAKTHOE MPOTEKAHUEY.

B otom cnydae BOmM3M
o(V})  IBYXKOMIIOHEHTHBIX
CHUCTEM TakXe, Kak OBIJIO IOKa3aHO BHIIIIE,
onuckiBaetcs ¢dopmynamu (1), (2) u (3).
bau3octe  AKCHEpUMEHTANBHBIX  3HAYCHHI
KPUTHYECKMX  HMHICKCOB C  Pac4YeTHBIMHU

ropora
NPOTEKAHHS

IMMOKAa3bIBACT, YTO NPCACTABJICHUA O TOIIOJIOIUA

[4] w™oryT
U B CiIydyae KOHTaKTHOTO

OECKOHEYHOI0  Kiactepa OBITh
WCTIOJTH30BaHBI
MPOTEKAHUS.

B Tabmuume | mnpuBeneHsl 3HAYECHUS

P(V;) BBIYHCICHHBIE TTO (hOpMyITe

AAY

P =0 (=)
rae D —uucineHHbId KOOPPHUIMEHT TOpsIKa
CIUHUIBI, [ — KPUTUYCCKHA WHJICKC, I
TpexmepHbix cucteM 0,4 oOwemHas mons BK

BBIYHCIICHHAs 110 (hopmyiie [4]
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B 3aBucumoctu ot V;. 3nauenue P (V) mpu
yIaJeHUH OT MOpora MpPOTEKaHUs B CTOPOHY
oonpimux V; Bo3pacraer. DTO O3HAYaeT, YTO
OECKOHEUHBIN

KJIIaCTep IIOCTCIICHHO

42
IPHUCOETUHSISA KOHEUYHBIE KJIaCTEPHI,
o0Opa3oBaHHbBIC MEXTY YacTUL[AMHU

TEXHHUYECKOTO YIJIepojia CTaHOBUTHCS Ooiee

«'YCTBIM». Benmunna V1 KaKk BHJIHO U3

Ta6J'II/IHBI, BOJIM3HU nopora IIPOTCKAaHUA

COCTABJISIET HUYTOXKHYIO 4acThb V.

Ta6nmuna 1. 3aBHCHMOCTH NAapaMeTPOB, XapPaKTEPHU3YIIIMX CTPYKTYPY O0eCKOHEYHOro

Kjacrepa or o00beMHOW J0JM HamoJHuTeass V; g KOMIO3UMIUMI HAa OCHOBE

NIJIAKOIIEJT0YHOT O BSKYIIHEro HAINOJTHCHHOI0 TEXHUYECCKUM YIJIEPOAOM.

A v, | P(V) | Z/R I sy V" /7

0,22 [ 0,025 0,23 |[6,3 1,26 1,05-1073 3,8-1073 2,12-1072
0,27 | 0,068 [0,34 |38 0,76 9,7-1073 6,53 - 1072 2,7-1072
03 |013 (0,44 2,7 0,554 1,7-1072 9,97 - 1072 3,03-1072
0,35 [0,19 |051 |[229 |0,46 1,06+ 1071 1,59 - 1071 3,15-1072
0,37 [ 021 |054 (218 |044 1,4-1071 1,75-1071 3,5-1072
04 |029 |0,61 1,85 0,37 2,33-1071 2,49 -1071 4,1-1072
047 [ 034 |065 [1,71 |0,34 3,4-1071 2,98-1071 4,16 -107?2
05 [038 |068 |162 |0,32 74-1071 3,36-1071 4,4-1072

3HaYCHUS Z/R BbIYUCIIEHHbIE TI0O MPUHAJIEKABIIEr0 K OECKOHEUHOMY KJacTepy,

bopmyze [4]
~(-v)

)

Z_ <V1 - Vc>
R \1-V,

rneé =t—v, t =23 nv = 0,9 noka3bIBaer,
4TO BOJHM3U MOpPOTra MPoTeKaHUus 0eCKOHEYHBIN
KJIACTEp OYEHb U3BWINCT. 3HAs IJIMHY CKeJeTa

coctaBnsieT Bcero 1-5% 1O CpaBHEHHIO C

noieu AHaJIOTUYHBIE

pe3yJbTaThl

MCPTBBIX KOHIIOB.

ObLTH MIOJTyYEHBI TSt
MOJTMMEPHBIX KOMITO3HITH# [5].
1V 3akaouenue.

Anamuz u  00paboTKa MOJYYEHHBIX

SKCIICPUMCHTAJIBHBIX JAHHBIX IIOKAa3bIBAIOT,

L u o0y compoTuBICHHE KOMIIO3UIMH, TIO
, 1l 4TO AIEKTPOPU3NYECKUE CBOMCTBA
dopmyne s’ =-— BBUHCIWINA CpeJHEe
Loy KOMIIO3UIIMOHHBIX MaTepHhaloB Ha OCHOBE
z
ceyeHune BK, riue ' = El (l = IUJIAKOIIECIOYHBIX BSDKYIINX,
2 mm — TommmHa 06pa3sNA) M OGHEMHYIO MOAU(PUIIUPOBAHHBIX TEXHUYECKAM
M B HAYUTEIIbHON TETICHA
nommo ckenera V," B o6beme Sl, rae s-ceuenne ) CPOAOM, SHAYUTCIBHO creme
oOpasia. 3HaueHne OOBEMHOI IONU CKeleTa OUPCACIIAOTCA  KOHTAKTHBIMH — ABJICHUAMM,
BO3HUKAIOILUMHU MEX,
V," B enmuHMuHOM 00BEMe M J0JA MEPTBBIX 03 for eIy
3JIEKTPOIIPOBOISAIMMUA YacTULIAMU
kounos V;"'=V,'—V,"  nmna o6pasuos POTPOBOIAIL H
HATIOJTHUTEIS.
npuBeneHbl B Tabnune. BOmu3um mopora
MpOTeKaHUs  OOBbEMHasT  JIOJISI  CKeJieTa,
n rbon lack.
NATEPATYPA and carbon black./f
https://doi.org/10.1016/j.conbuildmat. 2024.136496
[1]. Chao Ma, Shuai Xie, Zihao Wu, Zhijiang Ji, J 2], Kones 0. BbICTPOTBEpPAEIOLLME
ing Wang Research and  simulation  of ) qakowenouHble BsXyLME 1 BETOHBI HA OCHOBE
electromagnetic wave absorbing performance for ypucrammmuyeckux  wnakos  ans  usgenui,
lightweight ~cement-based materials containing  gpopmyembix MOMYCYX1M NPEecCoBaHMEM.
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Bocumnu cyB KyBypnapu yuyH ¢paszoBuin 6ypanraH annamnTuK Kypaknu
MUKPOrMapoTypoMHa PpOTOPUHM KYN ME3OHSIM ONTUMannawTMpuL

S. Saydullayeva

Qo’qon universiteti Andijon filiali

AHHOTauma: bocumnu cyB ysaTuw, vppurauMs Ba CaHoaT KyByp TapMoknapwuaa TanabaaH
opTuk4a ©Oocum aHeprusicu OOCUMHWM KamMalTupyBYM apmaTypa xamga Maxannunm ruapaBnuk
Kapwunuknapga KynuHia kantapub oynmac rmgpaenvk NyKoTuw cudpaTnga cyHagn. Maskyp TagkmkoTaa
KYBYPHMWHI aCOCUI CyB YTKa3unLL KOBUMMATMHM caknaraH xonga ywby SHeprusiin pekynepaums KMnm yqyH
MapKkasu ovmK Ba dasoBun BypanraH SAnMNTUK Kypaknm MUKpOrMapoTypbuHa potopu Taknud sTunaw.
TagkukoT  aHanUTUK reoMeTPUK-TMAPOAMHAMUK — MOAENMalTMpuW, Kyn Me3OHNM  napameTpuk
ontumannawTtnpmw Ba COMSOL Multiphysics 6.3 myxutngarn yd yndamnum CFD moaennaluTUpuLLIHK
AroHa xucobnall 3arxupura bupnawTnpagm. AHanUTUK ONTUMannalTMpULL HaTVXacuaa SNNUNTUK TaLlKu
rabaput apum yknapuHuHr Hucbat a/R, =1, b/R, = 0.68804 Ba a/b = 1.45340 GynraHga, POTOPHUHT
KenTupunraH MOMeHT NoTeHumanu cpepuk 6asasunn kKypnHuwra HucbataH 12.04% ra opTuLLM aHMKNAHAW.
BanaHonuk 6ynuua annaHTUpyBYM MOMEHT  HOKNAHWULLUMHUHT  HOTEKMCNUIM - XMcobra oruHraHga,
NyNbCaUNAHUHT TYPTUHYM TFapMOHMKAcK Y4YyH Ba3HMaHraH aHanuTuk HoMb kuimatn @, ~ 182.78°
Bypyakga xocun 6ynau xamga ¢ = 180° amanuin CoOHNM MOAENMaLTMPULL reoMeTpuscu cudatmnga kadyn
KMnmHan. HomuHan mw pexummnga V = 2.0 m/s Ba 4p = 0.20 MPa pexumga aHanuTuk dHepreTuk mogenb
Pspape = 2390.8W, M =5452Nm Ba 7, =0.761 KypcaTKnunapuHn TabmuHnagu. CoHnu
mogennawTvpuw SST k —w TypOyneHTNUK MOAEenW, xapakaTnaHyBuM Typ Ba KBasu-CTaumoHap
«Mysnatunrad potop» (Frozen Rotor) éngawysnapu acocvaa 1, = 21 —33mm napaMmeTpuk ysrapuiu
ananasoHuga 6axapungu.

Kanut cy3anap: KyByp uum rugpoTypbuHacu, annunTuk Kypak, MUKporMapoaHepreTuka, 6ocum
SHEPrUACKMHN pekynepauus KUnuLL, Kyn me3oHnu ontumMannawTtupuw, SST k — w, COHNM rmapoguHamMmumka
(CFD), annaHTupyBY® MOMEHT NynbCaLnscu.

AHHOTaumA: B HanopHbIx ceTax BogoCHabXeHus, nppuraumnm n NnpomblLLNEeHHbIX TpyGonpoBoaax
n3bbITOYHAs 9Heprus AaBfieHUst 4yacTo HeobpaTMMO paccevBaeTCsi Ha PeayKUMOHHOW apmatype U
MECTHbIX  FMApPaBYYECKUX CconpoTuBrieHNsX. B pgaHHOM  wnccnefoBaHuy  MpensioXeH  poTop
MUKPOrMapoTypOMHbl C NPOCTPAHCTBEHHO 3aKPYYEHHbLIMW ANNUNTUYECKUMM NONacTAMU U LieHTpasibHON
OTKPbITOM 00nacTblo Ans pekynepauuvm 3TOW SHEpPrMyv Mpu COXPaHEHUM OCHOBHOW BOLOMPOMYCKHOW
cnocobHoctn  Tpybbl. Pabota ob6bedunHAeT — aHanuMTUYeckoe  reoMeTPUKO-rMapoAvMHaMuyecKkoe
MOOEeNupoBaHWe, MHOTOKpUTEpUanbHyl0 MnapamMeTpuyeckylo onTumu3aumio u  TpexmepHoe CFD-
mogenuposaHve B cpege COMSOL Multiphysics 6.3 B egnHylo pacyeTHy0 Lenoyky. AHanuTuyeckas
onTMMM3auys nokasana, 4To Npu COOTHOLLEHWM NOSyocen annunTuydeckoi obpasytowen a/R, = 1, b/R, =
0.68804 n a/b = 1.45340 npvBedeHHbIi MOMEHTHbIN NOTEHUMan poTopa yBenuuusaeTca Ha 12.04% no
CpaBHEHM0 co cdhepumyeckon 6asoBon koHdurypauuen. C y4eToMm HepaBHOMEPHOro pacnpeneneHus
KpYTALLEro MOMEHTa MO BbICOTE POTOPa B3BELUEHHbIN aHanNUTUYECKUN HYMb YeTBEepTOM FapMOHWUKM
nynbcauuin JOCTUMHYT npu @, ~ 182.78°, a yron 3akpytkn @ = 180° NpUHAT B Ka4eCTBE NPAKTUYECKOW
reomeTpun AN YUCNEHHOro MoaenupoBaHus. [Ang HoMuHanbHoro pexuma V = 2.0m/s n Ap = 0.20 MPa
aHanuTuyeckas aHepretTudeckas mMoaens obecnednna Pgnqre = 2390.8W, M =5452Nm u n, = 0.761.
YucneHHoe MoaenupoBaHWe BbINMOMHEHO C MpUMeEHeHvem Mogenu TypoyneHTHoctn SST k — w,
NOABWXHBIX CETOK M KBa3WCTaUMOHapHOro noaxoda «3aMOpPOXeHHoro potopa» (Frozen Rotor) B
AvanasoHe napamMeTpuyeckoro BapbupoBaHuna r,, = 21 — 33 mm .

KnroueBble cnosa: BHYTpUTpPYOHas rmapoTypbuHa, annunTudeckas nonacrtb,
MUKPOrMOpO3HepreTrka, pekynepauust 3Heprum gaBneHnsl, MHOrokputepuaneHasa ontummnsauus, SST k —
w, 'mapoanHamudeckoe mogenunpoBanHune (CFD), nynbcaumsi KpyTSLLIEro MOMEHTA.

Abstract: In pressurized water supply, irrigation, and industrial pipeline networks, excess pressure
energy is frequently dissipated irreversibly across pressure-reducing valves and local hydraulic resistances.
In this study, a micro-hydroturbine rotor featuring a central open core and spatially twisted elliptical blades
is proposed to recover this energy while preserving the primary water conveyance capacity of the pipe. The
research integrates analytical geometric-hydrodynamic modeling, multi-objective parametric optimization,
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and three-dimensional CFD modeling in COMSOL Multiphysics 6.3 into a unified computational framework.
Analytical optimization demonstrated that semi-axis ratios of the elliptical envelope of a/R, =1, b/R, =
0.68804 and a/b = 1.45340 enhance the reduced torque potential of the rotor by 12.04% compared to the
spherical baseline configuration. Accounting for the non-uniform vertical distribution of the torque load, the
weighted analytical zero of the fourth pulsation harmonic was obtained at an angle of ®,,, ~ 182.78°, and
@ = 180° was adopted as the practical geometry for numerical simulation. Under nominal operating
conditions ( V = 2.0m/s, Ap = 0.20 MPa), the analytical energy model yielded Py, = 2390.8W, M =
54.52 Nm and n, = 0.761. Numerical modeling was carried out using the SST k — w turbulence model,
Moving Mesh, and the quasi-steady Frozen Rotor formulation within a parametric sweep range of r., =

21 —-33mm.

Keywords: in-pipe hydro turbine, elliptical blade, micro-hydropower, pressure energy recovery,
multi-objective optimization, SST k — w, computational fluid dynamics (CFD), torque ripple.

. Kupum

CyB TabMHUHOTH, UPpUTAIIHAS Ba CAaHOAT
KyBypJlapuJa MaBXyJ OPTHKYA THIPABIUK
00cHM Kyn XoJulap/a pocTJIOBYM apMarypa Ba

Maxaiuu KapUIWIMKIapaa SHEPrus
WYKOTHJIMILINTA oo KeJIaau. Kuguk
TUAPOIHEPTETUK TEXHOJIOTHsIIAp, CyB
TapMOKJIapuJa DJHEPrUsHA  KalTa  OJIMII
CTpaTerusiapy Ba amalnuii oobekTiap Oyiinua
YMyMJIAIITUPYBYU TaJKUKOTJIAp ymoy
3axupagaH  (oNJaNaHUIIHUHT  JHEPreTHK
axaMUsATHHH  Kypcaraau. bBupok  TexHHK

€YMMHU TaHJAIlJa KyBBaT OJHII OWiIaH Oup
KaTopJa MCTEehbMOJUUra 3apyp OOCHM Ba CyB
cappuHU cakjam XaM XaJl KWIYBYM IIapT
xucobmanau [ 1-3].

Oprtukua 6ocum SHEPTUACUHU
Y3IaTUPUILHAHT KEHI YpraHnwirasn
HyHanunuiapugaH OMpH HacocIapHU TypOuHa
pexumMuia WIUTATHILIUD. Masxyn

TaJKUKOTIap/aa OyH/ai arperaTiapHu TaHJall,
Ul PEeXUMIIAPUHU pOCTiall, YIdyaMIapuHU
MaKOyJIal THPULI Ba UKTHCOAWM
caMapaJopJIUTUHN 0axoJiail ycyiapyu HILiad
YUKWITAH. YJapHUHI yMYMHUH HaTHXKacu
IIYKH, PHEpreTuk ¢oiina arperaTHUHT ¢akat
HOMUHAQJI ~camMapaJopjurura smac, Oaiku
y3rapyBuaH capd Ba o6ocumaru
MOCJAIlyBYaHJIUTUTa XaM OOFIHUK; aifHu
MalTAa KOHCTPYKTHB YildaM Ba KyBypJaru
THJIPABIUK KapUIMIUK HX4YaM Kypuiamaiap
y4yH 4eKiioB 0yaub Kosaau [4—6].

KyByp n4ua OeBocuTa
xonmamrtupwiaaurad  cepux, J[apre Ba
CaBonuyc TypOMHanmapura ouj Ha3apuil Ba
TaXXprbaBuil UIIAp POTOP IIAKIN, OKUM OMIIaH
¥3apo TabCUp Ba AMJIAHTUPYBYU MOMEHT XOCHII
OYMUIIUHUHT y3Ura XOCITUTHHU EpUTATIH.
Ymly euumiiapa SHEprus axparud OJUII

UMKOHUATH MaBXyx Oyica-7la, 4YeKJIaHTaH
KyByp KecuMHza poTOop Tyaiiu OKUMHHMHT
KaiiTa TakCUMJIAHWLIM Ba YHMHI OpTHJAru
TUPI00JIM COXATapHUA XUCOOTa OJIHII 3apypaTH
caxyanaau [7-9].

I'mapoxuHeTHk TypOuHanapra
OarMIlUIaHTaH TaJKUKOTIap poTop OwiiaH
KYBYp JA€BOPH OpacuJiaru TUPKULI XaM1a OKUM
KECUMHHMHT TYCHUJIMII JJapaXkacu KyBBaT OJIUIL
Ba Kymumuya OOCHMM WMYKOTHIIM YpTacuaaru
MYBO3aHaTHM  O€ITrWIallMHU  KypcaTaji.
Tycunuin TabCUpUHU XucoOjall Ba TY3aTHII
ycyJiapy HaTHKaJdapHU KUECTAIl yUyH MyXUM
Oynca-ga,  ynmap — KypakHMHT  (a30oBUH
rE€OMETPUACUHU MYCTaKUII paBHIIA
MakOyJUTAIITUPUII MacCalaCUHU TYJIHUK Xajl
srmaiinn [10-12]. Kypak Typu Ba 3ymuMnTHK
MaK/UTM Ky OOCKUWIM poTopiiap Oyiinua
U3JaHUIIAP 3ca KypaK NPO(QUIMHUHT SHEPIUs
OJIMII XYCYCHUSITIIap Ba OKHM TY3WJIMIINIa
TabCUpUHM acocnaiau [ 13-14].

CyB y3arum KyBypJjapuja SHEprusHu
KaiiTa ONMIIra KapaTWiraH aMajui eyumiiap,
O0ocuMHU  TypOMHA  OpKaJdd  pOCTJIAlI
TU3UMIIApH Ba TaXpuOagaH YTKa3WITaH KyBYp
u4u KypuiManapu TEXHHUK TaTOUK
UMKOHUATIApUHA Hamo€H strad. llly Ounan
Ooupra, Typau capdraapaa Oapkapop HILIaII,
YpHATHUII KYJIAWINTH Ba MaBXyJa TapMOKHUHT
CYB YTKa3ulll KOOWJIMATHIa TAbCUPHU YeKJIall
Macajajapd  KOHCTPYKLUMSHM  MaKcaaiau
TaKOMWUTAIITUPUII 3apypaTHHU KypcaTaau
[15-17].

TapMox Mukécuaaru TaIKUKOTIapa
SHEPrUSHU KalTa OJINII Ba CyB
HYKOTULIUTApUHU OHprajukia KaMaWTHPHIL,
arperaTHd MakOyJl TaHJall Xamja y3rapyBuaH
pekuMIIap y4yH OOIIKapyB aJroOpUTMIIAPUHU
uad YuKUIra 3pTHOOp Kapatwirad. by
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UIIap TH3UM Japakacuark
ONITUMAJUIAIITHPHITHUHT a(3auIUTuHA
Kypcarca-ia, POTOPHUHT ajJoXHJa KypakiapH
T€OMETPUSCH, OocuM  macaiiumm  Ba
AllJIAaHTUPYBYH MOMEHT TEOpaHUIIUHA
OOFJIOBUM SATOHA KOHCTPYKTHB ME30HJIapHH
eTapnuya 04O Oepmaiiau [18-21].
Hacocnapau TypOuHa peskuMua KyJIamHUHT
YMyMJIAIITUPWITAaH TaxXJIHJIX Ba KyBYp HYH
napajuiel YKIM POTOPJIApHHMHT JacTIa0KH
CHHOBIIApU XaM ux4yam MYKOOWIT
KOHCTPYKLUSUIAPHU PHUBOXKITAHTHPHII
JO3apOJIMTHHN TacauKIanam [22—23].
Hlynnait knmmb, MaBXyx M3JaHUILIAP
00CUM PHEPIUSCUHU KallTa OJIMIIHUHT YMYMUI

camMapaJlopJMruHi  Ba  allpuMm  TypOuHa
HIaKJJTAPUHUHT THIIPOAMHAMUK
XYCYCUSTIIAPUHU acocJiara 6ynca-na,

MapKa3u OYMK, (pa3oBUil OypanraH >JUIMITHK
KypaKIi KyByp WYM pOTOpJapHa JJUIMITHK
ApuUM  YKjIap HuUCOATH, KYpPaKHUHI paauai
JKOWMAIIYBH, BaTapHUHT OalaHJIUK OViinda
TaKCUMOTH, Oypanuil Oypuard Ba Kypakiap
COHUHM ¥3apo OOFIIMK X0J1/1a TaHJIAIl Macaiacu
eTapiii  Japakaja TU3MMIAIITUPUIMAraH.
AVHUKCa, aWJaHTUPYBYA MOMEHT, YHMHT
JaBpuil TeOpaHMIIM Ba KyliuM4a OocuUM
HYKOTUIITMHY SATOHA KYT ME30HIHU XHCOOJaIn
Joupacuia  MyBOQUKJIAITHPUIT  WIMMIMA-
aMaJIn{ axamusITra ara.

Ma3zkyp TaIKMKOTHHUHI Makcaaud —
00CUMIIH CYB KYBYpJapH Y4yH MapKa3l OUUK,
¢dazoBuit  OypanraH  SJUIMOTHK  KypakiIu
MHUKPOTHIPOTYpPOMHA POTOPUHHUHI I'€OMETPHUK
napaMeTpiliapuHi  aHAIUTUK TUIPOJUHAMMK
MOJI€], KYTI ME3OHJIM ONTUMAJIJIAIITHPHIL Ba Y4
yigaaminu COHJIH OKUM TaXJIWIUHU
YUFYHJIAITUPUII acocuJa TaHjall Xamja
YHHUHT DHEPreTHK KYypcaTKU4ulapd Ba MOMEHT
TeOpaHMIINra TabCUPUHU OaxoJamian
nbopar.

I1.MaTepuanjiap Ba MeT010,10TUsI

Ma3skyp TaAKUKOTAa AacTial 3JUIMITUK POTOP
TEOMETPUSICH, KypaK BaTapy Ba YHHUHT pajuall
KOWMJIAIyBUHU OOFJIOBUH aQHAJIUTUK
TreOMETPUK-TUAPOJUHAMUK ~ MOJEN  UIuIad
yukwiau. CYHrpa pOTOPHHHI aWJIaHTUPYBUYU
MOMEHT MOTEHLIMAINHU MaKCHUMAJUIAIITUPHII
Xam/a TYPTHHYM TapMOHUKA MYJIbCAllUSICUHU
MUHUMAUTAIITUPUIT [IapTiIapu Oyiinya Kym
ME30HJIH ONTHMAJUTAIITUPULIT amasra
ommpwiaa. SxkyHuit 6ockuuna sca COMSOL
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Multiphysics myxuTHma yd4 ymgamiam COHIIN
rugpoaunamuk  (CFD)  mopemmamrrupuin
BOCUTAaCH/Ia OJIMHTAH AaHAJUTHUK ONTHUMA
euynuMiIap peanl THAPOJMHAMHK Ba I'€OMETPHUK
YEKJIOBJIAP JOUPACUAA TEKITHPUIIIH.

2.1. AHAJMTMK TreoMeTPHK-THAPOIMHAMUK
Mo/e/b

TagKUKOTHUHT XUCOOIANI 3aHXHUPH SIUTHIITHK
rabapuT Ba Kypak T'€OMETPUSCHHHU aHAJIUTUK
napaMmeTpIianl, THAPOAWHAMUK capajaiml, Ky
me3onH TarnoB Xamaa 3D CFD rekummpysunu
oupnamrupanu. Muku auamerpu Dy, paaumycu
R, = D, /2 Gynran KyBypiaru ypraua OKUM
Te3nury V Ba cap Q ydyH Kecum ro3acu A, =

nD2 . pVD
Tp, Peiinonbac conn Re = p P xamma
TUKJIQHUIIM ~ MYMKWUH  Oynran  Hazapuii

TUAPABIUK KyBBaT P, = Ap Q xypuHHUIIHIA
AQHUKJIAHA]I!.

OITUNTAK  POTOP MEPUAMOHAN KOHTYypU a
KaTTa Ba D KHYMK SIpUM YKIapH OpKau
napamerpinangu (H, =2a Ba D, =2b ).
banananuk  Oyiuva Tamku = paguyc  Ba
KYHJaJaHI  KECUMMHH  TYCHII  Japakacu
Kyiinaaruda nudomanaHaau:

n@=bf1-%,  —aszsa

Asw 4ab
=" 1
==
Kypax Batapununr OamaHmiuk Oyiuya
Y3rapuim 4eTKu €, Ba MapKasuil c¢,, BaTapiap

OpKaJIH KaOyJ KUJTUHIH:

c=a+en-a-C] @

a

bazasuii CFD monenu yuyn ¢, = 8 mm, ¢, =
20 mm, Ba maka kypcatkuuu v, = 1 KaOyn
KUJTMH]IH.
KyBypnaru TypOyiaeHT Te3nuk mpodunu
TabCUPUHM OaxoJsiall y4yH HUCOWM pajauan
KOOpJMHaTa ¢ =7co/Rp KYpUHHILAA
KUPUTWIAM  Ba  KyWHaga  KeITHPHITaH
TUIPOIMHAMUK (QYHKIUS KaOysl KUJIMH]IU:
Yu(@) =51 -9¥™  (3)
VYHUHT cTalioHap MaKCUMYM IIapTHIaH

mU
m, + 2

kenaub uukam; m, =7 Oymranga ($pyq =
0.7778 T¢o hya = 38.89mm) 6ynanu.

fhyd =
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Typr xypakmu (Z, = 4) poropaa OanaHIIHK
OViiya HOTEKHC MOMEHT FOKJIaHUIIU Wy, (U) =
(1-u?)%?% u=2z/a xucobra onMHraHma,
TYPTHHYU TapMOHUKAHUHT
HOpMaJTAIITHpUITaH — Koddduruentu  3-
TapTuOIu OupuHYM TYp beccens ¢GyHkumscu

J5(B) opkamu udonananau:

48J3(B)
(@) =22, p=20 ()
TeHrJ1amMa Oyiinya Ba3HJIAHTaH OWPUHYH

AHAIUTUK  HONb P,y =~ 182.78°1a  xocun
6ymuo, amanuit CFD taxmwm yayn @ = 180°
TaHJIAHAW. ANJIaHMa TE3JMK KOd(PPHUIHUEHTH
Kylujarnya XucoOIaHu:
1= WResr
|4

Pshaft
M=

P shaft Mw, A p Q

2.22. Kynm Me30HJIH ONTHMAJJIAIITHPHUIIT

cTpaTerusicu

OnTumannamtupuiga Makcaa GyHKIUSIapu

Ba YEKJIOBJIAp KyWHJarnya MakuIaH THPUIIIN:

maX{Pshaftr Mh» M}: min{Aplosy KM,ripple}
()

OyHJa BaTapHUHT MaxXaUIMi paauanra
HucOaTtan Oypuaru y = —40°, Kypakjiap COHU
Z, =4 TagHu KuimaTiap cudatuga KalOymn
KwimHau. Homuuan wm pexumuaa V = 2.0
m/s, Ap =0.20 MPa, R.s = 0.045612m
aHAIIATHK MOJEN W,y = 43.848 radls, M =
54.52N'm, Pgpqre = 2390.8 WBan, = 0.761
KuiiMatinapuau ~ Oepau. By  kuiimatiap
AQHAJTUTUK JW3ailH HaTWkacu OYynub, ynapHu
COMSOL transient signal éku sxcriepuMeHTan
Ym4oB €0 TanKUH KWIUII MYMKHH 3Mac.
Hocrammonap ananutuk nporHoszga  ideal
Fourier  ¢azamamm  dominant  harmonic
suppression uu 6axonaiinu; pean My,s, AM,y,
Prms Ba Wake u,,, KuiiMaTiapu 3ca Time
Dependent Sliding Mesh CFD &xku crenn
CHUHOBHUJIAH OJMHUIIH Kepax.

23. Yu yauamau CFD wMogean Ba
yerapaBmil mapTrJiap

Connu tunponuHamuk Taakukor COMSOL
Multiphysics 6.3 MyxuTH/1a amalra OUIMPHIIIH.
Mogens Ky3ranMac KyByp Ba ailJlaHyBUd POTOP
coxajapura axpatwiub, ynap yerapaBuid
uHTepdelic XypTauru OuiaH TyTaIITHPHIIIH.
TypOyneHTIUKHU  MOJCIIAIITHPUIT  yYYyH
JIEBOP SIKWHUIArW Ba SPKUH OKUM COXaJapUHU

47

oKopu aHuKIHKAa xucoomoBun SST k — w
MOJEJIA XaM/J1a KBasu-crauuonap Frozen Rotor
¢H/1alTyBU TaHJIAH[IH.

Acocnii 3D parametrik model yuyn D, = 100
mm, R, =50 mm, § =2 mm, a =45 mm,
b = 34.7 mm, D, = 69.4 mm Ba Z;,, = 4 xa0Oyn
KWJIHH]IY. CFD geometry reference
KoHpurypanuscuaa c;, = 8 mm, ¢,,, = 20 mm,
v. = 1, blade thickness t, = 1 mm, y = —40°
Ba w = 40 rad/s kupurwiau. Kupuiin Ba YUK
abcomoT 6ocumiiapu mMoc pasumina 6.0795 X
10> Pa Ba 4.0530 x 10° Pa Oynuo, wIrIu
6ocuM apku 2.0265 X 10° Pa HM TamKuiI
ST/IH.

Xucobnam Typu TtaxmuHan 1,99 mmH. Ta
aneMeHTIaH (TeTpa’ap Ba mpusmaiap) udopar
6ynu0, Kypak cuptu Ba uHTepdelic coxanapuaa
MaxaJuTui MaiiTaJTall TUP AN (¥praua
anemenT cudatu 0.679). Pamuan sxoinamyBHu
Oaxonmam y4yyH 7., KuiiMata 21-33 mm
opanmuruia (2 MM Kajam OWIIaH) MapaMeTpHK
TaxXJIWI KUJIUHH.

I1l. Hatukanap

OJUIMNTUK TallKd rabapuT MapameTpiiapuHu
aHAJIMTUK ONTUMAJUTALITUPHIL MaKcas
byHKIMACH 1A aHUK JKCTPEMYM
MaBXyAJIUruHU  kypcatau  (1-pacm,  a).
W3nanummap  HaTHXKacuga  poTop  SpuUM

YKnapuHUHT MakOys Hucbatnapu a/R, = 1 Ba
b/R, = 0.68804169 (a/b = 1.4534003)
SKAHJIMTU aHUKJIaHUO , Makcal (yHKIMICH
KUAMAaTH /oy = 16.8058 Hu Tamkmn stau. by
KypcaTKu4 cepuk 6a3zaBuii portop
napamerpura  ( Joop = 15)  HucOaTan
KENTUPUITaH MOMEHT noTeHnuanuuau 12.04 %
ra OIIMPUIIMHU UcOOTHai . OJUHTaH HaTHXKa
POTOPHU pagural MyHAIUIIIA KEHTaUTUPUILIaH
Kypa, YHU KyByp YKH O¥ilnad uy3uin opkaau
MapKa3uil I0KOpU TE3MUKIM OKUM XyIyIuaaH
TYIUKPOK  doifianaHuil  MakOyJUTUTHIaH
nanonat 6epaau. Iy 6unan Oupra, KypakHUHT
pamuman okovmamyBu (1, ) OYiinua
TMIPOAMHAMHK Ba TEOMETPUK uerapajiap
Vpracumarn MyTtaHocuOMmK Oaxomaumau (1-
pacM, 0). KyBypmaru TypOyneHT Te3/IHK
npoduiu m,, = 7y4yH Haszapuiu
TUJPOJIMHAMUK ~ MAKCUMYM  T¢o pyq = 38.89
mm na xocwi 6yica-na , Oy KHiiMaT JUTATITHK
tamku  derapagan (b = 34.40 mm)
TalIKapuaa xKounamaau. DBHpOK »UUNTHK
yerapa coxacuja THAPOJUHAMUK MOMEHT
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noTeHnuanuHuHT 97.46% 1 cakj1aHKO KOJIUIIIN,
STbHH TE€OMETPHUK YCKJIOB Ty(hanu HYKOTHII
aruru 2.54 % HY TaIKWAI STUIIY UCOOTIaHIH.

1.0 Elliptical envelope analytical optimization

A Anadytical optimuin L 16.8

0.9
0.8 13,6

0.7 12.0

alf,

0.6

Reduced objective ]

24
0.2 0.3 0.4 0.5 0.6 0.7 [ik:] 0.0 1.0

BiR, a)
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Hydrodynamic Llarget and geometric restriction for blade radial placemenl

arget £= 0778
, = 0.688

0.4

Reduced moment-screening function

0.0

0.0 0.2 0.4 0.6 0.8

£=rmlRy b)

1-Pacm. a -Onnunmux mawKu ea6apumHuH2 AHAJIUMUK onmumaiiautmupuil xapumacu.

fOnoysua a/R, =1, b/R, =0.68804
Hykmanu  kypcamaou, b- Kypax paouan
ocounautysu yuyH euopoouHamuk target esa
INTUNMUK 2e0MEMPUK YEKTI08.
Kypak BarapcunuHr OamaHmnuk Oyiinmua
TaKCMMOTH €(Zz) MapKas3uii KHCMa KEeHTaiuo,
yelapua TOpaWWIIM Ha3apuld KUXATIaH

acocmanau  (2-pacm, a). YyHKu poTop
Oamanamuruauar |z| < 0.5a coxacu ymymwuii
KCATUPUITaH  MOMEHT  IOTCHIHUAIHMHHHT

82.95\% wunu, |z| < 0.75a sca 98.01% wunu

Blade chord distribution along rotor height

— =0
w1
— w=2

Chord clz), mm

] L=

—1.00 -0.75 —0.50 -0.25 0.00 025 0.50 0.75 100

zja a)

Kampab onaau. Kypakuusr ¢azoBuit Oypanmuin
Oypuarn (@)Oyiinua OamaHamuk  Oyiiiaab
Ba3HJIAHTAH TYPTHHYM TapMOHHMKA TaXJIHIIH
IIYHU KYPCAaTIUKH, OUp TEKUC IOKIAHUIIIArH
90° Oypuakna TYJIUK CYHHII Ky3aTHJIManIu
(G4(90°) = 0.5162). OGupuHYM aHATUTHK HOJ
sca 182.78° na Byxyara KelIuId aHUKJIAH]IH.
Iy cababnu KOHCTPYKTHB >KHXATJaH MaKOyI
oynran @ = 180° Oypuaru amanuii COHJIIH
MOJICTIb T€OMETPHUSICH YYyH acOCHH HOM3O0J
cudaruna kabyn kuwauaam (|G4| = 0.00563).

Weighted fourth-harmonic attenuation versus blade twist

1.0

0.8

W 182780 |1
—-- Practical CFI condidate 100°

a 500 100 150 200

Total twist @, deg b)

2-pacm.a) ¢, = 8 mm Ba ¢, = 20 mm Oyiranna v, HUHT Typid KUHMaTiIapu y4yH Kypak

BAaTAPCUHMHI  OalaHUIMK  Oyiinua

TaKCUMOTH.

b)BaszuinanraH TYpTUHYM TrapMOHHKA

aMIUTUTYAACUHUHT yMyMUH (a3oBui Oypanui @ ra OOFTUKINIH.

OnTtuman aiimanmMa Te3MuK Kod(hduimeHTn
A" =1 caknanranga, Oypyak TE3NHK Wop; =
V/R.rs MyHOCAOaTH acocHaa OKUM TE3IHIU
OwiaH 4yu3MKIM paBuiiaa ycud copamu. V = 2
m/s na Wy, = 43.848 rad/s, V = 4 m/s ma sca
taxmuHaH 87.7 rad/s Hu Tamkwmi stagu. bocum
dapku  y3rapmac ~ Oynrannma, — Hazapui
THJIPABIMK Ba BaJl KyBBaTH OKUM TE3JIUTHIa
MyTaHOCHO  paBHIIa YHU3UKIW  OPTHIIU
Ky3aTHIIM. Y pTava ailTaHTHPYBYH MOMEHT 3¢a
acocat 6ocuM dapku Ap 6mnan macmTabaaHIx

Ba OKHMM TE3JIUTUra HUCOaTaH AeSIpin y3rapmac
cakianau (3-pacm, 6). Homunan v pexumuia
(Ap =0.20 MPa xomatma V=2 m/s)
aHAIUTUK MOJAENb Oyiinda M = 54.52 N'm ,
Pgpare = 2390.8 W Ba 7n,=0.761
KypcaTkuunapu Kaua stuinau (3-pacw, a, 0, B,
r). Maskyp TypT Kypaknu potop ( Z, = 4) yuyH
HOMHHAJI aiJIaHUII YacTOTacUJa KypakK YTHII
qacToTacu fgpr = Zpw/(2m) 6ymu6, 27.915
['1 HU TAIIKWIT ATIN.
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3-pacm. Ananumux smepeemux xapaxmepucmuxanap: (a) wope(V); (D) M(V,4p); (c)
Pspare(V, Ap); (d) Ap = 0.20 MPa 0a 2udpaenux—ean—anexmp snepzemux 6anancu.

COMSOL Multiphysics myxutna oJuHTaH y4
Va4amiiM OKMM MalJoHJIapy Ha3apuil TaxXJnil
XyJIOCATAPUHU TYIUK Tacaukiaau (4-pacm).
Cratuk 00CMM TaKCUMOTH pOTOp OJAHA
fokopu GocuM  coxacu  (6.08 x 10°TIa),
Kypakjap CHpPTHJIa KECKUH OOCHM TpagueHTH
Xamjia poTop opTuaa OOCUMHHUHT aCAHUIIUHU
Kypcatau. Te3lIMK MalIoHuJa Kypakiap
OpalMfyd Ba YEKKAa TUPKHUILIApJIAa OKUMHHUHT

MaxaJUIM{d TE3JIaHWIIW, POTOp OpTHIa 3ca
HOTEKHUC TUPAOOIIN W3 coXacu HaMOEH OYinu.
KypakuuHr paguan sxoinanryBu Oyitnua r.q =
21-33mm opanuruaa YTKa3uiIran
napaMeTpHUK TaxJIMJI KypakHH pyxcaT 3TUJIraH
TAllIKM Yerapara SKUHJAIITUPUIL THAPABIHMK
SHEPTUSHU aXPaTUO ONUII caMapagopIUTUHU
OIIMPHUIITNHNA HAMOWUII 3T/IH.

a)

b)

4-pacm. (a) COMSOL CFD myxumuoacu okum mMatooHiapu: 60CumM 6a mesiux Kammaiucu
makcumomaapu xamoa pomop opmuoazu uz coxacu mysumuwu, (b) COMSOL 3D mooenu:
Xucoonawi ceomempuscu, mymauwlyé uxmep@elcu 6a Kypak ampouoazu Maxaiiuti myp

MAUOANAHUUIU.
Parametric Sweep Teo =
21,23,25,27,29,31,33 mm oyiinua

YTKa3WwiraH mapaMeTpUuK TaXJIHJI aHaJUTHK
capajaml  HaTwkajgapu ~ OWJaH  COHIIHU
ruaponunamuk (CFD) monen reomerpusicu
Vypracuaaru y3Buil OOFMTUKIUKHA TAHBMHUHIIAIN.
V. Myxokama

Takmug sTuiaraH EHIANTYBHUHT KOHIICTITYall
ap3aTITH ~ TEOMETPUK  Ba  DHEPIeTHK
KypcaTKU4IapHU y3apo OOFIMK YEKJIOBYH
TH3UM  cudartugaa  UHTETpaIMsUIANIIaanD.
KyByp wuura ypHaTuIaguraH aHbaHaBUUN
chepuk Ba KECHIITaH OKHUMJTH
MUKpPOTYpOMHANApAa KYHAATaHT KECUMHHHT
tycunmu gapaxacu (blockage) optumm KyBBat
KOX(P(UIMEHTHHN  OlUpca-aa, OOCHMHHHT

KECKUH  WYKOTWIHMIINTA  OJUO  KETUIIn
Kypcatwiran [7—-12]. Ma3kyp TaaKukKoTIaa
ym0y B3UIUAT DJUIMITHK TalKy Trabaput
HUCOaTIapu, JEBOpP OpaTUFUIATH TUPKUII Ba
Kypak MapKa3WHUHT paauail KOWJIAITyBUHHU
Oupranukna  ONTUMAIAIITUPUIL  OPKAIHU
Oaprapad ostmiau. Hatmkama kaija sTuiaraH
12.04 % nuk Ha3apuil MOMEHT YCTYHJIMIH
POTOpPHU pajuan KEHTaWTUpHUII SMac, Oanku
yHU VK OYinad 4uy3uin OpKadu MapKa3ui
IOKOPH KHHETHUK DHEPTUSIN OKUMAAH TYIIHK
doigananui XxucoOura TAabMUHIAH/IH.

KypakHuMHr paguan >KONWIallyBU T,y TaXJIAIU
MYXUM THIPOJUHAMHUK KOHYHUSATHU KYpCaTIu:
Te3MK mpoduiu Oyiinya Hazapuil MaKCUMyM
38.89 MM na XOCHJI Oynca-na,
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KOHCTPYKLUUSHUHT 3JUIMOTHK yerapacu 34.40
MM HH TalIKWI 3Tagd. bupok reomerpuk
yerapa coxacuaa Ha3apuiu MOMEHT
noreHuannHuHT 97.46 % u cakiiaHuO KoIuInu
KAYMK THAPOJUMHAMUK Kommpomucc (2.54%
)3Bazura KyByp J€BOPH OWJIaH WIIOHWIH

byHKIMOHAT TUPKULIHU cakJjanl
MYMKHHJIUTHHU TacauKIaiam. by xymoca Saini
Ba Saini [10] TOMOHMIAH aHUKJIAHTaH
CTHPKHUII—TYCUITHIID) MYBO3aHATH

TAaMOWWJIMHU KYPaKHUHT (a30oBHH YU3UFU
napaxacurada aHukiamtupand. LlyHuHraex,
Kypak  BaTapCUHM  OajaHAnuK  Oyiinua
y3raptupuil KoHyHH (2) wmapkasuil ¢aon
Xyaylara KYNpoK 103a aXpaTull HMKOHHUHU
0epu6, Hasanzadeh Ba xammyamnudumap [13]
xamga Mrigua Ba xXammyamumdmap [14]
UIUIAPUIATH CUPT IIAKIMHUHT TabcupuHu 3D
poTop  KOHCTpyKcusicura — MyBad(hakusTIn
TaTOUK 3TaJIN.

MomeHT mynbcauMsicu OyHuM4a  OJMHIaH
Hazapuil eyumiap ajioxujaa axaMusiTra ora.
Typr Kkypakiu  poropaa Oup  TEKuC
IOKJIaHUIIIary kiaccuk 90° Oypanumn Oypuaru
OamaH/yMK  OyiiMda  HOTEKHC  FOKJIAHHMII
[IAPOWTH]IA TApPMOHUKAHU TYIUK CYHIUpa
oJMai I (1G4] = 0.5162). beccenn
GYHKIMSACH  OpKalld — Ba3HJIAHTaH  TaxXJIAJ
OUpHMHYM CYHWII HyKTacunu @, ~ 182.78°
ra CWDKUIINHY KypcaTau Ba amanuii @ = 180°
OypyaruHUHT (|G4] = 0.00563)
THJIPOJMHAMUK aCOCIJIaHT AHJIUTUHU
ucbornamu. Homunan kypcarkudnap Popgre =
2390.8 n, = 76.1% Oocumnu TapMoKIapaa
MaxaUIMid  Jpocceiuiall  YpHUTa  UX4yam
IUIMNTUK ~ arperatjiap OpKajdud dSHEPTUsSHU
camapaiy peKynepanus KWW UMKOHUSTUHU
oun® Oepanu Ba anbaHaBuii PaT xamma canoat
MPOTOTUTITIAPUHU Kypak reOMETpHSICH
Japakacuaard KYI ME30HJIM JW3aiiH OuiaH
ooMuTagu.

V. XyJoca
Bocnmim CyB y3aTHUIII KyBypJapuia
TEXHOJIOTMK  TajgabmaH opTUK4Ya  OocuMm

DHEPTUSCUHHU CaMapalid peKynepanus KUJIHII
Makcaguaa ¢GazoBuil  OypairaH 3JUITMITHK
Kypakiii MHUKPOTHUAPOTYpOMHA POTOPHHHUHT
anamuTuk Ba CFD kxynm Me30HIM moimxasnart
METOJIOJIOTUSACH aCOCIaHIN XaMmJa KyHumaru
acoCHil HaTMKaJlapra SpUIITHIIN:
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l.I'eomeTrpuk HucOaTIap Ba DJIHEPreTHK
YCTYHJIMK: DJUIANITUK potop SApUM
YKIapuHUHT MakOyn HucOatmapu a/R, =1,
b/R, = 0.68804 Ba a/b = 1.45340 skannmuru
aHUKJIAaHKO, pOTOpHU VK OYinad uy3uimn
xucobura chepuk 0OazaBUil  KYpHUHHMINTA
HUCOATaH KEITHPWITaH MOMEHT IOTEHLMAIN
12.04% ra omupuinau.

2.I'mapoauHaMuk Ba KOHCTPYKTHB
MyBo3aHat: TypOyleHT OKuMIaru Hazapui
pamuan target(rqonyq = 38.89 mm) smmnruk
rabaputnan (b = 34.40 mm) Ttamkapuaa
JKoWamica-fga, 4erapa 30HacHJa MOMEHT
noreHmanueuHr 97.46% u cakinaHuO KOJIUIINA
UcOOTIaHIM Xamja BaTapHUHI MapKasja
KEHTalOBYU TAKCUMOTHU aCOCTIaH/IH.
3.Ilyabcanus CYHMIIM Ba TAPMOHUK MOJeJI:
TypT Kypakiu poropia OamaHanuk OVitnmua
HOTEKHC IOKJAHMII XHcOOra OJIMHTraHja
TYPTUHYH TapMOHUKAHUHT Ba3HJIAHTaH
Oupunyn Hou P,y ~ 182.78° na Byxkynara
kemnmn anukiaanau Ba amaimuii CAD/CFD
reomerpusicu cudaruna @ = 180° tanmanmu
(1G4| = 0.00563).

4. JHepreTHKk KypcaTKH4jJap Ba COHJIH
TekmmpyB: Homunan pexumaa V = 2.0 m/s
Ba Ap =0.20 MPa, w,,; = 43.848 rad/s,
Hazapuii Bal KyBBatu Pgu,r = 2390.8 Wt,
aitnanTupyBun MomenT M = 54.52 N'm Ba
rugpaBmuk OUK 7, = 0.761 Tabmunnanuo,
3D CFD maiifonnapu Ha3apuil TUIIOTE3alapHU
TYJUK TaCAUKIAIH.
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Turli  sintez usullarida olingan ZnO materiallarining optik va
fotolyuminessensiya xossalarining giyosiy tahlili.

X.A. Maxmudov?, T.A.Sobirova?

!Kokand university Andijon filiali
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Annotatsiya. Ushbu ishda oksidlanish—gaytarilish va zol-gel usullarida sintez gilingan ZnO
materiallarining optik hamda fotolyuminessensiya xossalari giyosiy o‘rganildi. Fotolyuminessensiya
spektrlari tahlili asosida ultrabinafsha va ko‘zga ko'rinuvchi diapazonlardagi emissiyaning kristall panjara
nugsonlari va eksiton rekombinatsiyasi bilan bog'ligligi aniglandi. Olingan natijalar oksidlanish—qgaytarilish
usulida tayyorlangan namunalarning yuqori kristall mukammallikka ega ekanligini, zol-gel usulida olingan
ZnO gatlamlarida esa interfeys nugsonlari bilan bog‘liq qo‘shimcha emissiya kuzatilishini ko‘rsatdi. Tadgiqot
natijalari ZnO asosidagi materiallarni ultrabinafsha diapazonida ishlovchi optoelektron qurilmalar uchun
istigbolli material sifatida qo‘llash imkoniyatlarini tasdiglaydi.

Kalit so‘zlar: rux oksidi (ZnO), fotolyuminessensiya, oksidlanish—gaytarilish usuli, zol-gel, eksiton
rekombinatsiyasi, optoelektronika.

AHHOTaumAa. B paHHOM paboTe npoBeAEeHO CpaBHUTENBHOE WCCNEAOBaHME OMTUYECKUX W
(hOTOMIOMUHECLIEHTHBIX CBOWCTB MaTepuanoB ZnO, CUHTE3MPOBAHHbIX MEeTOAaMW OKUCMUTENbHO-
BOCCTAHOBMTENbHOW peakumm u sol—-gel. AHann3 cnekTpoB OTOMOMMHECUEHLMM roKasan, u4To
ynbTpaduoneToBas 1 BuaMmas obnacTtu usnyyeHus CBs3aHbl ¢ AedeKkTaMmm KpUCTanmmyeckon petwéTki n
pekoMmbunHaLumen 9KCUTOHOB. [lonyyeHHble pe3ynbTaTbl CBUAETENLCTBYIOT O TOM, 4TO 06pasupl,
nornyyeHHble MEeTOAOM OKWCMWTENbHO-BOCCTAaHOBUTENbHOW peakuun, obnagjailoT 6Gonee BbICOKMM
KpUCTanIn4eckMMm COBEPLUEHCTBOM, Torga kak B crnosix ZnO, CUMHTE3MpOBaHHbIX MeToaoMm sol—gel,
HabnogaeTca gononHuWTenbHas amMuccus, obycnoBneHHas mexdasHoiMu gedektamn. [lonyveHHble
pesynbTaTbl MOATBEPXOAKT MEPCNeKTUBHOCTbL MaTepuanoB Ha ocHoBe ZnO Ans NpUMEHEHUs B
ynbTpadUoneToBbIX ONTOINEKTPOHHbBIX YCTPOWCTBAX.

KnioueBble cnoBa: okcug uvHka  (ZnO),  OTONIOMUHECUEHUWS,,  OKUCIUTENbHO-
BOCCTaHOBUTENbHbIM MeTof, MeTop sol—-gel, pekombuHaLmsa 3KCUTOHOB, ONTO3MEKTPOHNKA.

Abstract. This study presents a comparative investigation of the optical and photoluminescence
properties of ZnO materials synthesized by redox and sol-gel methods. The analysis of the
photoluminescence spectra revealed that the ultraviolet and visible emission bands are associated with
crystal lattice defects and exciton recombination. The results demonstrate that the samples prepared by
the redox method exhibit higher crystalline quality, whereas the ZnO layers synthesized by the sol—gel
method show additional emission related to interface defects. The obtained findings confirm the potential
of ZnO-based materials for applications in ultraviolet optoelectronic devices.

Keywords: zinc oxide (ZnO), photoluminescence, redox method, sol—gel, exciton recombination,
optoelectronics.

- nugsonlar konsentratsiyasiga bevosita bog‘liqg.
I. Kirish. . . ;
Fotolyuminessensiya spektrida odatda 380 nm
atrofidagi  ultrabinafsha  emissiya  erkin
eksitonlarning rekombinatsiyasi bilan bog‘liq
bo‘lsa, 450-550 nm oralig‘idagi ko‘zga
ko‘rinuvchi emissiya kislorod vakansiyalari,
rux Kirishmalari hamda boshga nugson sathlari
ishtirokidagi rekombinatsion  jarayonlar
natijasida hosil bo‘ladi[2]. Shu sababli
fotolyuminessensiya spektrlarini tahlil gilish
ZnO materiallarining strukturaviy
mukammalligi va optik sifatini baholashning
samarali usullaridan biri hisoblanadi.[3]

ZnO qatlamlarini olishda oksidlanish—
gaytarilish,  zol-gel, magnetron purkash,
kimyoviy bug® fazasidan o‘stirish va boshqa
texnologiyalar qo‘llaniladi. Mazkur usullar
olingan materiallarning  kristall ~ tuzilishi,

nugsonlar zichligi hamda optik xossalariga

Bugungi kunda ultrabinafsha (UB)
diapazonda ishlovchi fotogabul gilgichlar,
yorug‘lik nurlanuvchi qurilmalar va boshqa
optoelektron  tizimlarni  yaratishda keng
tagiglangan zonali yarimo ‘tkazgich
materiallarga bo‘lgan qiziqish ortib bormoqda.
Bunday materiallar gatoriga GaN, SiC va ZnO
kiradi. Ular orasida rux oksidi (ZnQO) taxminan
3,3 eV tagiglangan zona kengligi hamda 60
meV eksiton bog‘lanish energiyasiga ega
bo‘lib, yuqori optik shaffofligi, kimyoviy
bargarorligi va nisbatan arzon texnologik
jarayonlari  tufayli istigbolli material
hisoblanadi[1].

ZnO materiallarining optik xossalari,
aynigsa  fotolyuminessensiya  spektrlari,
ularning kristall mukammalligi va nugtaviy
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turlicha ta’sir ko‘rsatadi [4]. Shu bois sintez
usulining Zn0O materiallarining
fotolyuminessensiya va optik xossalariga
ta’sirini qiyosiy o‘rganish ilmiy va amaliy
jihatdan dolzarb masala hisoblanadi.[7]

Mazkur ishning magsadi oksidlanish—
gaytarilish va zol-gel usullarida sintez gilingan
Zn0O materiallarining optik hamda
fotolyuminessensiya xossalarini giyosiy tahlil
qilish, ultrabinafsha va ko‘zga ko‘rinuvchi
diapazonlardagi  emissiya  xususiyatlarini
aniglash hamda sintez usulining kristall
mukammalligi va optik xossalarga ta’sirini
baholashdan iborat.

I1. Tadgigot metodikasi.

Yarimo‘tkazgich materiallarining optik
xossalari yorug‘likning material bilan o‘zaro
ta’siri natijasida yuzaga keladigan yutilish,
qaytish va o‘tkazish jarayonlari orgali
tavsiflanadi.  Kristall ~sirtiga tushayotgan
yorug‘lik intensivligi quyidagi energiya balansi
bilan ifodalanadi:

1= |q+ |T+ Ia (l)

bu yerda |- tushayotgan, lq — gaytgan, It —
o‘tgan va Il — yutilgan yorug‘lik
intensivliklaridir.
Yorug‘likning material ichida yutilishi Buger—
Lambert gonuni bilan tavsiflanadi[6]:

I=1,1-0)-ep(ad) (5
bu vyerda lo — boshlang‘ich yorug‘lik
intensivligi, d — namuna galinligi, o — yutilish
koeffitsienti. ~ Ushbu  qonun  yorug‘lik
intensivligining material galinligi ortishi bilan
eksponensial ravishda kamayishini ifodalaydi.

Yutilish koeffitsienti asosida
yarimo ‘tkazgichning ta’giglangan soha
kengligi Tauc  munosabati  yordamida

aniglanadi [7]:
(ehv)? = A(hv — E,) 3)

Bu vyerda, Eg ta’qiglangan soha
kengligi; h- Plank doimiysi; v - tebranish
chastotasi; « - yutilish koeffitsienti; A -
proporsionallik koeffitsienti.

ZnO keng ta’qgiglangan zonali (Eg~3.34
eV) yarimo‘tkazgich bo‘lib, yuqori eksiton
bog‘lanish energiyasi (=60 meV) bilan ajralib
turadi. Shu sababli xona haroratida ham kuchli
ultrabinafsha fotolyuminessensiya kuzatiladi.
Fotolyuminessensiya spektridagi 380 nm
atrofidagi tor emissiya cho‘qqisi erkin

53

eksitonlarning rekombinatsiyasi bilan bog‘liq
bo‘lib, materialning yuqori kristall
mukammalligini tavsiflaydi.

Ko‘zga ko‘rinuvchi diapazondagi keng
polosali emissiya esa, asosan, Kristall
panjaradagi nuqgtaviy nugsonlar bilan bog‘liq
rekombinatsion jarayonlar natijasida yuzaga
keladi[2,3]. Xususan, kislorod vakansiyalari
(V_0O), rux kirishmalari (Zn_i) hamda donor—
akseptor sathlari ishtirokidagi o‘tishlar 450-
550 nm oralig‘idagi yashil emissiyaning hosil
bo‘lishiga sabab bo‘ladi. Shuning uchun
fotolyuminessensiya spektrlarining shakli va
intensivligi ZnO materiallarining kristall sifati
hamda nugsonlar konsentratsiyasini
baholashning muhim mezoni hisoblanadi.

I11. Natijalar va muhokama

Oksidlanish—gaytarilish ~ va  zol-gel
usullarida sintez gilingan ZnO materiallarining
fotolyuminessensiya  spektrlari ~ 1-rasmda
keltirilgan. Har ikkala namuna ultrabinafsha
diapazonda kuchli emissiya namoyon gilgan
bo‘lsa-da, spektrlarning shakli va intensivligida
sezilarli farglar kuzatiladi. Ushbu farglar sintez
usulining kristall mukammalligi, nugsonlar
konsentratsiyasi hamda  rekombinatsion
jarayonlarga ta'siri bilan izohlanadi. 1-rasm (a)
dan ko‘rinib turibdiki, oksidlanish—qaytarilish
usulida olingan ZnO  monokristalining
fotolyuminessensiya spektrida 385 nm atrofida
intensiv ultrabinafsha emissiya kuzatiladi.
Ushbu  emissiya  erkin  eksitonlarning
rekombinatsiyasi ~ bilan  bog‘liq  bo‘lib,
materialning yugori kristall mukammalligini
ko‘rsatadi. Bundan tashqari, 486 nm va 510 nm
oralig‘ida kuzatilgan keng polosali emissiya
kislorod vakansiyalari, rux interstitsiallari
hamda donor—akseptor nugson  sathlari
ishtirokidagi rekombinatsion jarayonlar bilan
izohlanadi.

1-rasm (b) da oksidlanish—gaytarilish
usuli yordamida sintez gilingan monokristall
ZnO  namunasining  fotolyuminessensiya
spektri keltirilgan. Namunalar galliy ishtirokida
vodorod atmosferasida oksidlanish—gaytarilish
reaksiyasi  orgali  tayyorlangan.  Sintez
jarayonida taglik harorati 500-670 °C, manba
sohasi esa 720-750 °C oralig'ida ushlab
turilgan.  Keyingi  bosgichda namunalar
kislorodli muhitda 700-750 °C da termik ishlov
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berilib, so‘ng vodorod atmosferasida 550 °C da
qo‘shimcha ushlab turiladi. Zol-gel
texnologiyasi asosida tayyorlangan n-ZnO
yupga gatlamining fotolyuminessensiya spektri
keltirilgan. Spektrning asosiy maksimumi 377—
380 nm oraligida joylashgan bo‘lib, u ZnO
ning fundamental eksiton rekombinatsiyasiga
mos keladi. Shuningdek, 400-410 nm
oralig‘ida qo‘shimcha emissiya kuzatilishi
interfeys nuqsonlari hamda nanoo‘lchamli
strukturalarning hosil bo‘lishi bilan bog‘liq deb
hisoblanadi. Spektrda 500-550 nm
diapazonidagi nugson emissiyasining deyarli
kuzatilmasligi kislorod vakansiyalari

385 nm

486 Hm

T T T T T T T T T
350 400 450 500 550 600
A, HM

a)
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konsentratsiyasining kamayganligini va optik
sifatning yaxshilanganligini ko‘rsatadi[8].
Olingan natijalar shuni ko‘rsatadiki,
oksidlanish—qaytarilish usulida sintez gilingan
ZnO namunalari yugori kristall mukammalligi
va kuchli eksiton emissiyasi bilan tavsiflanadi.
Zol-gel texnologiyasi esa texnologik jihatdan
sodda va iqtisodiy samarali bo‘lishiga qaramay,
interfeys nugsonlari bilan bog‘liq qo‘shimcha
emissiyaning paydo bo‘lishiga olib keladi. Shu
bilan birga, kislorod vakansiyalari bilan bog‘liq
yashil emissiyaning kamayishi optik sifatning
yaxshilanganligini ko‘rsatadi.
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l-rasm. Turli sintez usullarida olingan ZnO materiallarining fotolyuminessensiya

spektrlari:

(a) oksidlanish—qaytarilish usulida olingan ZnO monokristali;

(b) zol-gel

texnologiyasi asosida tayyorlangan n-ZnO yupqga gatlami.

I11. Xulosa

Ushbu ishda oksidlanish—qgaytarilish va zol-gel
usullarida sintez gilingan ZnO materiallarining
optik hamda fotolyuminessensiya xossalari
giyosiy tahlil qilindi. Fotolyuminessensiya
spektrlari tahlili natijasida har ikkala usulda
olingan namunalarda ultrabinafsha emissiya
kuzatilishi ZnO ning yuqori optik faolligini
tasdigladi.  Oksidlanish—qgaytarilish  usulida
tayyorlangan namunalarda kuchli eksiton
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ULTRATOVUSHLI PURKASH PIROLIZI USULIDA OLINGAN ZNO VA ZNO:S:N YUPQA
PLYONKALARINING OPTIK YUTILISH, O‘TKAZUVCHANLIK VA URBACH ENERGIYASI
TAHLILI

1S.Z Zaynabidinov, 'A. Y. Boboev, 2N. Y. Yunusaliyev, *M.M. Xotamov, N. M.
Adikhamov, G. G. Tojiboyev, 'M. M. Arabboeva.

1Z. M. Bobur nomidagi Andijon davlat universiteti, Andijon, O‘zbekiston
3Toshkent Xalgaro Universitetining Andijon filiali, Andijon, O‘zbekiston.

Annotatsiya: Ushbu ishda shisha substratlar yuzasida ultratovushli purkash pirolizi (USP) usuli
yordamida sof ZnO hamda S va N bilan modifikatsiyalangan ZnO:S:N yupga plyonkalar sintez qilindi.
Olingan namunalarning optik yutilish, optik o‘tkazuvchanlik, tagiglangan zona energiyasi va yutilish
chekkasi yaginidagi energetik dum holatlari UV-Vis spektroskopiyasi, Tauc va Urbach tahlillari asosida
o‘rganildi. Dastlab shisha substratning optik javobi baholanib, uning 400-550 nm diapazonda yugqori
shaffoflikka ega ekani aniglandi; ushbu sohada optik o‘tkazuvchanlik 91-92% ni tashkil etdi, Tauc tahlili

orgali esa optik tagiglangan zona energiyasi E, ~ 3.85eV deb baholandi. Sof ZnO yupga plyonkalarida

ultrabinafsha sohada kuchli yutilish va ko‘rinadigan sohada yuqori optik o'tkazuvchanlik kuzatildi.
Absorbsiya chekkasi 370-390 nm oralig‘ida shakllanib, Tauc grafigi asosida optik tagiglangan zona

energiyasi E, = 3.27eV deb aniglandi. Sof ZnO uchun Urbach energiyasining E, = 74.6meV bo'lishi

yutilish chekkasining nisbatan keskinligini va lokal nugson holatlarining cheklanganligini ko‘rsatadi. S va N
bilan modifikatsiyalangan ZnO:S:N plyonkalarida esa ko‘rinadigan sohadagi optik o‘tkazuvchanlik 78—83%
oralig‘ida saglangan bo‘lsa-da, optik yutilish fonining ortishi va yutilish chekkasining past energiya tomonga

siliishi gayd etildi. Ushbu namuna uchun E; = 3.17eV gacha kamayishi va E,, = 268meV gacha ortishi S

va N qo‘shimchalari ta’sirida lokal energetik sathlar, strukturaviy tartibsizlik hamda Urbach dum holatlarining
kuchayganini ko‘rsatdi. Olingan natijalar ZnO asosidagi yupga plyonkalarning optik parametrlarini USP
texnologiyasi va modifikatsiyalash orgali boshgarish mumkinligini hamda bunday materiallarning shaffof
optoelektronika, UV-sezgir funksional goplamalar va keng tagiglangan zonali yarimo‘tkazgich qurilmalari
uchun istigbolli ekanini ko‘rsatadi.

Kalit so‘zlar: ZnO yupga plyonkalar, ZnO:S:N, Ultratovushli purkash pirolizi (USP), Shisha substrat,
UV-Vis spektroskopiya, Optik yutilish, Optik o‘tkazuvchanlik, Tauc usuli, Optik tagiglangan zona energiyasi
(Band gap), Urbach energiyasi

AHHoTauma. B paboTte meTogom ynbTpa3BykoBoro crnpen-nuponmsa (USP) Ha CTeKNAHHBLIX NOAMNOXKax
CUHTE3NPOBaHbl TOHKME MNEHKM 4dmctoro ZnO m ZnO:S:N, moamduumpoBaHHOIO Cepor M asoToOM.
OnTuyeckoe nornoLieHne, npornyckaHve, WUpuHa 3anpeléHHON 30Hbl U 3HepreTudecKkMe XBOCTOBble
coCcTOsIHMA BO6NN3M Kpasi MOrNoLLEeHNs nccnefoBaHbl ¢ nomoLsio UV-Vis-cnektpockonun n aHanusa Tayua
n Ypbaxa. CTeknsiHHasi MOANOXKa MoKasana BbICOKYH MNpo3padyHocTb B AuanasoHe 400-550 Hm c
nponyckaHnem 91-92%; eé onTuyeckas LMprHa 3anpeLléHHon 30HbI oleHeHa Kak Eg = 3.85 aB. MnéHku
ynctoro ZnO xapakTepusoBanuCb CUMbHbIM MOrMOWeEeHNeM B yNbTpaduoneToBon U  BbICOKUM
nponyckaHvem B BuaMmMon obnactu. Kpan nornoweHns Haxoauncs B gnanasoHe 370—-390 HM; no rpaduky
Tayua onpegeneHo Eg = 3.27 3B. OHeprus Ypbaxa Eu = 74.6 MaB ykasbiBaeT Ha OTHOCUTENBHO PE3KUiA
Kpaw MOrmnoLeHns 1 orpaHN4YeHHOEe KONMYECTBO NOKarbHbIX AeeKTHbIX COCTOAHUNA. B nnéHkax ZnO:S:N
nponyckaHve B BUAUMOWN obnactu coxpaHanocb Ha ypoBHe 78-83%, npy aTom Habnoganucek pocT doHa
MOrmnoLeHns U CMeLleHne ero kpass B obnactb MeHbLUMX 3Heprui. YMmeHblueHue Eg go 3.17 aB un
yBenuyeHne Eu go 268 m3B ykasblBalOT Ha yCUINEHUE mnoKarbHbIX 3SHEepPreTM4yeckux COCTOSHUN,
CTPYKTYpHOro 6ecnopsgka u XBoCTOBbIX COCTOSIHMI Ypbaxa nog BnusHuem gobasok S u N. PesynbraThbl
NMoKas3bIBalT BO3MOXHOCTb YNpaBrneHus onTU4ecKnMmn napameTpamm NnnéHok Ha ocHoBe ZnO nocpeiCTBOM
TexHonorum USP n moaudumumpoBaHusg, a Takke NepcnekTMBHOCTb Taknx maTepuanoB Ansi Npo3payHom
ONTO3MEKTPOHUKH, Y®-4yBCTBUTENbHbIX P YHKUNOHANbHbIX NOKPbITUIA " LLIMPOKO3OHHbIX
NonynpoBOAHUKOBBLIX YCTPONCTB.

KnioueBble cnoBa: ToHkme nnéHkn ZnO, ZnO:S:N, ynbTpassykoBow cnpen-nuponuns (USP),
CTeknsiHHast nognoxka, UV-Vis-cneKkTpockonusi, ONTUYecKoe MOornoLleHne, OMNTUYECKOe MpOonycKaHue,
mMeToZ Tayua, onTMyeckas LWnprHa 3anpeLLéHHON 30HbI, 3Heprus Ypbaxa.

Abstract. Pristine ZnO and S- and N-modified ZnO:S:N thin films were synthesized on glass substrates
using ultrasonic spray pyrolysis (USP). Optical absorption, transmittance, band gap energy, and energetic
tail states near the absorption edge were investigated using UV-Vis spectroscopy and Tauc and Urbach
analyses. The optical response of the glass substrate was first evaluated, revealing high transparency in
the 400-550 nm range, with a transmittance of 91-92% and a Tauc-estimated optical band gap of Eq =
3.85 eV. Pristine ZnO films exhibited strong ultraviolet absorption and high visible transmittance. The
absorption edge occurred at 370-390 nm, and the Tauc plot yielded Eg = 3.27 eV. The Urbach energy of
Eu = 74.6 meV indicates a relatively sharp absorption edge and limited local defect states. Although the
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visible transmittance of ZnO:S:N films remained within 78—83%, an increased absorption background and
a shift of the absorption edge toward lower energies were observed. The decrease in Eg to 3.17 eV and the
increase in Eu to 268 meV indicate enhanced local energy states, structural disorder, and Urbach tail states
induced by S and N additions. These results demonstrate that the optical parameters of ZnO-based thin
films can be controlled through USP processing and modification, highlighting their potential for transparent
optoelectronics, UV-sensitive functional coatings, and wide-band-gap semiconductor devices.

Keywords: ZnO thin films, ZnO:S:N, ultrasonic spray pyrolysis (USP), glass substrate, UV-Vis
spectroscopy, optical absorption, optical transmittance, Tauc method, optical band gap energy, Urbach

energy.

KIRISH

Rux oksidi (ZnO) keng tagiglangan zonali
yarimo‘tkazgich  materiallardan  biri  bo‘lib,
ko‘rinadigan sohada yuqori optik shaffofligi,
ultrabinafsha diapazonda kuchli yutilishi, kimyoviy
bargarorligi, nisbatan arzonligi hamda turli yupga
plyonka olish texnologiyalari bilan mosligi sababli
katta ilmiy va amaliy qiziqish uyg‘otadi. Shu
xossalari tufayli ZnO asosidagi yupga plyonkalar
shaffof elektronika, optoelektron qurilmalar,
ultrabinafsha fotodetektorlar, quyosh elementlari,
gaz sensorlari va funksional optik gqoplamalarda
keng qo‘llanilishi mumkin [1-3]. Aynigsa, ZnO
ning ko‘rinadigan sohada yuqori o‘tkazuvchanlikka
va to‘g‘ridan-to‘g‘ri optik o‘tishga ega keng
tagiqlangan zonaga ega bo‘lishi uni shaffof hamda
UV-sezgir yarimo‘tkazgich strukturalar uchun
istigbolli materialga aylantiradi.

ZnO yupga plyonkalarining fizik xususiyatlari
ularni olish usuli, prekursor eritma tarkibi, substrat
turi, cho‘ktirish harorati, plyonka qalinligi,
kristallanish darajasi va nugsonlar tizimiga kuchli
bog‘ligq. Real yupga plyonkalarda fundamental
yutilish chekkasi fagat ZnO ning ichki energetik
zonalar tuzilishi bilan emas, balki kislorod
vakansiyalari, rux interstitsiallari, donalararo
chegaralar, sirt holatlari va boshga strukturaviy
nomukammalliklar bilan ham belgilanadi. Bunday
nugsonlar yutilish chekkasi yaginida lokal energetik
sathlar va energetik “dum” holatlarining
shakllanishiga olib kelishi mumkin. Shu sababli
ZnO asosidagi yupga plyonkalarda optik yutilish,
optik o‘tkazuvchanlik, taqiglangan zona energiyasi
va Urbach energiyasini birgalikda tahlil qilish
texnologik sharoitlar, nugsonlar tizimi va optik
xossalar o‘rtasidagi bog‘liglikni aniqlashda muhim
ahamiyatga ega. ZnO ning optik va elektron
tuzilmasini boshgarishning samarali usullaridan biri
uni turli go‘shimcha atomlar bilan
modifikatsiyalashdir. Xususan, S va N kabi anion
tabiatli qo‘shimchalar ZnO ning yutilish chekkasi,
optik tagiglangan zona kengligi va band chekkalari
yaginidagi lokal energetik holatlar zichligiga kuchli
ta’sir ko‘rsatadi. S atomlarining ZnO panjarasiga
kiritilishi kislorod atomlari bilan solishtirganda ion
radiusi va bog‘lanish xususiyatlaridagi farqglar
sababli panjara ichida lokal buzilishlar hosil gilishi

mumkin. N bilan modifikatsiyalash esa valensiya
zonasi yaginidagi holatlar shakllanishiga ta’sir
ko‘rsatishi ehtimoli bilan ilmiy qizigish uyg‘otadi
[4-7]. Natijada S va N bilan modifikatsiyalangan
ZnO yupqga plyonkalarida optik o‘tkazuvchanlik,
yutilish foni, tagiglangan zona energiyasi va Urbach
dum holatlari sezilarli o‘zgarishi mumkin.

ZnO asosidagi yupga plyonkalarni olishda
magnetron changlatish, impulsli lazer cho‘ktirish,
sol-gel, kimyoviy cho‘ktirish, atom qatlamli
cho‘ktirish va spray piroliz kabi usullar keng
go‘llaniladi. Ular orasida ultratovushli purkash
pirolizi oddiyligi, iqgtisodiy samaradorligi, katta
yuzali substratlarda bir jinsli goplama hosil gilish
imkoniyati va prekursor tarkibini boshgarish
qulayligi bilan ajralib turadi [8-9]. ZnO yupga
plyonkalarining optik xususiyatlarini baholashda
UV-Vis spektroskopiyasi muhim ahamiyatga ega.
Ushbu usul orqali yutilish chekkasi, ko‘rinadigan
sohadagi optik o‘tkazuvchanlik, optik taqgiglangan
zona energiyasi hamda yutilish chekkasi yaginidagi
lokal energetik holatlar haqida ma’lumot olish
mumkin. ZnO to‘g‘ridan-to‘g ri ruxsat etilgan optik
o‘tishli yarimo‘tkazgich bo‘lgani sababli uning
band gap giymatini aniglashda Tauc usuli keng
go‘llaniladi. Urbach energiyasi esa plyonkadagi
nugsonlar, strukturaviy tartibsizlik va legirlash
natijasida hosil bo‘ladigan energetik ‘“dum”
holatlarini baholash imkonini beradi.

Mazkur ishda sof ZnO hamda S va N bilan
modifikatsiyalangan ZnO:S:N yupga
plyonkalarining optik xususiyatlari solishtirildi.
S,N-modifikatsiyaning yutilish chekkasi,
ko‘rinadigan sohadagi optik o‘tkazuvchanlik, optik
tagiglangan zona energiyasi va Urbach energiyasiga
ta’sirini  aniglandi. sof ZnO va ZnO:S:N
plyonkalarining Tauc hamda Urbach parametrlari
asosida S,N-modifikatsiya natijasida optik band
gapning o‘zgarishi va yutilish chekkasi yaqinidagi
lokal energetik holatlarning kuchayishi baholandi.

MATERIALLAR VA METODLAR

Yupqga plyonkalarni o‘stirishda taglik sifatida
shisha substratlardan foydalanildi. Cho‘ktirish
jarayonidan oldin substratlar yuzasi iflosliklardan
tozalash maqgsadida atseton va etanol muhitida
ultratovushli vannada 10 dagiga davomida yuvildi.
Shundan so‘ng ular distillangan suv bilan chayildi
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va quritildi. Bunday tozalash jarayoni substrat
yuzasida bir jinsli va yaxshi yopishuvchan plyonka
hosil bo‘lishini ta’minlaydi.

Prekursor eritma sifatida 0.1 M konsentratsiyali
zinc acetate dihydrate Zn(CH3;COO),- 2H; eritmasi
tayyorlandi. S va N bilan modifikatsiyalangan
ZnO:S:N yupga plyonkalarni olishda oltingugurt
manbai sifatida tiomochevina CS(NH)2, , azot
manbai sifatida esa ammoniy nitrat dihidrat
NHsNOz- 2H,O  qo‘shimcha reagent sifatida
ishlatildi. Sof ZnO hamda S,N-modifikatsiyalangan
Zn0O:S:N yupga plyonkalar ultratovushli purkash
pirolizi usuli yordamida shisha substratlar yuzasida
cho‘ktirildi. Cho‘ktirish jarayoni ishda keltirilgan
texnologik parametrlar asosida amalga oshirildi.
Cho‘ktirish tugagach, namunalar xona
haroratigacha tabiiy ravishda sovitildi.
Plyonkalarning kristallanish darajasini yaxshilash
maqsadida ular havo muhitida 400 °C haroratda 1
soat davomida termik ishlovdan o‘tkazildi.

Olingan namunalar optik xususiyatlari UV-Vis
spektroskopiyasi yordamida 300-800 nm to‘lgin
uzunliklari oralig‘ida o‘rganildi. Optik yutilish va
o‘tkazuvchanlik spektrlari asosida plyonkalarning
optik tagiglangan zona energiyasi (Eg) Tauc usuli
yordamida aniglandi. Yutilish chekkasi yaginidagi
lokal energetik holatlar esa Urbach energiyasi (Eu)
orgali baholandi.
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NATIJALAR VA MUHOKAMA

Olingan optik yutilish va optik o‘tkazuvchanlik
spektrlari  asosida namunalar uchun yutilish
chekkasi, ko rinadigan sohadagi shaffoflik darajasi,
optik tagiglangan zona energiyasi (E;) hamda
Urbach energiyasi (E.) aniglanib, ushbu parametrlar
shisha substratning optik ta’sirini baholash, sof ZnO
plyonkaning optik sifatini aniglash va S hamda N
bilan modifikatsiyalangan ZnO:S:N plyonkalarida
yuzaga kelgan energetik dum holatlarini tahlil gilish
imkonini berdi.

Plyonka optik xususiyatlarini aniq baholash va
uning taglikdan fargini aniglash magsadida dastlab
faqat shisha substrat (taglik) o‘rganildi. Chunki
plyonka hosil bo‘lishidan oldin taglikning optik
xossalarini  aniq  baholab  olinsa, plyonka
go‘shilgandan keyin yuzaga keladigan
o‘zgarishlarni aniqroq baholash imkonini beradi.
Absorbsiya spektridan ko‘rinadiki shisha substrat
ultrabinafsha sohada nisbatan kuchliroq yutilishga
ega bo‘lib (2a-rasm), 300 nm atrofida absorbsiya
giymati taxminan A = 0.40ni tashkil etadi. To‘lqin
uzunligi ortishi bilan yutilish keskin kamayadi va
350-360 nm sohada A = 0.04-0.05 atrofida
barqarorlashadi. 360 nm dan keyingi ko‘rinadigan
diapazonda absorbsiya juda kichik giymatlarda
saglanib qoladi. Bu holat shisha substratning
ko‘rinadigan sohada deyarli yorug‘likni
yutmasligini va yuqori shaffoflikka ega ekanini
ko‘rsatadi.
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2-rasm. Shisha substratning optik xususiyatlari. a) optik yutilish spektri; b) optik o‘tkazuvchanlik spektri.

Optik o‘tkazuvchanlik spektriga ko‘ra, 300 nm
yaqinida transmittans nisbatan past bo‘lib, taxminan
T =~ 35-40%ni tashkil etadi (2b-rasm). 300-350
nm oralig‘ida transmittans tez ortadi va 350-370 nm
atrofida T =~ 88-91% giymatlarga yetdi. 380 nm
dan boshlab 550 nm gacha bo‘lgan ko‘rinadigan
sohada esa transmittans deyarli barqaror bo‘lib, T =
91-92% oraligida saqlandi. Bu natija shisha
substratning optoelektronika va yupga plyonka

texnologiyalarida optik jihatdan qulay asos sifatida
ishlatilishi mumkinligini ko‘rsatadi.

Shisha  substratning ko‘rinadigan sohada
transmittansi 100% ga Yyetmasligi tabiiy holat
bo‘lib, bu shisha—havo chegaralarida yorug‘likning
qaytishi, juda kichik sochilish yo‘qotishlari hamda
fon yutilish bilan bog‘liq. Oddiy shisha uchun har
bir sirt bo‘yicha qaytish yo‘qotishlari bir necha
foizni tashkil etadi. Shu sababli ikki sirtli shisha
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substratda umumiy optik o‘tkazuvchanlikning 90—
92% atrofida bo‘ladi.

O‘Ichov natijalari asosida foton energiyasi
quyidagi ifoda orgali hisoblandi:

N hc 1240
v ) /1 (D

bu yerda hv— foton energiyasi(eV), A— to‘lgin
uzunligi, nm. Yutilish koeffitsienti a optik
o‘tkazuvchanlik orqali quyidagicha hisoblandi.

1 1
a=-—In (—) 2
PR (2)
bu yerda d— plyonka yoki substrat galinligi,

Tesa 0-1 oralig‘idagi ulush. Agar optik o‘lchovlar

B.0=10*

59
absorbsiya ko‘rinishida berilgan bo‘lsa,
transmittans  bilan  bog‘lanish  quyidagicha
ifodalanadi:

A = —log,,(T),T = 107" 3)

Optik tagiglangan zona energiyasini aniglash
uchun Tauc usulidan foydalanildi. ZnO to‘g‘ridan-
to‘g‘ri ruxsat etilgan optik o‘tishli yarimo‘tkazgich
bo‘lganligi sababli Tauc tenglamasi quyidagi
ko‘rinishda yozildi.

(ahv)® = B(hv — E,) (4)

bu yerda B— doimiy koeffitsient, £, — optik
tagiglangan zona energiyasi.
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3-rasm. Tauc usuli yordamida shisha substratning optik tagiglangan zona energiyasini (Eg)aniqlash.

Grafikdagi chizigli gismni foton energiyasi
o‘qigacha ekstrapolyatsiya qilish orqali shisha
substratning optik tagiglangan zona energiyasi
E, ~ 3.85eV deb baholandi (3-rasm). Ushbu

giymat shisha substratning keng tagiglangan sohaga
ega dielektrik material ekanini tasdiglaydi.
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Ultratovushli purkash pirolizi usuli yordamida
shisha substrat yuzasida o‘stirilgan sof ZnO yupqa
plyonkasining  optik  yutilish ~ va  optik
o‘tkazuvchanlik spektrlari 4-rasmda keltirilgan.
Grafiklardan  ko‘rinadiki, = ZnO  plyonkasi
ultrabinafsha sohada kuchli yutilish, ko‘rinadigan
sohada esa yuqori optik shaffoflik namoyon etdi.
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4-rasm. USP usuli bilan shisha substratda ostirilgan sof ZnO yupqa plyonkasining optik xususiyatlari:
a) optik yutilish spektri; b) optik o‘tkazuvchanlik spektri.

300 nm atrofida yutilish eng yuqori bo‘lib, A =
1.35-1.40ni tashkil etdi (4a-rasm). To‘lqin uzunligi
ortishi bilan absorbsiya asta-sekin kamaydi va 340—
360 nm oralig‘ida nisbatan keng ko‘rinishidagi soha
kuzatildi. Ushbu hudud yutilish chekkasi yaginidagi
lokal energetik holatlar, sirt yoki interfeys ta’siri

hamda kristall tuzilishdagi ayrim nugsonlar bilan
bog‘liq bo‘lishi mumkin [10].

Spektrning eng muhim gismi 370-390 nm
oralig‘ida kuzatiladigan keskin pasayish sohasidir.
Aynan ushbu soha ZnO ning fundamental optik
yutilish chekkasiga mos keladi. 400 nm dan keyingi
ko‘rinadigan diapazonda absorbsiya juda kichik
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giymatlarda, ya’ni A = 0.04-0.07 oralig‘ida
bargarorlashdi. Bu ZnO yupga plyonkasining
ko‘rinadigan sohada yorug‘likni kam yutishini va
yugqori optik shaffoflikka ega ekanini ko‘rsatadi.
300 nm da transmittans juda past bo‘lib,
taxminan T =~ 4-6%ni tashkil etdi (4b-rasm). 300—
350 nm oralig‘ida transmittans asta-sekin ortdi,
360-390 nm sohada esa keskin o°sish kuzatildi. 400

60

nmga yagin hududda transmittans 75-85%gacha
yetdi. 400-550 nm diapazonda esa ZnO
plyonkasining optik o‘tkazuvchanligi
88-91% oralig‘ida deyarli barqaror saglandi. Bu
natija sof ZnO yupga plyonkasining shaffof
optoelektronik gatlamlar va UV-filtrlar uchun
istigbolli material ekanini ko‘rsatadi[11] .

1.6=10%
1.4x10* -

e 120104

g 1.0=10%

%
L 8.0x10°

£ 6.0x10°
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=
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5-rasm. Tauc usuli yordamida sof ZnO yupga plyonkasining optik tagiglangan zona energiyasini (Eg)aniqlash.

5-rasmda sof ZnO yupga plyonkasi uchun
(ahv)zning hvga bog‘ligligi keltirilgan. Grafikdan
ko‘rinadiki, past energiyalar sohasida
(ahv)2 giymati kichik bo‘lib, foton energiyasi
ortishi bilan 3.2-3.4 ¢V oralig‘ida keskin o‘sish

boshlandi. Ushbu chiziqli qism abssissa o‘qigacha
ekstrapolyatsiya gilinganda, sof ZnO plyonkasi

uchun optik tagiglangan zona energiyasi E, ~

3.27 eV deb baholandi. Bu giymat ZnO yupga
plyonkalari uchun xos bo‘lgan 3.2-3.37 eV
oraligiéiga mos keladi va materialning keng
tagiglangan zonali ZnO yarimo‘tkazgich tabiatini
saqlab qolganini ko‘rsatdi. Ideal yoki yuqori kristall
sifatga ega ZnO uchun Eg qiymati odatda 3.30—
3.37 eV atrofida bo‘lishi kutiladi. Ushbu ishda esa
Eg qiymatining 3.27 eV atrofida aniglanishi
o‘stirish  parametrlariga bog‘liq bo‘lib, bu
plyonkadagi nugson holatlari, yutilish chekkasi

yaqinidagi energetik dum holatlari va substrat ta’siri
bilan bog‘liq bo‘lishi mumkin

ZnO yupga plyonkasining yutilish chekkasi
yaginidagi tartibsizlik darajasini baholash uchun
Urbach tahlili bajarildi. Urbach qonuniga ko‘ra
yutilish koeffitsienti quyidagicha ifodalanadi.

&)
a = apexp | — 5
0€Xp 3 (5)
yoki logarifmik ko‘rinishda:
hv
In(a) = In(ay) + E_ (6)

u
Demak, In(a)ning hvga bog‘liqlik grafigidagi
chizigli gismning giyaligi orgali Urbach energiyasi
aniglandi:

(dln(a))_1
E, =
d(hv)

()
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6-rasm. Sof ZnO yupga plyonkasi uchun Urbach energiyasini (Eu)aniqlash grafigi.

6-rasm asosida sof ZnO yupga plyonkasi uchun

Urbach energiyasi E,, = 74.6 meV deb aniglandi.
Ushbu giymat ZnO plyonkasida yutilish chekkasi
nisbatan  keskin  shakllanganini, strukturaviy
tartibsizlik va lokal nugson holatlari cheklangan
darajada ekanini ko‘rsatdi.
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S va N bilan modifikatsiyalangan ZnO:S:N
yupga plyonkasining optik yutilish va optik
o‘tkazuvchanlik spektrlari 7-rasmda keltirilgan.
Grafiklardan ko‘rinadiki, ZnO:S:N plyonkasi ham
ultrabinafsha sohada kuchli yutilishga ega, birog
ko‘rinadigan sohadagi optik o‘tkazuvchanligi sof
ZnO ga nishatan biroz pastrog.
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7-rasm. USP usuli bilan shisha substratda o‘stirilgan ZnO:S:N yupqa plyonkasining optik xususiyatlari:
a) optik yutilish spektri; b) optik o‘tkazuvchanlik spektri.

300 nm atrofida yutilish juda yuqori bo‘lib, 4 =
2.0-2.1ni tashkil etdi (7a-rasm). To‘lqin uzunligi
ortishi bilan absorbsiya keskin kamaydi va 330-350
nm oralig‘ida A = 0.3-0.4 gacha tushdi. 350-380
nm sohada absorbsiya egri chizig‘ida bukilish
kuzatildi. Ushbu holat S wva N bilan
modifikatsiyalash natijasida hosil bo‘lgan lokal
energetik holatlar, nugson sathlari yoki yutilish
chekkasi yaqinidagi dum holatlar bilan bog‘liq
bo‘lishi mumkin.

380400 nm oralig'idan boshlab absorbsiya
keskin kamaydi va 400 nm dan keyin A=
0.08-0.12 oraligida deyarli barqarorlashdi. Bu
ZnO:S:N plyonkasi ko‘rinadigan sohada nisbatan
shaffofligini saqlab qolganini ko‘rsatdi. Biroq sof
ZnO bilan solishtirganda absorbsiya fonining

yuqoriroq bo‘lishi va optik o‘tkazuvchanlikning
biroz kamayishi modifikatsiyalangan plyonkada
lokal nugson holatlari ko‘payganidan dalolat beradi.

300 nm yaqinida optik o‘tkazuvchanlik juda past
bo‘lib, T = 0-5% atrofida boshlandi (7b-rasm).
300-350 nm oralig‘ida transmittans tez ortib,
45-55% ga yetdi. 360-400 nm sohada esa
o‘tkazuvchanlikning yanada keskin oshishi
kuzatildi va 400 nm atrofida 75-82%qiymatlarga
yetdi. 400-600 nm oralig‘ida transmittans asosan
78-83% diapazonda saglandi. Ushbu natija
ZnO:S:N plyonkasi sof ZnO ga garaganda biroz
pastroq shaffoflikka ega bo‘lsa-da, ko‘rinadigan
sohada yetarli darajada optik o‘tkazuvchanlikni
saqlab qolishini ko‘rsatadi.
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8-rasm. Tauc usuli yordamida ZnO:S:N yupga plyonkasining optik tagiglangan zona energiyasini (Eg)aniqlash

garafigi.
chekkasini past energiya tomonga siljitganini
ko‘rsatadi. Band gap qiymatining kamayishi

8-rasmda ZnO:S:N yupga plyonkasi uchun
(0:hv)2 ning hv ga bog‘ligligi ko‘rsatilgan. Tauc
grafigidagi fundamental yutilish chekkasiga mos
keluvchi birinchi chizigli qism abssissa o‘qigacha
ekstrapolyatsiya gilindi. Natijada ZnO:S:N yupga
plyonkasi uchun optik tagiglangan zona energiyasi
E, = 3.17 eV deb aniglandi. Ushbu giymat sof

ZnO  plyonkasidagi E, = 3.27 eV qgiymatiga

legirlash bilan bog‘liq lokal energetik holatlar,
nugson sathlari va energetik dum holatlarining
shakllanishi bilan izohlanishi mumkin[12].

Tauc grafigida yuqgori energiyalar sohasida
kuzatiladigan qo‘shimcha o‘sishlar yoki egilishlar
plyonkada bir jinsli bo‘lmagan optik o‘tishlar,
sirt/interfeys holatlari yoki legirlovchi atomlar bilan
bog‘liq lokal elektron holatlar mavjud bo‘lishini
ko‘rsatadi. Shunga qaramay, optik taqiqlangan zona
energiyasini  aniglashda fundamental yutilish
chekkasiga mos keluvchi birinchi chizigli gism
asosiy mezon sifatida gabul gilindi.

nisbatan kichikroq bo‘lib, S va N bilan
modifikatsiyalash ZnO ning optik yutilish
s Intercept = -8.992 14, Slope = 3.80018
X Intercept = 2. 36624
3.0
2.5+
220

/

054—
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9-rasm. ZnO:S:N yupga plyonkasi uchun Urbach energiyasini (Eu)aniqlash: In(a)ning foton energiyasiga
bog‘liqligi.

ZnO:S:N yupga plyonkasida yutilish chekkasi
yaginidagi energetik dum holatlarini baholash
uchun Urbach tahlili bajarildi. Buning uchun

In(a) ning foton energiyasi (hv) ga bog‘ligligi
grafigi qurildi. Grafikdagi chizigli gismning
giyaligi asosida Urbach energiyasi E, =
268 meV deb aniglandi. Ushbu giymat sof ZnO

plyonkasidagi E,, = 74.6 meV giymatiga nisbatan
ancha katta. Bu esa ZnO:S:N plyonkasida yutilish
chekkasi yaginida sezilarli darajada energetik dum
holatlar mavjudligini bildiradi.

Urbach energiyasining ortishi
modifikatsiyalangan ~ plyonkada  strukturaviy
tartibsizlik, donalararo  chegaralar, kislorod

vakansiyalari, interstitsial nugsonlar hamda S va N
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bilan bog‘liq lokal energetik sathlarning
kuchayganini ko‘rsatishi mumkin. Bunday holat
optik yutilish chekkasining kengayishiga va
fundamental yutilishning past energiya tomonga
siljishiga olib keladi. Shu sababli ZnO:S:N

plyonkasida E, qiymatining 3.17 eV gacha

kamayishi va E, qiymatining 268 meV gacha ortishi
o°‘zaro mos natijalar hisoblanadi.

Umuman olganda, UV-Vis spektroskopiyasi,
Tauc va Urbach tahlillari shuni ko‘rsatadiki, USP
usuli yordamida olingan sof ZnO yupga plyonkasi
yugori optik shaffoflik va nisbatan past strukturaviy
tartibsizlik bilan tavsiflanadi. ZnO:S:N yupga
plyonkasida esa optik o‘tkazuvchanlik biroz
kamayadi, band gap torayadi va Urbach energiyasi
sezilarli ortadi. Bu natijalar S va N bilan
modifikatsiyalash orgali ZnO asosidagi yupga
plyonkalarning optik xususiyatlarini magsadli
boshqarish mumkinligini ko‘rsatadi.

XULOSA
Ushbu ishda shisha substratlar  ustiga
ultratovushli  purkash  pirolizi  (USP) usuli

yordamida o‘stirilgan sof ZnO va ZnO:S:N yupqa
plyonkalarning  optik  xususiyatlari  UV-Vis
spektroskopiyasi orqali o‘rganildi. Olingan natijalar
substrat  va plyonka tizimlarining  optik
javoblarining sezilarli farglanishini va legirlashning
ZnO plyonkaning energetik holatiga ta’sirini
tasdigladi. Shisha substrat ko‘rinadigan sohada
yuqori shaffoflikka ega bo‘lib, 400-550 nm
oraligida 91-92 % optik o‘tkazuvchanlikni
namoyon etadi, Tauc wusuli yordamida optik
tagiglangan zona energiyasi Eg ~ 3.85 eV deb
topildi.

Sof ZnO plyonkalarda UV sohada kuchli
yutilish, ko‘rinadigan sohada esa  yugori
o‘tkazuvchanlik kuzatildi. 370-390 nm oralig‘ida
yutilish chekkasi mavjud bo‘lib, Eq = 3.27 eV,
Urbach energiyasi esa E, = 74.6 meV bo‘lib,
plyonkaning yaxshi kristall tuzilishga ega ekanini
va ma’lum darajada nugsonlar mavjudligini
ko‘rsatdi. ZnO:S:N plyonkalarda optik xususiyatlar
sezilarli o‘zgardi, UV sohada yanada kuchli yutilish
va ko‘rinadigan sohada sof ZnO ga nisbatan
yugoriroq absorbsiya foni saglanib goldi. Tauc usuli
bilan Eq=3.17 eV, Urbach energiyasi E, = 268 meV
bo‘lib, legirlash natijasida band gap torayganini va
optik tartibsizlik ortganini ko‘rsatdi.

Umuman olganda, bu ishda USP usuli
yordamida yuqori sifatli ZnO va ZnO:S:N
plyonkalarini o‘stirish mumkinligi isbotlandi. Sof
ZnO plyonkalari yuqori shaffoflik va past Urbach
energiyasiga ega, ZnO:S:N plyonkalari esa legirlash
tufayli band gap torayishi va optik tartibsizlik
ortishi bilan ajralib turadi. Natijalar, ZnO asosidagi
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plyonkalarni magsadli ravishda boshgarish va ularni
amaliy qurilmalarda qo‘llash uchun ilmiy asos
bo‘lib xizmat qiladi.
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KREMNIYIDA KISLORODLI NANOBIRIKMALAR VA LOKAL TUZILMAVIY
O‘ZGARISHLARNING TAHLILI

1S.Z Zaynabidinov, *A. Y. Boboev, 2Sh. A. Makhmudov, !Sh. K. Maxkamov, G.l.
Maxkamova, 3N. Y. Yunusaliyev, 'G. G. Tojiboyev,!M.M. Xotamov.

1Z. M. Bobur nomidagi Andijon davlat universiteti, Andijon, O‘zbekiston
20'zbekiston Respublikasi Fanlar akademiyasi Yadro fizikasi instituti, Toshkent
3Toshkent Xalgaro Universitetining Andijon filiali, Andijon, O‘zbekiston.

Annotatsiya. Choxralskiy usulida o'stiriilgan n-turdagi monokristall kremniyda kislorodli nanobirikmalar
va kristall panjaraning lokal buzilishlari o‘rtasidagi bog'liglik tadqiq etildi. Namunalar rentgen difraksiyasi,
to'rt zondli elektr o‘lchovlari hamda chuqur sathlarning nostatsionar sig‘im spektroskopiyasi (DLTS)
yordamida o‘rganildi. Tadgiqot uchun (111) yo‘nalishdagi, solishtirma garshiligi 3—10 Q-cm va kislorod
konsentratsiyasi (2 —4) x 10*” cm™ bo‘lgan kremniy kristallari tanlandi. Rentgenogrammalarda yuqori
intensivlikdagi tor asosiy akslanishlar bilan bir gatorda tagiglangan (222)Si akslanishi va nhomonoton diffuz
fon gayd etildi. Ushbu xususiyatlar kislorodning notekis tagsimlanishi hamda panjaradagi lokal
mikrodeformatsiyalar bilan bog‘lig holda talgin qilindi. SiO, fazasining (110) akslanishi asosida kristall
nanofragmentlarning xarakterli o‘lchami taxminan 80 nm deb baholandi. 26 = 17,6° atrofidagi keng diffuz
maksimum esa o‘lchami taxminan 1,25 nm bo‘lgan amorf SiOy klasterlariga tegishli deb talqin gilindi. 77—
300 K harorat oralig‘ida DLTS cho‘qqilari kuzatilmadi. Olingan natijalar kremniy matritsasining yuqori kristall
mukammalligi saglangan holda kislorodli nanobirikmalar va lokal tuzilmaviy buzilishlar mavjud bo'lishini
ko‘rsatadi hamda kislorod tutuvchi kremniyning tuzilmaviy holatini tavsiflash uchun asos yaratadi.

Kalit so‘zlar: monokristall kremniy, Choxralskiy usuli, kislorod pretsipitatlari, rentgen difraksiyasi, SiO,
nanokristallari, SiOy klasterlari, tuzilmaviy nugsonlar, termodonorlar.

AHHOTaumA. VccnegoBaHa B3aMMOCBSI3b MeEXOY KUCNOPOACOAEPXALLMMM HAHOCOEOUHEHUAMU W
NOKamNbHbIMA UCKXKEHUSIMU KPUCTANIIMYECKOW PELLETKM B MOHOKPUCTANIMYECKOM KpeMHUM nN-Tuna,
BblpalleHHOM MeTogom Yoxpanbckoro. O6pasubl U3ydeHbl MeToAamMu PEHTreHOBCKOM Audpakumu,
YeTbIPEX30HOO0BbIX MEKTPUYECKUX U3MEPEHUN U HECTALMOHAPHOW EMKOCTHOM CMEKTPOCKONUU rny6okux
ypoBHen (DLTS). [Ona uccnepoBaHMs MCMNONb30BaHbl KpuUCTanfbl KpeMHUst ¢ opueHTauuwen (111),
yoenbHbIM conpoTuBreHnem 3—-10 OM:CcM M KOHUeHTpauuwen kucropoga (2-4) x 107 cm™3. Ha
peHTreHorpammMmax Hapsgy C Y3KUMW WMHTEHCUMBHBIMW OCHOBHBIMW OTPaXEHUsIMU 3aperncTpupoBaHbl
3anpeléHHoe oTpaxeHune (222)Si u  HEMOHOTOHHbI  ANdY3HbIN  POH. OTM  OCOBEHHOCTM
WHTEPMNpeTUpOBaHbl Kak CBA3aHHble C HEOAHOPOOHbIM pacnpedeneHvemM KUcropoga W JoKanbHbIMK
Mukpogedopmauuamm  pewétkn. [lo oTpaxenuo (110) dasbl SiO, xapakTepHbin  pasmep
KpUCTannmM4ecknx HaHoparmMeHToB oLUeHEH NpubnuantensHo B 80 HM. LLnpokun anddysHbIn MakcuMym
npu 26 = 17,6° oTHecCéH k amopdHbIM knactepam SiOy pasmepom okono 1,25 HM. B TemnepatypHom
ananasoHe 77-300 K nukm DLTS He HabGmoganuck. [MonyyeHHble pes3ynbTaTbl yKas3biBalT Ha
CYLLLECTBOBaHME KUCITOPOACOAEPKALUMX HAHOCOEOUHEHUN W NOKANbHbIX CTPYKTYPHbLIX WCKAXKEHWUIA Mpu
COXPaHEHMUN BbICOKOIO KPUCTamM4YeCcKoro COBEPLLUEHCTBA KPEMHUMEBOW MaTpuLbl U CO34a0T OCHOBY AN
XapaKTepPUCTUKN CTPYKTYPHOTO COCTOSAHMS KNCMOPOoACcoAepKaLlero KpeMHUs.

KnioyeBble crnoBa: MOHOKpPUCTANIMYECKUA KpEeMHWUA, MeTod YoxpanbCkoro, KMCNOpOAHbIe
npeuunuTaTbl, PeHTreHoBckas Audppakums, HaHokpuctannbel SiO,, knactepbl SiOy, CTPYKTypHble
aedeKTbl, TepMOLOHOPbI.

Abstract. The relationship between oxygen-containing nanocompounds and local crystal lattice
distortions was investigated in Czochralski-grown n-type single-crystal silicon. The samples were studied
using X-ray diffraction, four-point probe electrical measurements, and deep-level transient spectroscopy
(DLTS). Silicon crystals with a (111) orientation, a resistivity of 3—10 Q-cm, and an oxygen concentration
of (2-4) x 107 cm~ 2 were selected for the study. Alongside narrow, high-intensity principal reflections, the
X-ray diffraction patterns revealed the forbidden (222)Si reflection and a nonmonotonic diffuse background.
These features were interpreted as being associated with a nonuniform oxygen distribution and local lattice
microstrain. Based on the (110) reflection of the SiO, phase, the characteristic size of the crystalline
nanofragments was estimated to be approximately 80 nm. The broad diffuse maximum at 26 = 17.6° was
attributed to amorphous SiOy clusters approximately 1.25 nm in size. No DLTS peaks were observed over
the temperature range of 77—300 K. The results indicate that oxygen-containing nanocompounds and local
structural distortions coexist with a high degree of crystalline perfection in the silicon matrix, providing a
basis for characterizing the structural state of oxygen-containing silicon.

Keywords: single-crystal silicon, Czochralski method, oxygen precipitates, X-ray diffraction, SiO,
nanocrystals, SiOy clusters, structural defects, thermodonors.

KIRISH mexanik ishlov berishning qulayligi hamda o‘ziga
) ) N ) ~ Xos elektr xossalari tufayli monokristall kremniy
Xomashyoning cheksiz tabiiy zaxiralari, tijorty  ashobsozlik, elektronika va, aynigsa,
jihatdan mavjudligi, o‘stirish va plastinalarga nanoelektronikada asosiy va yetakchi
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yarimo‘tkazgich  material bo‘lib  qolmoqda.
Texnologik ahamiyati bilan bir gatorda, kremniy
kristall materiallarga kirishmalarning Kiritilishi,
nugsonlarning hosil bo‘lishi va tuzilmaviy

o‘zgarishlar  bilan  bog‘liq  fizik-kimyoviy
jarayonlarni tadqig etish uchun model tizim
hisoblanadi. Kirishmalar bilan bog‘liq
komplekslarning tuzilmaviy holatini tushunish
kristall tuzilma bilan yarimo ‘tkazgich
materiallarning elektr va funksional xossalari
o‘rtasidagi  bog‘ligliklarni  aniqlash ~ uchun

muhimdir. Ma’lumki, kremniy monokristallarini
sanoat miqyosida o‘stirishning asosiy usuli
Choxralskiy usulidir [1, 2]. Hozirgi vaqtda jahonda
iste’mol gilinadigan monokristall kremniyning 80%
dan ortig‘i ushbu usul bilan olinadi. Choxralskiy
usulining bunday keng targalishi uning soddaligi va
o‘stirilgan monokristallarning nisbatan yuqori
kristall mukammalligi bilan bog‘lig. Choxralskiy
usulida kremniy kristallarini o‘stirishning asosiy
kamchiliklari ~ kristallarda  fon  kirishmalari,
shuningdek, guymani tortib olishda
foydalaniladigan kvars tigel tarkibidagi boshga
kirishmalar miqdorining yuqori bo‘lishidir [3]. Fon
kirishmalariga kislorod, uglerod va o‘tish metallari
— temir, oltin, mis va boshqalar kiradi. Legirlovchi
kirishmalarga esa fosfor, bor, mishyak, surma,
alyuminiy, kalsiy, rux va boshqalar kiradi; ularning

konsentratsiyasi va tagsimlanishi monokristall
kremniyning sifatini  belgilaydi [4,5]. Fon
kirishmalari ~ orasida  kremniydagi  kislorod

muammosi o‘stirish texnologiyasining butun tarixi
davomida, ya’ni 60 yildan ortiq vaqt mobaynida
dolzarb bo‘lib kelmoqda. Kislorod Choxralskiy
usulida (2 x 10'7-2 x 10 ¢m™®) ham, zonali
eritish usulida (2 x 10*°-2 x 10*® ¢cm™%) ham
ostirilgan kremniyda asosiy fon kirishmasi
hisoblanadi. Uning xatti-harakati katta gizigish
uyg‘otadi, chunki u termodonorlarning hosil
bo‘lishini, zaryad tashuvchilar yashash vaqtining

termik barqgarorligini, mikronugsonlarning
shakllanishini  va  getterlash  samaradorligini
belgilaydi hamda turli fizik va texnologik

effektlarning katalizatori sifatida namoyon bo‘ladi
[6]. Fizik kimyo nuqtayi nazaridan kislorod alohida
qiziqish uyg‘otadi, chunki u nugsonlar kimyosi,
panjaraning lokal buzilishlari, faza hosil bo‘lishi va
kremniy kristallarining fizik-kimyoviy
barqarorligiga ta’sir qiluvchi termik faollashadigan
tuzilmaviy = o‘zgarishlarda  ishtirok  etadi.
Adabiyotlarda kremniydagi kislorodning xatti-
harakatini  belgilovchi mexanizmlar bo‘yicha
yagona fikr mavjud emas. Odatda Kkislorod
kremniyda elektr jihatdan nofaol tugunlararo
holatlarni egallaydi va Si-O-Si ko‘rinishidagi
«bog‘langan  tugunlararo»  holatda  bo‘ladi.
Kislorodning atomlararo Si-O-Si shaklidan boshga

66

elektr jihatdan nofaol shaklga, ya’ni SiO,
pretsipitatiga o‘tishi elektr jihatdan faol SiOxs2
oraliq holatlarining hosil bo‘lishi orqali quyidagi
sxema bo‘yicha sodir bo‘ladi, deb taxmin qilinadi:
Si-0-Si — SiOx > 2 — Si0, [7].
Choxralskiy usulida ofstirilgan  kristallar
kislorod termodonorlari hosil bo‘lish tezligi eng
yuqori bo‘lgan harorat oralig‘ida (< 950 K) termik
tavlanganda, ularda zaryad tashuvchilarning
yashash vagqti ortishi aniglangan. Agar kristallarga
kislorod termodonorlari parchalanadigan yugoriroq
haroratlarda (> 950 K) termik ishlov berilsa, zaryad
tashuvchilarning yashash vaqgti odatda kamayadi
[8]. Shunday  qilib, kislorod  o‘zining
konsentratsiyasi, tagsimlanishi va mavjudlik
shakliga garab kremniy  monokristallarining
tuzilmaviy hamda elektrofizik xossalariga ijobiy
ham, salbiy ham ta’sir ko‘rsatishi mumkin [9].

Hozirgi vaqtda monokristall ~kremniydagi
kislorodning fazaviy holati va mavjudlik shakllari
skanerlovchi elektron va atom-kuch

mikroskopiyasi, selektiv yemirish, infraqizil
spektroskopiya hamda yugori ajratuvchanlikdagi
rentgen difraksiyasi kabi turli usullar bilan
o‘rganilmoqda. Ushbu usullar orasida rentgen

difraksiyasi ~ yarimo‘tkazgich = materiallarning
kristall ~ tuzilmasi, fazaviy tarkibi, panjara
deformatsiyasi va nugsonlar sababli yuzaga

keladigan tuzilmaviy o°zgarishlarini tadqiq etishda
eng ko‘p ma’lumot beruvchi usullardan biri bo‘lib
golmoqda. U kirishmalar tagsimoti, tuzilmaviy
mukammallik va kristall panjara ichida sodir
bo‘ladigan fizik-kimyoviy o‘zgarishlar o‘rtasidagi
bog‘liglik hagida muhim ma’lumot beradi. Quyida
Choxralskiy usulida o‘stirilgan monokristall n-Si
ning tuzilmasini o‘rganish bo‘yicha eksperimental

natijalar  keltirilgan.  Tadgigotning  magsadi
takomillashtirilgan optik tizimga ega rentgen
difraktometri yordamida monokristallning
tuzilmaviy mukammalligini va  kremniy
panjarasidagi  kislorodning mavjudlik shaklini
aniqlashdan iborat. Kislorod bilan bog‘liq
tuzilmaviy  nugsonlarni  aniglash,  panjara

buzilishlarini baholash hamda kremniy matritsasida
hosil bo‘lgan kislorod tutuvchi fazalar va
komplekslarning fizik-kimyoviy tabiatini
aniqlashtirishga alohida e’tibor qaratildi.

MATERIALLAR VA METODLAR

Tadgiqot obyekti sifatida Choxralskiy usulida
o‘stirilgan, solishtirma qarshiligi p = (3-10) 2 -
cm, dislokatsiyalar zichligi N, ~ 10*-10° cm™
va kislorod konsentratsiyasi No = 2-4 X
107 cm™ bo‘lgan n-Si (CEF) monokristallari
tanlandi. O‘lchashlardan oldin namunalarning
taxminan 20 pum qalinlikdagi sirt qatlamini olib
tashlash uchun ularga mexanik va kimyoviy sayqal
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berildi. Namunalarning ishchi  sirti  (111)
yo‘nalishga ega bo‘lib, uning o‘lchamlari 5 x 15.8
mm?, namuna qalinligi esa 0.7 mm ni tashkil etdi.
Rentgen-difraksion tadgigotlar 6100 turidagi
rentgen difraktometrida (XRD-6100, Shimadzu,
Yaponiya, CuKa nurlanishi, A = 0.15418 nm) 10—
100° skanerlash oralig‘ida, 2°min tezlikda
bajarildi. Tushuvchi nur intensivligi taxminan 5 X
10° impuls/s, intensivlikni o‘lchash xatoligi esa
~0.6% ni tashkil etdi. Solishtirma garshilik standart
to‘rt zondli usulda xona haroratida o‘lchandi.
Noasosiy zaryad tashuvchilar konsentratsiyasi
chuqur sathlarning nostatsionar sig‘im
spektroskopiyasi (DLTS) usuli yordamida aniglandi
[10, 11].

NATIJALAR MUHOKAMASI

1-rasmda dastlabki monokristall n-Si ning
rentgenogrammasi keltirilgan. Rentgenogrammada
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turli intensivlikdagi bir nechta selektiv tuzilmaviy
cho‘qqilar, shuningdek, kichik  sochilish
burchaklarida diffuz sochilish mavjudligi ko‘rinadi.
Tahlil  monokristall sirti (111) kristallografik
tekislikka ~mos  kelishini  ko‘rsatdi.  Buni
rentgenogrammada (HHH) turidagi (bu yerda H =
1, 2, 3...) selektiv akslanishlar qatori mavjudligi
tasdiglaydi: d/n = 0.3121 (26 = 28.7°) bo‘lgan
(111)si, d/n=0.1568 (26 = 58.9°) bo‘lgan (222)si va
dm = 0.1046 nm (20 = 94.9°) bo‘lgan (333)s;
intensiv  chiziglari. Birinchi tartibli  (111)s;
tuzilmaviy chizig‘ining beta () komponenti 20 =
25.8° sochilish burchagida, uchinchi tartibli (333)s;
chizig‘ining f komponenti esa 20 = 83.7° burchakda
kuzatiladi.

1,0 ]
(111), n - Si
initial
wn 0,8 [
= 0,61 %100 _
N =
< 04| S o
— - o™
1] = “@/
- o
— 0.2+ o %@
on /
o
oL ]
20 60 80 100
20,dedqg.
1-rasm. Dastlabki monokristall n-Si ning rentgenogrammasi.
(111)si  difraksion  cho‘qqisining  yuqori giymatdan ancha katta [13]. Ushbu dalillar

intensivligi (2 x 10° impuls/s) va tor kengligi
(FWHM = 2.62 x 10~ 3rad) dastlabki
monokristall panjarasining yugori mukammalligini
ko‘rsatadi (2a-rasm). Birog ushbu akslanishning
deyarli singlet ko‘rinishi - rentgenogrammada fagat
a4 Va a, nurlarga ajralish izlari kuzatilishi - matritsa
panjarasida o‘sish jarayonida yuzaga kelgan lokal
elastik mikrokuchlanishlar mavjudligini bildiradi.
Bu kislorodning kremniy panjarasi tugunlari orasida
notekis tagsimlanishi bilan bog‘liq [12]. Mazkur
xulosa rentgenogrammada kremniy panjarasi uchun
tagigqlangan, d/n = 0.1568 nm bo‘lgan (222)s;
akslanishining mavjudligi bilan tasdiglanadi. Uning
intensivligining asosiy  (111)si  cho‘qqisi
intensivligiga nisbati [(222)/I(111) =1.94 x 10~ 2 ni
tashkil etadi. Bu kislorodning matritsa panjarasida
bir tekis tagsimlanishiga mos keladigan 10~ *

kislorodning kremniy panjarasi tugunlari orasida
notekis tagsimlanganini va buning natijasida
panjarada mikrodeformatsiyalarga ega lokal sohalar
mavjudligini  ko‘rsatadi.  Difraksion  so‘nish
gonuniga ko‘ra, buzilmagan olmos tipidagi kremniy
panjarasining rentgenogrammasida (222)si
akslanishi kuzatilmasligi kerak. U fagat panjarada
buzilishlar, ya’ni elastik mikrokuchlanishlar
mavjud bo‘lganda paydo bo‘ladi. (333)s
akslanishining hisoblangan giymatga (3.79 x
1073rad) yagin darajada yaxshi ajralishi hamda
o, va oy nhurlanishlar uchun xos intensivliklar
nisbatining [lass(o; ) ~2 x Ia33(a, )] kuzatilishi (2b-
rasm) elastik kuchlanish asosan monokristall
kremniyning sirtga yagin gatlamida,
dislokatsiyalarda hamda bloklar (subkristallitlar)
chegaralarida to‘planganini ko‘rsatadi.
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Bu xulosa rentgenogrammada kremniydagi

SiO, kirishma fazasi bilan bog‘liq, d/n = 0.2495
nm (20 = 36.0°) bo‘lgan (110) akslanishining
mavjudligi bilan tasdiglanadi. Ushbu akslanishning
tor kengligi (FWHM = 1.89 x 10~ 3rad) kremniy
dioksidi — SiO, fazasining kristall holatda
ekanligini ko‘rsatadi. Kirishma fazaning tuzilmaviy
fragmentlari nanokristallarining  xarakterli
o‘lchami =~ 80 nm ni tashkil etdi. Ushbu akslanish
intensivligining matritsa panjarasi asosiy (111)s
akslanishi intensivligiga nisbati  1(110)g;0,/
1(111)5; = 2.47 X 1073 bo‘lib, bu kislorodning
kremniy panjarasida bir jinsli tagsimlanishiga mos

keluvchi 10™* giymatdan katta. Bu holat
kislorodning notekis  tagsimlanganini va
monokristall panjarasida kremniy (r = 0.040 nm)
hamda kislorod (r = 0.140 nm) ion radiuslarining
farqi  bilan bog‘liq elastik  kuchlanishlar
mavjudligini yana bir bor tasdiglaydi [14, 15].
Kislorod ion radiusining kremniynikiga nisbatan

katta  bo‘lishi tufayli kislorod ionlarining
monokristall donalari va bloklari orasidagi
chegaraviy hamda donalararo  sohalarning

tugunlararo holatlarida, ya’ni matritsa panjarasining
nugsonlarga moyil sohalarida joylashishi energetik
jihatdan qulayroqdir. Donalar (bloklar) orasidagi
gatlamlarda yugori potensialli tugunlar mavjud
bo‘lgani sababli, ushbu sohalardagi matritsa ionlari
orasidagi kimyoviy bog‘lanishlar to‘yinmagan
bo‘lishi, ayrim tugunlar esa kubik simmetriyaga
mos ideal holatlariga nisbatan biroz siljigan holatda
bo‘lishi mumkin. Ushbu omillar monokristall
bloklari va donalari hajmida fagat kremniy
ionlaridan  tashkil ~ topgan  yuqori  (kubik)
simmetriyali tuzilmaga nisbatan, nugsonlarga moyil
sohalarda kremniy hamda tugunlararo, mazkur
holatda kislorod ionlaridan iborat past simmetriyali
tuzilmaviy fragmentlarning hosil bo‘lishiga yordam
beradi.

Bundan tashqgari,
sochilish  burchaklarida

rentgenogrammada  kichik
(260 = 17.6°) keng

(FWHM = 116.36 X 10~ 3rad) diffuz akslanish
kuzatiladi.  Ushbu akslanish  sirtga  yaqgin
qatlamlardagi to‘yinmagan bog‘lanishlarga ega
Si0, tuzilmaviy fragmentlariga tegishli deb
qaraladi. Akslanishning juda keng bo‘lishi uni
yuzaga  keltiruvchi  tuzilmaviy  fragmentlar
o‘Ichamining kichikligini va ularning joylashuvida
uzoq tartib mavjud emasligini ko‘rsatadi. Demak,
mazkur tuzilmaviy fragmentlar Si0,. nanokristallari
emas, balki Klasterlardir. Ushbu Kklasterlarning
xarakterli o‘lchami ~1.25 nm (12.5 A) ni tashkil
etdi. Monokristallning eksperimental aniglangan
panjara parametri as = 0.54331 nm bo‘lib, asi =
0.54307 nm jadval giymatiga yaqgin. Bu buzilgan
panjara sohasi hajmining ulushi monokristallning
umumiy hajmiga nisbatan juda kichik ekanligini
ko‘rsatadi.

Tadgiq etilgan namunalarning eksperimental
o‘lchangan solishtirma qarshilik qiymatlari 7.28—
7.60 Q-cm oraligiida bo‘ldi. Dinamik sig‘imning
77-300 K harorat oralig‘idagi haroratga bog‘liqligi
abssissa  o‘qiga  parallel gorizontal chiziq
ko‘rinishida namoyon bo‘ldi. Yani DLTS
spektrlarida tadqiqg etilgan n-Si namunalarida p-n
o‘tish  mavjudligini  ko‘rsatuvchi  xarakterli
maksimum kuzatilmadi. Ushbu holatning ehtimoliy
izohlaridan biri kislorodning kremniy panjarasidagi
joylashuvining o‘zgarishidir. Ma’lumki,
tugunlararo Si-O-Si holatida kislorod kremniy
ionlari bilan to‘yingan bog‘lanishlar hosil giladi va
shu sababli elektr jihatdan nofaol bo‘ladi [16, 17].
Elektr jihatdan faol bo‘lishi, ya’ni termodonor
vazifasini bajarishi uchun kislorod ionlari kremniy
panjarasi  tugunlarini  egallashi,  boshgacha
aytganda, kremniy ionlarining o‘rnini bosishi kerak.
450 °C da past haroratli termik tavlash vaqtida
tugunlararo kislorod konsentratsiyasining
kamayishi va termodonorlar konsentratsiyasining
ortishi, ya’ni to‘yinmagan bog‘lanishlarga ega
kislorod va kremniy ionlari komplekslari — SiOy (y
> 2) hosil bo‘lishi kuzatilgani ko‘rsatilgan.
Umuman olganda, kislorodning tugunlararo
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shakldan pretsipitat shakliga (SiO; ) o‘tishi bir
nechta oraliq holatlarning hosil bo‘lishi orqali sodir
bo‘lishi mumkin: Si—-O-Si — SiOys2 — SiO, .
Ushbu oralig holatlarning ayrimlari elektr jihatdan
faol bo‘lishi, ya’ni kristallda donor holatlarini
yuzaga keltirishi mumkin, deb taxmin gilinadi;
bunda termodonor turidagi tuzilmaviy fragmentlar
hosil bo‘ladi. Kremniy monokristallarini o‘stirish
vaqtida termodonorlar hosil bo‘lish ehtimoli juda
yuqori ekanini ta’kidlash kerak, chunki sekin
soviyotgan quyma 300-500 °C harorat oralig‘idan
o‘tadi. Binobarin, SiOys, oraliq holatlarining va
SiO, pretsipitatlarining aksariyati elektr jihatdan
nofaol bo‘lib, elektr jihatdan faol bo‘lganlari esa
kristallda donor holatlarini hosil giladi [18].
Shuning uchun ushbu tuzilmaviy fragmentlar elektr
jihatdan nofaol yoki faol holatda bo‘lishidan qat’i
nazar, n-Si monokristallari hajmida mavjud
bo‘lganda p-n o‘tish hosil bo‘lishiga hissa
go‘shmaydi. Bu tajribalarda kuzatilganidek, ushbu
monokristallarning DLTS spektrlarida xarakterli
cho‘qqi mavjud emasligini izohlaydi. [19] ga ko‘ra,
n-Si monokristallarining DLTS spektrida xarakterli
cho‘qqi kuzatilmasligining yana bir ehtimoliy
sababi kislorod va vakansiyalarning bevosita o‘zaro
ta’siri natijasida quyidagi reaksiyalar orgali
donorlarning hosil bo‘lishidir:
Oi + Vsi — Osi; Osi + Vi — Osi"'Vin .

Bu yerda O; — tugunlararo kislorod; Osi —
kremniy panjarasi tugunidagi kislorod ioni; Vo, —
tugundagi kislorod yonida, ya’ni qo‘shni tugunda
joylashgan vakansiya. Birinchi reaksiya tugunlararo
kislorodni  tugundagi  kislorodga aylantiradi.
Ikkinchi reaksiyada ushbu tugundagi kislorod ioni
eng yaqin qo‘shni vakansiya (V) bilan birikadi.
Bunda kislorod o‘z valent elektronlaridan birini
vakansiyaga «beradi» va quyidagi «reaksiya»
bo‘yicha termodonor vazifasini bajarishi mumkin:

Osi*Vin — OSi2+Vnn7 te.

Birog mavjud tuzilmaviy usullar yordamida
termodonorlar  hosil ~ bo‘lishining  ikkinchi
mexanizmi to‘g‘riligini tasdiqlash qiyinchilik
tug‘diradi.

XULOSA

Shunday qilib, olingan eksperimental natijalarni

quyidagicha umumlashtirish mumkin:

— Tadqgiq etilgan kremniy monokristallari
mukammal tuzilishga ega. Buni {HHH} turidagi

tuzilmaviy akslanishlarning tor kengligi (z
10%rad) va yugori intensivligi (=
10*-10%imp - s~ 1) tasdiglaydi.

— Kichik va o‘rta sochilish burchaklarida (26 <
60°) noelastik fonning nomonoton xususiyati

kislorodning kremniy matritsasi panjarasida notekis
tagsimlanganini ko ‘rsatadi.
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— Monokristall o‘sishi davomida
nugsonlarga moyil sohalarida, ya’ni
orasidagi chegaraviy gatlamlarda SiO, (kremniy
dioksidi) stexiometrik tarkibli kislorod
pretsipitatlari hosil bo‘lishi mumkinligi ko‘rsatildi.
Buni difraksion spektrda ushbu fazaga tegishli
(110) akslanishining mavjudligi tasdiglaydi. SiO,
pretsipitatlari rombik simmetriyaga ega bo‘lib,
o‘lchami =~ 80 nm bo‘lgan nanokristallardir. Buni

uning
donalar

(110) tuzilmaviy akslanishining tor kengligi
(1.89 X 10_3rad) ko‘rsatadi.
— Monokristall o‘sishi davomida donor

xossalarga ega SiOy>; ko‘rinishidagi kislorod—
kremniy komplekslarining oraliq holatlari hosil
bo‘lishi mumkinligi haqida taxmin ilgari surildi.
Namunalarda ularning mavjudligi  difraksion
spektrdagi  SiO,  kirishma fazasiga tegishli
tuzilmaviy akslanish orqali namoyon bo‘ladi,
chunki SiO, pretsipitatlari ushbu komplekslarning
yakuniy mahsulotlaridir.

— Kremniy monokristalli sirtida tuzilmaviy
fragmentlari 1.25 nm o‘lchamga ega amorf oksid
gatlami aniglandi. Ushbu qatlam difraksion
spektrning Kichik sochilish burchaklarida keng
(116.36 x 107 * rad) diffuz akslanishni yuzaga
keltiradi.
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Upwind and high-order difference schemes for nonlinear hyperbolic systems
with nonlocal characteristic velocities: construction, accuracy and application to a
production-line model
UDC 519.633.6
S.U. Dadabayev, M.O. Solijanov

Kokand University Andijan Branch, Andijan (Uzbekistan). E-mail: sdusardor1986@gmail.com

Abstract: Hyperbolic systems whose characteristic speeds depend not on the local value of the solution
but on an integral functional of it over the whole domain arise in continuum models of highly re-entrant
manufacturing lines, supply chains and traffic flows. Difference schemes for local hyperbolic systems are well
developed, whereas the numerical analysis of systems with nonlocal speeds of both signs, coupled through
dissipative feedback boundary conditions and nonlinear source terms, has received much less attention. The
aim of this paper is to construct and analyse a family of difference schemes for one-dimensional nonlinear
hyperbolic systems in Riemann invariants with nonlocal characteristic speeds, which serves as the basis for a
subsequent discrete Lyapunov stability analysis. Three schemes are built: an explicit upwind scheme in which
the nonlocal speed is frozen on the old time level and the boundary conditions are imposed as a discrete
feedback on the new level; a family of second-order TVD schemes based on MUSCL reconstruction with
minmod, van Leer and Fromm limiters and two-stage SSP Runge—Kutta time stepping; and an implicit scheme
in which the nonlocal speed is taken on the new time level and the resulting nonlinear equation is solved by
Picard iteration. We prove that the error of the quadrature rule used for the nonlocal functional turns into a
speed error and limits the global order of the scheme to min(r, p), where r is the order of the scheme and p is
the order of the quadrature. For the explicit scheme the CFL condition is stated with respect to the upper bound
of the admissible speeds, and monotonicity together with a discrete energy inequality is established. The TVD
condition v < 1/2 is proved for the high-order schemes, and a mesh-independent contraction condition is
obtained for the Picard iteration of the implicit scheme.

Keywords: nonlocal velocity, hyperbolic system, upwind scheme, MUSCL, TVD, quadrature rule, Picard
iteration, re-entrant production line.

AHHOTauma: [Ona HenvHerHbIX rMnepbonMyYecknx CUCTEM, XapakKTepPUCTUYECKME CKOPOCTUM KOTOPbIX
3aBMWCAT OT MHTErpanbHOro yHKLMOHana peLleHnsi, NoCTPOEHbI iIBHas NPOTUBOMNOTOYHAsA cxema, TVD-cxembl
BToporo nopsgka (MUSCL, SSP PyHre—KyTTa) 1 HesBHas cxema. [JokazaHo, YTO NOrpeLlHOCTb KBaapaTypbl
orpaHu4MBaeT NopsiAoK cxeMbl BenmunHon min(r, p); nonyyeHsl ycnosme TVD v < 1/2 u He 3aBUCSLLIEE OT CETKU
ycrnoBue cxogumoctu utepauun MNukapa. Pe3ynbTaTbl NOATBEPXKAEHBI YNCIIEHHO U NMPUMEHEHbI K MOAENM
NPOU3BOACTBEHHOW NMMHUM C KOHTYPOM NnepepaboTku Bpaka.

KnoueBble crnoBa: HenokanbHas CKOpPOCTb, rmnep6onmqecxaﬂ cucrtemMma, nNpoTmBONOTOYHaAA cxema,
MUSCL, TVD, kBagpaTtypHas opmyrna, ntepauuu lNukapa, npon3soacTeeHHas NMHNS.

Annotatsiya: Maqolada xarakteristik tezliklari yechimning integral funksionaliga bog‘liq bo‘lgan nochiziqli
giperbolik sistemalar uchun ogimga garshi, MUSCL-TVD va oshkormas ayirmali sxemalar quriladi. Kvadratura
xatoligi sxema tartibini min(r, p) gacha cheklashi isbotlangan, TVD sharti v < 1/2 va Pikar iteratsiyasining to‘rga
bog'liq bo‘imagan yaqginlashish sharti olingan. Natijalar aniq yechimli testda tasdiglangan va qgayta ishlov
halqasiga ega ishlab chiqgarish liniyasi modeliga tatbig gilingan.

Kalit so‘zlar: nolokal tezlik, giperbolik sistema, ogimga garshi sxema, MUSCL-TVD sxema, kvadratura
formulasi, Pikar iteratsiyasi, qayta kiruvchi ishlab chigarish liniyasi, WIP.

1. Introduction

Hyperbolic systems whose characteristic speeds depend not on the local value of the solution
but on an integral functional of the solution over the whole domain have been actively studied in
recent years. A classical example is the continuum model of a highly re-entrant production line in
semiconductor wafer fabrication, in which the processing speed decreases as the total work in progress
(WIP) on the line increases [1-4]. Similar structures arise in models of supply chains, traffic flows
and crowd dynamics [5-7].

The theory of difference schemes for local hyperbolic systems is well developed: the Godunov
scheme [8], upwind schemes and their high-order extensions [9-12], TVD limiters [13, 14] and strong
stability preserving (SSP) Runge-Kutta methods [15]. Finite volume schemes for nonlocal
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conservation laws and their high-order variants were constructed in [6, 16, 17]. However, these works
deal mainly with scalar equations and nonlocal fluxes (convolutions). In the present paper we study
systems with speeds of both signs, in which the speed is determined by a functional taken over the
whole domain and the components are coupled through dissipative boundary conditions and nonlinear
source terms.

The stability of upwind splitting schemes for symmetric t-hyperbolic systems [18—20] and the
exponential stability of systems with nonlocal speeds established by means of discrete Lyapunov
functions [21, 22] were studied previously.

The main results of the paper are as follows.

1. The influence of the quadrature error for the nonlocal functional on the order of the scheme

is established: the overall order equals min(r, p) (Proposition 1). This is confirmed by a
numerical experiment.

2. Explicit upwind, MUSCL-TVD and implicit schemes approximating dissipative boundary
conditions are constructed for a system with nonlocal speeds of both signs. For these
schemes, the stability conditions v <1 and v < 1/2, as well as a mesh-independent
convergence condition for the Picard iteration, are obtained (Lemmas 2—4).

3. A nonlocal hyperbolic model of a production line with a rework loop is formulated. Its
equilibria and operating curve are computed accurately, numerical solutions are obtained
for dynamic scenarios, and the schemes are compared with the exact and reference
solutions.

2. Problem statement and discretization of the nonlocal operator

2.1. The continuous problem
In the domain (0,1) x (0, o), we consider the following system written in Riemann invariants:
d.u; + (W (D)) d,u; = Fy(w), i=1,..,n (1)
1
W) =W, + f w (x) (p(u(x, t)) dx. (2)
0

Here A; € C1, ¢ and F are Lipschitz functions, and w > 0 is a weight function. The components with
i < m move to the right (4; > 0), and those with i > m move to the left (4; < 0). The boundary
conditions are given in feedback form:

Yin(t) = GWout (1), W(2), ©), ©)
where y;, denotes the incoming values (u;(0,t) fori < m and u;(1,t) fori > m) and y,,; denotes
the outgoing values. The initial condition u(x, 0) = u°(x) is assumed to be compatible with (3).

Assumptions. (A1) On the admissible set, 0 < A, < [4;(W)| < 2" and [,;(W) — 4;(W)| <
Ly|w —W|. (A2) |F(w) — F(@)| < Lplu — |. (A3) G is Lipschitz continuous with respect to its
arguments.

2.2. Grid and grid functions

We introduce the spatial grid @, = {x; = jh, j =0,..,J}, h = 1/], and the time grid t,, =
nt, and denote u]'; ~ u;(x;, t,,). The discrete norms are defined as follows:

1o IE=h) v, v l=maxy]
j
The nonlocal functional (2) is approximated by a quadrature rule with nonnegative weights:
J
Wit =W, + hz 6; w(x;) <p(u]”) 4)
j=0
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For the left rectangle rule, 6; = 1 (j <J) and 6, = 0 (p = 1). For the trapezoidal rule, 8, =
6, =%, and the remaining weights are equal to 1 (p = 2). For Simpson’s rule (J even), 6 =

~(1,42,..,241) (p = 4).

Lemma 1 (transfer of the quadrature error to the speed). If wg(u(-,t)) € CP[0,1] and the
quadrature rule is of order p, then on the exact solution
|4 (Wy) — A,(W)| < LCghP, Cq = cpm3x| 0% (wp(w))]. (5)

Proof. Estimate (5) follows directly from the standard bound for the quadrature remainder and
the Lipschitz condition in (Al). O

Proposition 1. Suppose that the scheme is accurate of order » when used with the exact W.
Then, when W), is used, the approximation error is O(h" + hP). If the scheme is stable, the global
error is also O (R™nTP)),

Proof. Replacing A(W) by A(W,) in equation (1) adds the extra term (A(W},) — A(W)) d,u =
0(hP) to the local truncation error. The rest of the proof follows the standard Lax-type argument.

Hence, using the left rectangle rule in a second-order scheme reduces the overall accuracy to
first order. This result is confirmed numerically in Section 6 (Fig. 2b).

3. Upwind difference scheme

We freeze the nonlocal speeds on each time level: AT = A;(W), o* = t|A}'|/h. The explicit
upwind scheme has the form

u?j“ =1 -0 uj; + o/ u 1+TF(u") j=1,..,], i<m,
utt =1 -aMuly +a"ul”]+1+TF(u”) j=0,..,J—1, i>m, (6)
it = gdat W "“, tn+1)-

The interior nodes are updated using only the data on time level n. Therefore, y2/! is known
before the boundary map is applied, and the scheme is fully explicit. The boundary condition (3) is
imposed on the new time level as a discrete feedback.

Courant-Friedrichs—Lewy condition. Since the nonlocal speed varies in time, the CFL
condition is imposed with respect to the upper bound of the set of admissible speeds:

T
v:=— supmax|1;(W)| < 1. (7)
h w 2

Lemma 2 (monotonicity). If condition (7) holds and F = 0, then every interior step of scheme
(6) is a convex combination of neighbouring values. Consequently, the maximum principle
minju;’; < u"+1 < max;u;; holds (at the interior nodes), and for each family the inequality ¥.;

W) <@ -0 X (uy)’ + 07 %, (ufy_y)” is valid. If F %0, an additional term O(rLy)
appears.

Proof. Since 0 < ¢* <1, the coefficients are nonnegative and sum to one. The second
inequality follows from the convexity of the function s » s2. o

The inequality of Lemma 2 is the starting point for constructing an exponentially weighted
discrete Lyapunov function in the subsequent stability analysis. The approximation order of scheme
(6) is O(z + h) (for p = 1, by Proposition 1).

4. High-order schemes

For the right-moving family (1 > 0), the values at the cell interfaces are recovered from the
nodal values by linear reconstruction:

Ujr1/2 = Uj + 1/2 Sj, Sj = ¢(A_Uj, A_,_uj), Aiu]' = i(u]'il - u]) (8)
The limiter functions are chosen as follows:
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_ (sign(a)min(|al, |b]), ab >0,
buma,b) = { oo dulab)
2ab %)
a+b
- {a+b' ab >0, 4 (ab)= 2
0, ab <0,

They yield the minmod, van Leer and unlimited (Fromm) schemes, respectively. The spatial
operator is written as L, (w); = —A(Wy) (wj1+1/2 — uj-1/2)/h + F(u;). For time integration, the two-
stage SSP Runge—Kutta method (Heun’s method) is used [15]:

u® =y + 7L, (u™), u™t=1/2u"+1/2 (u(l) + TLh(u(l))). (10)

At each stage, W, is recomputed from the solution at that stage and the boundary condition (3)
is applied. For the left-moving families, (8) is written with mirrored indices. The ghost nodes outside
the domain are defined by linear extrapolation.

Lemma 3 (TVD condition). Let F = 0. Then, under the condition

v<1/2 (12)
the scheme constructed from reconstruction (8)—(9) and the explicit Euler step does not increase the
total variation (TVD). By the SSP property, scheme (10) is also TVD under the same condition.

Proof. We write the Euler step in the form u}‘*l = u; — Cj_q1/, A_u;, Where

c _ 14 1 S; 1 Sj-1
=12 =Y\ T Ay T 20y)
For the minmod and van Leer limiters, 0 <s;/A_u; <2 and 0 <s;_y/A_u; < 2; hence 0 <

Ci—1/2 < 2v. By Harten’s lemma [13], the scheme is TVD whenever 0 < € < 1, which is equivalent
to (11).

For smooth solutions, schemes (8)—(10) are accurate to O(z? + h?) (near extrema the order
may degrade locally because of the limiters). For discontinuous solutions, they produce no spurious
oscillations.

5. Approximation of nonlinear terms and nonlocal speeds

We consider two ways of approximating the nonlocal speed.

(a) Freezing on the previous time level. A" = A(W;"). This approach is used in schemes (6)
and (10). The freezing error equals |A(W (t)) — A(W (t,))| < Lymax|W’| T and does not spoil the
accuracy of a first-order scheme. In (10), the speed is recomputed at every stage, so second order is
preserved.

(b) Evaluation on the new time level (implicit scheme). The speed is computed from the
functional on the new time level, and the transport term is approximated implicitly:

n+l _ . n n+1 _ un+1

U;'; U; ' ; u:"; e
— W) = ~=Fu)  G<m), (12)
and an analogous expression is written for i > m. For fixed A, scheme (12) is solved sequentially in
the flow direction: /" = (u}; + TF; + ouf/,)/(1 + o). This scheme is monotone for any o > 0.
The nonlocal coupling, however, leads to the nonlinear equation W = @ (W), where @(W) is the
result of solving (12) with the speed A(W) and then evaluating (4). This equation is solved by Picard
iteration:

W(S+1) — ¢(W(s))' W(O) = W’:{" (13)

Lemma 4 (convergence of the Picard iteration). Let the solution satisfy the discrete
Lipschitz condition |ui,j - ui,j_1| < M;h. If L, is the Lipschitz constant of ¢, then
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W) —o(W)| <q|W-W|  qg=1tlil, l 0 lle nM;. (14)

If g < 1, iteration (13) converges at a geometric rate. The constant g does not depend on the mesh
size h; that is, unlike the CFL condition, the time-step restriction of the implicit scheme does not
become more stringent as the spatial grid is refined.

Proof. Differentiating the recurrence formula with respect to o, we obtain (1 + o) d,u; =
—(wj —uj_1) + 0 95uj—4 This  vyields |9,u| < max|ug — up—1| Xzt (1 + o)1 =
maxy |uy — ug_1| < My h. Since do/ W = tA'(W)/h, we have |9y, ;| < TLy M, . Using the identity
h¥.6; = 1 for quadrature (4) and summing the contributions of all families, we arrive at (14).

6. Implementation and testing

The schemes are implemented as a modular program in Python (NumPy). One time step
consists of the following stages:

1. Compute W;, on the current time level by quadrature (4).

2. Compute A;(W,) and the Courant numbers, and check condition (7) or (11).

3. Update the interior nodes by scheme (6), (10) or (12)—(13).

4. Apply the boundary feedback (3).

5. Record the diagnostic quantities (norms, W, output flux, balance).

Test with an exact solution. To verify the order of the schemes, we use the method of
manufactured solutions. We take the equation d,u + A(W) d,u = S(x,t), A(W) =1/(1 + W),
W= folu dx and choose as the exact solution the function

u(x,t) =1+ 0.3sin(mrx)cost + 0.2sin(2mx — t) + 0.5x(1 + 1/2 sint)
The source S and W (t) are computed exactly, and u(0, t) is prescribed at the inflow boundary. The
computations were carried out up to T = 1 with v = 0.5 for the explicit schemes and v = 2 for the
implicit scheme. The results are presented in Table 1 and Fig. 2.
Table 1. Error || u™ — u(-, T) ll, and order p = log,(en/es,2) in the exact-solution test (T = 1)

) Explicit | MPICt | vuscr | muscL- | muscr, | MUSCL
. upwind (v = . . left
upwind minmod van Leer | trapezoidal
2) rectangle
50 1.89-1072 2.37-1072 1.14:1073 4.73-1074 4481074 1.54-1072
100 9.61-107° 1.23-107 2.88-107% 1.10-107* 1.09-107* 6.72:107*
200 4.85-107° 6.25-107° 7.27-107° 2.68-107° 2.69-107° 3.13-107*
400 2.43-107° 3.15:107° 1.83-10°° 6.63-107° 6.67-107° 1.51-10°*
800 1.22:107° 1.59-107° 4.58-10°° 1.67-10°° 1.66-10°° 7.43-107°
1600 6.11-107* 7.95-107* 1.15-10°8 4151077 4151077 3.68-107°
order p 1.00 1.00 2.00 2.01 2.00 1.01
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(a) schemes (b} guadrature for W" (second-order scheme)
1072 3
1074 5
1072 A
107° -
- . e T
1073 1072
h
—8— explicit upwind —#— MUSCL, unlimited —8— left rectangle —d— Simpson e ofh)
implicit upwind, v =2 -ees ih) —&— trapezoidal -—= O{h?)
—d&— MUSCL-minmod -—-- O(h?)

—F— MUSCL-van Leer

Fig. 2. Dependence of the error on the mesh size in the exact-solution test: (a) different schemes;
(b) different quadrature rules for W, in the second-order scheme.

Table 1 shows that the explicit and implicit upwind schemes are first-order accurate, while the
MUSCL schemes are second-order accurate. The implicit scheme remains stable even at Courant
number v = 2, but its error is about 1.3 times larger than that of the explicit scheme because of the
larger time step. The most important result is in the last column: when W is computed by the left
rectangle rule, the order of the second-order scheme drops to 1, whereas the trapezoidal and Simpson
rules preserve second order (Fig. 2b). This is a direct confirmation of Proposition 1: the order of the
quadrature for the nonlocal functional must not be lower than the order of the scheme.

7. Application: a model of a production line with a rework loop

7.1. Mathematical model

We consider a line manufacturing products such as semiconductor wafers (Fig. 1). Here x €
[0,1] is the degree of completion (the completed fraction of the process route) and t is time. The time
unit is the full processing time of one lot on an empty line. p; (x, t) is the density of lots in the main
flow; these lots move in the processing direction with speed A(W). p,(x, t) is the density of lots that
have been found defective and are being returned to the beginning of the line for rework; they move
in the opposite direction with speed ¢ A(W). The processing speed is determined by the total work in
progress on the line:

1
g W(t) = [, (o1 + p2) dx — total WIP !

main flow p.(x, t), speed A(W)
qin(t) yit)

l ‘ -% l \\
s-antry ( g(p1): defectivie lots ‘) T

rework flow ps(x, t), speed -c A(W)

L J
y
v

5

Fig. 1. Schematic of a production line with a rework loop: main flow p,, rework flow p,, transfer of
defective lots g(p,), inflow g;,, outflow y and the fraction x returned at final inspection.

W(t) = J;) (pl(x' t) + Pz(x, t)) dx, A(W) = %V;/VVC (15)
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Law (15) generalizes the speed law of the Coron—Kawski—Wang model [1] for re-entrant lines:
as WIP grows, queues become longer and the motion of every lot slows down. The rate at which lots
failing inspection are transferred to the rework flow is given by the nonlinear function g(p;) =
vop1/(1 + p1/ps), Which describes the saturation of the inspection station capacity. As a result, we
obtain a 2 x 2 system of the form (1):

9tp1 + A(W) 9,py = —g(py),
{atpz —cA(W) dxp, = g(p1), x € (01), t>0. (16)

The boundary conditions express the balance of fluxes. New lots are released into the line at
the rate g;,(t), and the rework flow joins the main flow at x = 0. At final inspection, a fraction x of
the outgoing product is sent to rework:

AW)p1(0,t) = qin(t) + c A(W)p,(0, 1), cAW)p,(1,t) (17)
=K A(W)Pl(l» t);
while the output flux of the line (finished product) is
y(© = A=) AW®) ps(1,0). (18)

Conditions (17) are a feedback of the form (3): the incoming values p;(0), p,(1) are
expressed through the outgoing values p,(0), p; (1) and W. Integrating (16) and using (17), we obtain
the WIP balance law

aw

— = n(®) —y(®). (19)

This law serves as an independent criterion for verifying the numerical solution.
Table 2. Model parameters (dimensionless)

Parameter | Meaning Value

Vo processing speed on an empty line 1
W WIP scale (WIP at which the speed is halved) 1

C ratio of the rework-flow speed to the main-flow speed 2
Yo transfer rate of defective lots 0.3

Ps saturation density of the inspection station 1

K fraction returned at final inspection 0.1

Qin lot release rate 0.3 — 0.45

7.2. Equilibria and operating curve of the line
For constant g;,, = q, the steady-state solution of problem (16)—(17) reduces to a boundary
value problem for ordinary differential equations:

AW) pi" = —g(p1), cAW) p;" = —g(p1), W = J (p1 + p2) dx.
0

The second equation expresses p, explicitly in terms of p; : p,(x) = kp,(1)/c +
fxlg (p1) ds/(cA). Therefore, the problem reduces to a nonlinear algebraic system in two unknowns
(p,(0) and W), which was solved by the shooting method; the Cauchy problem was integrated by the
eighth-order Dormand-Prince method with relative tolerance 10713, In the steady state, (19) gives
y = q, and this identity holds in the computation up to machine precision. Fig. 3 shows the operating
curve of the line: the cycle time CT = W™ /q (Little’s law) as a function of the throughput [23]. For
q =03, we have W* =0.785, A(W*) = 0.560 and CT = 2.62; for g = 0.45, W* =1.993,
A(W*) = 0.334 and CT = 4.43. As the line approaches its capacity (g — 0.62), the cycle time
increases sharply. This reflects a well-known phenomenon of factory physics and is directly related
to the nonlocal speed law (15).
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(a) operating curve of the line (b) equilibrium WIP and speed
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Fig. 3. (a) Operating curve of the line: cycle time W*/q versus throughput (the dots mark the
operating points g = 0.3 and g = 0.45 of Section 7.3); (b) equilibrium WIP W*(q) and speed
A(W™).

Verification of the schemes at equilibrium. For g = 0.3, the exact equilibrium was taken as
the initial condition and the computation was continued up to T = 30. The numerical solution then
settles to a discrete equilibrium, whose deviation from the exact equilibrium gives the steady-state
error of the scheme (Table 3). The explicit and implicit upwind schemes converge to exactly the same
discrete equilibrium, since their steady-state equations coincide. For the MUSCL schemes, the error
is of order 10~7 at J = 800 and decreases with second order.

Table 3. Error || p, — p* |l at the equilibrium (g = 0.3)

J Upwind (explicit/implicit) | MUSCL-minmod MUSCL-van Leer
50 1.66:107° 3.11-107° 435-107°
100 8.28:107% 7.74-10°° 1.09-107°
200 4.13-10* 1.93-10°° 2.71-10°°
400 2.06:1074 4.82-1077 6.77-10°7
800 1.03-107* 1.21-1077 1.69-1077
order 1.00 2.00 2.00

7.3. Scenario 1: ramp-up of the production rate

The line operates at the equilibrium g = 0.3. On the interval t € [2,4], the lot release rate is
increased linearly to g;,, = 0.45 (growth in demand). The computation was performed with the
MUSCL-van Leer scheme with ] = 400, v < 1/2, T = 40. The results are shown in Figs. 4-6.

(a) pylx, t) — main flow (b) p,(x, t) — rework flow
40 2.00 0.35
0.30
30 175
0.25
1.50
~ 20 0.20
1.25
015
1.00
10 010
e e S e e e S e I 0.75 0.05
O T | T L} T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

Fig. 4. Scenario 1: (a) main-flow density p; (x, t) and (b) rework-flow density p, (x, t); the dashed
lines mark the interval [2,4] on which the release rate changes.
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The numerical solution reveals the following features.

— WIP and speed. After the release rate is increased, WIP grows monotonically from
W*(0.3) = 0.785 to W*(0.45) = 1.993; 63 % of the change is completed by t ~ 9.8 and
90 % by t ~ 20.5. The speed A(W) decreases from 0.560 to 0.336 (Fig. 5b,c). Complete
readjustment of the line takes about five new cycle times.

— Output dip. After the release rate is increased, the output flux y(t) does not grow at first
but, on the contrary, drops to 0.276 at t = 3.8 (Fig. 5a). The reason is the nonlocal speed:
the additional lots raise WIP, which immediately slows down the whole line, including the
lots close to the exit. This effect is absent in models with local speeds and is important for
the control of re-entrant lines [1, 2].

(a) inflow and outflow (b) total WIP W(t) (c) speed A(WI(t))
0.50 T e o
0.55 1
0.45 A 1.75 -
0.50 1
0.40 A 1.50 1
0.45 A
0.35 1 1.25 1
0.40 -
0.30 1.00 A
i saeiestioniiiaseiisniantiing - abians 0‘35_
0.25 T T 0.75 T T T T T
0] 20 40 0 20 40 0 20 40
t t t

Fig. 5. Scenario 1: (a) inflow g;, (t) and outflow y(t); (b) total WIP W (t) and equilibrium values;
(c) nonlocal speed A(W (t)).

— Profiles. The profiles of p; and p, approach the new equilibrium monotonically (Fig. 6). At
t = 40, they are graphically indistinguishable from the exact equilibrium profiles. The
rework flow accumulates at the beginning of the line, since it moves towards x = 0.

— Balance law. The WIP balance law (19) was verified at the discrete level by means of the
residual W(T) — W(0) — fOT(qin —y) dt. For ] =100, 200, 400, 800, this residual
equals 1.4 - 107%,4.5-107>,2.2-107% and 1.2 - 107>, respectively; that is, on the finest
grid it amounts to about 10> of the WIP change (= 1.2), and it decreases under mesh
refinement.

(al ;ix. t) () palx, t)

r=0 — F=E1———i=40

05 =3 = (=20 === equilibrium, g =045 0.0 1 t=0 — t=85 — =20
t=6 tm3 —_— =1l —_— t=dl

OTD 0;2 0;4 OI_B OTS 1_I0 DjO 0:2 O.ld {).IS 078 T.IO
Fig. 6. Scenario 1: profiles of (a) p;(x, t) and (b) p,(x, t) at different times; dashed line — exact
equilibrium for g = 0.45.
7.4. Scenario 2: batch release (discontinuous solution)
Lots are released into an empty line at the rate g;, = 1 during the time interval t € [0,0.5],
after which the release is stopped. A wave with two discontinuities forms in the main flow; its speed
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varies in time because it depends on WIP. To compare the schemes, a reference solution was computed
with the MUSCL—van Leer scheme on the grid with J = 3200. Fig. 7 shows the profiles at t = 1 for

J = 200, and Table 4 lists the £, errors.
Table 4. Scenario 2: £, error kY (|py; — pi*f| + |po; — p5°f|) att =1

J Explicit upwind MUSCL-minmod MUSCL-van Leer
100 1.03-10°t 5.39-107° 3.78-1072
200 7.31-1072 3.32:10°2 2.20-1072
400 5.09-1072 1.97-1072 1.20-1072
800 3.49-107 1.10-1072 5.85-107°
order 0.52 0.76 0.88

(a) p1(x, 1),/ = 200 (b) pa(x, 1), ) = 200

1.50 1 0.04

refarence (J = 3200
1.25 4 explicit upwind
—— MUSCL-minmed 0.03 A1

1.00 1 MUSCL-van Leer

0.751 0.02 1

0.50 1

0.07
0.25 1
0.00 1 . i i : . : 0.00 1 i i . . . ”
0.0 0.2 0.4 06 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Fig. 7. Scenario 2, t = 1: (a) main flow p, and (b) rework flow p,; the thick grey line is the
reference solution (J = 3200).

For discontinuous solutions, the order of convergence in the £; norm is less than one, as
expected from theory: about 1/2 for the upwind scheme and above 2/3 for the TVD schemes [9]. All
schemes produce no spurious oscillations, in agreement with Lemma 3. On the same grid, the van
Leer scheme is 3.3-6 times more accurate than the upwind scheme: the error of the van Leer scheme
at J = 200 is smaller than that of the upwind scheme at ] = 800. The rework flow p, is generated
from the main flow through the source term and is therefore continuous, with a discontinuity only in
its derivative; for this component, the differences between the schemes are small.

7.5. Implicit scheme and Picard iteration

Scenario 1 was recomputed with the implicit scheme (12)—(13) at Courant numbers v =
0.8; 2; 5; 10. The Picard iteration was continued until |[W &+ — w®)| < 10712, Table 5 and Fig.
8 report the number of iterations and the maximum deviation of W (t) from the reference (explicit
MUSCL) solution.

Table 5. Implicit scheme: number of time steps, Picard iterations and error in Scenario 1 (J =

400, T = 40)
v T number of steps | iterations (mean / max) maxt [W — Wrei|
0.8 0.00100 40 000 391/4 6.7-107*
2 0.00250 16 000 3.95/4 8.2:107*
5 0.00625 6 400 4.18/5 1.07-1073
10 0.0125 3200 4.67 15 1.55-1073
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(a) error of the implicit scheme (b) number of iterations
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Fig. 8. Implicit scheme: (a) deviation of W (t) from the reference solution at different Courant

numbers; (b) mean number of Picard iterations per time step.

The number of iterations depends only weakly on the Courant number: when v increases by a
factor of 12.5, the mean number of iterations grows from 3.9 to 4.7 and does not exceed 5 at any step.
This agrees with Lemma 4: the contraction factor g ~ tL;M; is small for smooth solutions and does
not depend on h. The error is determined mainly by the first-order spatial error of the scheme;
therefore, when the time step is increased 12.5 times, the error grows only 2.3 times. Hence, for long-
time regimes (for example, simulating the line over several weeks), the implicit scheme reduces the

computational cost by an order of magnitude.

8. Conclusion
A family of difference schemes for nonlinear hyperbolic systems with nonlocal characteristic

speeds has been constructed, analysed and implemented. The main results are as follows.

1. It is shown that the quadrature of the nonlocal functional directly affects the accuracy of the
scheme through the speed: the overall order equals min(r,p) (Proposition 1). It is
confirmed numerically that the left rectangle rule reduces a second-order scheme to first
order; therefore, the trapezoidal or Simpson rule is recommended.

2. For a system with speeds of both signs, an explicit upwind scheme is constructed in which
the dissipative boundary conditions are imposed on the new time level as a feedback. Its
CFL condition (7) is stated with respect to the upper bound of the set of nonlocal speeds,
and its monotonicity is proved (Lemma 2).

3. Second-order schemes based on MUSCL reconstruction (minmod, van Leer, Fromm) and
the SSP Runge—Kutta method are constructed, and the TVD condition v < 1/2 is proved
for them (Lemma 3).

4. An implicit scheme with the nonlocal speed evaluated on the new time level, combined with
Picard iteration, is proposed. The contraction factor of the iteration is proved to be
independent of the mesh size (Lemma 4). In the numerical experiments, at most 5 iterations
per step were required up to v = 10.

5. A nonlocal hyperbolic model (15)—(18) of a production line with a rework loop is
formulated. Its equilibria and operating curve are computed accurately. The numerical
solutions reveal effects specific to nonlocal speeds, such as a temporary dip in the output
after an increase of the release rate.
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Numerical analysis of light trapping and optical absorption in pyramidal
crystalline silicon surfaces

M.Muydinova.

Andijan State Pedagogical Institute, 4 Dostlik Street, Andijan, Uzbekistan 170120

Annotatsiya. Ushbu tadqigotda to'g‘ri va teskari piramidasimon teksturalarga ega kristall kremniy
sirtlarining to‘lgin uzunligiga bog'liq optik xususiyatlari sonli modellashtirish asosida ofrganildi.
Piramidalarning giyalik burchagi, balandligi hamda SiO, akslanishga garshi qoplamasining yorug'‘likning
sirtdan qaytishi va yutilishiga ta’siri tizimli ravishda baholandi. Piramidalarning qiyalik burchagi 25° dan 85°
gacha bo‘lgan oraligda o‘zgartirilib, 25°, 50° va 73,12° giymatlar uchun batafsil spektral tahlillar bajarildi.
Modellashtirish natijalari piramida yon sirtlarining giyalik burchagi ortishi yorug'‘likning ko‘p martalik gaytishi
hisobiga uning tutib golinishi samaradorligini oshirishini ko‘rsatdi. Bunda optik javob 70°-75° oralig‘ida
to‘yinish holatiga yaqinlashishi aniglandi. Piramida balandligiga bog‘liqlik nochiziqli xarakterga ega bo'lib,
balandlik taxminan 3,4 mkm dan oshganda optik xususiyatlarning yaxshilanishi sezilarli darajada kamayishi
kuzatildi. SiO, goplamali teskari piramidasimon strukturalarda giyalik burchagining ortishi keng spektral
diapazonda vyorug‘likning qaytishini kamaytirib, yutilishini kuchaytirishi aniglandi. Tadqiq etilgan
konfiguratsiyalar orasida 73,12° burchakli struktura eng magbul optik xususiyatlarni namoyon etdi. Olingan
natijalar kristall kremniy asosidagi fotoelektrik va optoelektron qurilmalarda yorug‘likni samarali boshgarish
uchun sirt teksturasining geometrik parametrlarini hamda dielekirik qoplama xususiyatlarini o‘zaro
muvofiglashtirib optimallashtirish muhimligini ko‘rsatadi.

Kalit so‘zlar: kristall kremniy; sirt teksturalash; piramidasimon tekstura; teskari piramidalar;
yorug'likni tutib qolish; optik modellashtirish; akslanishga garshi qoplama; SiO,.

AHHOTaumA. AHHoTauus. B gaHHon paboTe MeToAOM YMCNEHHOrO MOAENUPOBAHMS UCCNeaoBaHbl
cnekTpanbHble ONTUYECKUe CBOWCTBA MOBEPXHOCTEN KPUCTaNfM4ecKoro KpeMHUSA C TeKCTypamun B Buae
NpsSMbIX U WHBEPTUMPOBaHHbIX nupamug. CuctematMyecku OLEHEHO BRMSHME Yrina HakrmoHa rpaHen
nMpamug, MX BbICOTbl M MPOCBETRAOWEro nokpbitua SiO, Ha OTpaxaTeNnbHYH M MOrnowaTenbHYHo
CMOCOBHOCTM NOBEPXHOCTU. Yron HaknoHa rpaHer nupamMmug BapbupoBarncs B AvanasoHe oT 25° go 85°,
npu 3TOM NOAPOGHbLIM CneKTpanbHbIA aHanu3 npoBoauncs Ansa yrnos 25°, 50° n 73,12°. PesynbTathl
MOAENMPOBaHNA MoKa3anu, YTo yBenM4eHne yrna HakroHa rpaHen cnocobceTyeT 6onee achdeKkTMBHOMY
3axBaTy CBeTa BCMeACTBME MHOTOKpaTHbIX OTPaXKeHWW, NPUYEM OMTMHECKUN OTKMUK npubnwkaercs K
HacblleHMIo B AnanasoHe 70°—75°. YcTaHoBneHa HenvHenHas 3aBMCMMOCTb ONTUYECKNX XapaKTepUCTUK
OT BbICOTbI MMpamug: npu BbicoTe Oonee 3,4 MKM AanbHenlee yryylleHWe OMTUYECKOro OTKMMKa
CTaHOBMWTCHA He3HauUTENbHbIM. 118 CTPYKTYP C MHBEPTUPOBAHHBIMM MMPaMuaamu, NOKpbITbix crioemM SiO,,
yBenu4eHve yrna HaknoHa rpaHein NpMBOAWT K CHWXEHWIO OTpaxaTenbHOW CMoCOBHOCTUM U yCUMEeHWIo
NOrnoLeHns B LUMPOKOM CrnekTpanbHOM AuanasoHe. Cpean paccMOTPEHHbIX KOHurypauun Hambornee
BnaronpusATHbIE ONTUYECKME XapaKTePUCTUKN NPOAEMOHCTpMpOBana CTPyKTypa C Yriom HaknoHa 73,12°.
[MonyyeHHble  pe3ynbTaTbl CBUAETENbCTBYOT O  HEobXoAMMOCTM  COBMECTHOM  OnTuMm3auuu
reoMeTpUYecKnx napameTpoB TEKCTYPMPOBAHHOW MOBEPXHOCTU U ANINEKTPUYECKOro MPOCBETASIOLWLEro
NoKpbITUA  Ans 3dEKTUBHOrO yNpaBreHNss CBEeTOM B (POTOINMEKTPUYECKMX W  ONTOINEKTPOHHbIX
YCTPOMWCTBaX Ha OCHOBE KPUCTanM4eCcKoro KpeMHuUsI.

KnioyeBble crnoBa: KpUCTanM4YeCcKUn KPeMHWA; TEKCTYpUpOBaHWE MOBEPXHOCTM; MupamugarnbHas
TeKCTypa; MHBEPTUPOBaHHbIE NMpamMnabl; 3axBaT CBeTa; ONTUYECKOe MOAENMpoBaHWe; NpoceBeTnsoLee
nokpbitne; SiO,.

Annotation. This study numerically investigates the wavelength-dependent optical properties of
crystalline silicon surfaces textured with upright and inverted pyramidal structures. The effects of pyramid
inclination angle, height, and SiO, antireflection coating on surface reflectance and absorptance are
systematically evaluated. Pyramid angles ranging from 25° to 85° were considered, with detailed spectral
analysis performed at 25°, 50°, and 73.12°. The simulations reveal that steeper pyramid facets improve
light trapping through multiple reflections, with the optical response approaching saturation at approximately
70°-75°. A nonlinear height dependence is identified, showing that optical enhancement becomes marginal
beyond a pyramid height of approximately 3.4 um. In SiO,-coated inverted pyramids, increasing the
inclination angle suppresses reflection and improves absorption across a broad spectral range, with the
73.12° configuration providing the most favorable performance among the selected geometries. These
results highlight the importance of jointly optimizing surface texture geometry and dielectric coating to
improve light management in crystalline silicon photovoltaic and optoelectronic devices.

Keywords: crystalline silicon; surface texturing; pyramidal texture; inverted pyramids; light trapping;
optical simulation; antireflection coating; SiO.

INTRODUCTION. Crystalline silicon remains the leading absorber
material in photovoltaic technology owing to its
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technological maturity, operational stability, and
well-established manufacturing processes.
However, its high refractive index causes
substantial reflection at the air-silicon interface,
reducing the incident radiation available for
photogeneration. Surface texturing offers an
effective approach to minimizing these optical
losses by redirecting incident photons and
extending their propagation paths within the
absorber. Pyramidal structures are particularly
advantageous because multiple reflections between
adjacent facets enhance light trapping. Earlier ray-
tracing studies demonstrated that both upright and
inverted pyramids can reduce surface reflectance,
with their effectiveness strongly dependent on facet
orientation and geometric configuration [1-4].

The optical performance of pyramidal textures is
closely related to their morphology, dimensions,
and fabrication methods. Baker-Finch and
Mclintosh demonstrated that light reflection from
pyramidal silicon surfaces can be described through
distinct multiple-reflection trajectories between
neighboring facets [5]. Plasma-assisted processing
has enabled the formation of inverted-pyramid-like
structures, offering additional control over surface
morphology and optical losses [6]. Furthermore,
selective anisotropic etching using patterned SiO,
masks allows inverted pyramids to be fabricated
with limited silicon removal, which is particularly
beneficial for thin silicon structures [7]. These
developments establish pyramid geometry as an
essential parameter in optical optimization rather
than solely a consequence of surface fabrication.

The interaction of light with textured silicon
varies considerably across the wavelength
spectrum. Reflection, refraction, scattering, and
absorption depend on both the incident wavelength
and the characteristic dimensions of the surface
features. Accordingly, geometrical-optics and
wave-optics effects may contribute differently
depending on the relationship between texture size
and wavelength. Advanced modeling approaches
have emphasized the importance of accurately
describing light redistribution at structured
interfaces when predicting the optical properties of
silicon solar cells [8]. Recent theoretical
investigations have also demonstrated that pyramid
dimensions and scattering mechanisms influence
surface  reflection and absorption  within
photovoltaic structures [9]. Therefore, pyramid
height, inclination angle, and orientation should be
considered together with spectral characteristics to
achieve reliable optical optimization.

Combining pyramidal texturing with dielectric
antireflection coatings provides an additional means
of suppressing optical reflection. Silicon dioxide

84

(SiO; ) is of particular interest because of its optical
properties and potential contribution to surface
passivation. Experimental investigations have
shown that SiO, coatings can further decrease the
reflectance of textured monocrystalline silicon,
indicating a complementary effect between surface
morphology and dielectric modification [10].
Nevertheless, existing studies frequently examine
individual texture configurations, limited geometric
parameters, or specific spectral regions. A
systematic comparison of upright and inverted
pyramidal structures, including their geometric
characteristics and the influence of dielectric
coatings, remains important for establishing
effective light-management conditions.

In this context, the present work numerically
examines the wavelength-dependent optical
response of crystalline silicon surfaces containing
upright and inverted pyramidal textures. The effects
of pyramid base angle and height on reflectance and
absorptance are evaluated, together with the
additional influence of an SiO, antireflection layer.
By comparing both configurations under consistent
modeling conditions, the study seeks to identify
geometric parameters that reduce optical reflection
and improve light absorption, providing a basis for
the design of efficient crystalline-silicon
photovoltaic and optoelectronic structures.

METHODOLOGY AND MATERIALS

The present study employed a comparative
numerical approach to investigate the optical
properties of crystalline silicon surfaces
incorporating upright and inverted pyramidal
textures. Both uncoated and SiO, -coated
configurations were considered to evaluate the
separate and combined contributions of surface
geometry and dielectric antireflection modification.
All structures were examined under consistent
modeling conditions, allowing differences in optical
behavior to be attributed to the investigated
geometrical parameters and surface coating.
Pyramidal textures were selected because their
inclined facets promote multiple light reflections,
thereby increasing the effective optical path length
and reducing surface reflection losses [11-13].

The geometrical model consisted of periodically
arranged pyramidal elements defined by their base
width, height, and facet inclination angle. Identical
geometrical parameters were applied to upright and
inverted configurations to ensure direct comparison.
The pyramid base angle was defined as the
inclination of the pyramid facet relative to the base
plane, while the height represented the vertical
distance between the pyramid apex and its base. The
base angle was varied from 25° to 85° to examine
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the transition from shallow to steeply inclined
textures. Additional calculations were performed by
varying pyramid height to determine its influence
on optical performance. Representative
configurations with inclination angles of 25°, 50°,
and 73.12° were selected for detailed spectral
analysis. This geometrical approach follows
established numerical investigations of light
trapping in pyramidal silicon structures [14,15].
A

a i ;
: \d

. . .

Figure 1. Schematic representation of the
geometrical model of wupright and inverted
pyramidal silicon textures, indicating the pyramid
base width (a), height (h), and facet inclination
angle (a).

The optical characteristics of each structure were
evaluated over a wavelength interval extending
approximately from 280 nm to beyond 1100 nm,
covering the near-ultraviolet, visible, and near-
infrared spectral regions. Wavelength-dependent
optical properties of crystalline silicon were
considered to account for variations in light
propagation and absorption throughout the
investigated spectrum. The numerical analysis
focused on reflectance, transmittance, and
absorptance, with the absorbed fraction determined
from the balance between incident, reflected, and
transmitted optical energy. This approach is
commonly employed in wavelength-resolved
optical modeling of textured crystalline-silicon
photovoltaic structures [16-18].

The influence of surface morphology was
evaluated by considering the redistribution of
incident radiation between neighboring pyramid
facets. Unlike a planar interface, pyramidal textures
allow reflected light to interact repeatedly with
adjacent surfaces, increasing the probability of
absorption within the silicon substrate. The
effectiveness of this mechanism depends on facet
inclination, pyramid dimensions, and incident
wavelength. Similar light-trapping effects have
been established through ray-tracing investigations
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of upright and inverted pyramidal silicon surfaces
[19,20].

Numerical  calculations were  conducted

sequentially for the investigated geometrical
configurations. Initially, the optical response of
upright pyramidal silicon was determined as a
function of pyramid base angle and height.
Equivalent calculations were then performed for
inverted pyramidal textures using the same
geometrical conditions. Subsequently, an SiO,
antireflection layer was introduced while preserving
the underlying surface geometry, enabling the
additional contribution of dielectric modification to
be assessed. The use of SiO, coatings for reducing
reflection from textured silicon surfaces is
supported by previous experimental and numerical
studies [21-24].

For detailed spectral comparison, reflectance
and absorptance were evaluated at pyramid angles
of 25°, 50°, and 73.12°. The resulting wavelength-
dependent curves were analyzed to identify changes
in optical losses and light absorption associated with
increasing facet inclination. Particular attention was
given to the combined influence of inverted
pyramidal geometry and SiO, coating, as this
configuration allows geometrical light trapping and
dielectric antireflection effects to be examined
together.

The calculated results were assessed through
direct comparison of reflection and absorption
characteristics, together with a normalized
absorption-related response, J (%), obtained from
the numerical dataset. This parameter was used to
examine the dependence of optical performance on
pyramid angle and height and to identify
geometrical  regions  approaching  response
saturation [25-27]. The evaluation focused on
determining conditions that minimize reflectance
while improving absorptance without unnecessarily
increasing texture dimensions. As the investigation
was based on deterministic numerical calculations,
statistical significance testing was not performed.
Instead, the conclusions were derived from
systematic ~ parametric  comparisons  under
equivalent computational conditions.

RESULTS AND DISCUSSION

The numerical investigation demonstrates that
the optical behavior of crystalline silicon surfaces is
strongly influenced by the geometrical
characteristics of pyramidal textures. Variations in
pyramid inclination angle and height modify the
interaction of incident radiation with the textured
interface, affecting the redistribution of reflected
light and its subsequent absorption within the
semiconductor. The calculated results indicate that

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 3. 2026



Physics

optical enhancement is governed not simply by
increasing surface roughness or texture dimensions,
but by establishing a geometrical configuration that
promotes repeated light interactions while limiting
optical escape. The dependence of the normalized
optical response on pyramid inclination angle is
illustrated in Figure 2(a). As the base angle
increases from 25° toward 85°, the calculated
response initially rises considerably, indicating
improved light-trapping efficiency. This behavior
originates from changes in the direction of reflected
radiation at the inclined silicon facets. In relatively
shallow pyramidal structures, a substantial fraction
of incident light can escape after its first interaction
with the surface. Increasing the facet inclination
redirects a greater proportion of reflected radiation
toward adjacent facets, providing additional
opportunities for transmission into the silicon
absorber. Consequently, the effective interaction of
incident radiation with the textured surface becomes
stronger.

J (%)

a()

20 25 30 35 40 45 S50 55 60 65 70 75 80 85

Figure 2(a). Dependence of the normalized
optical response of pyramidal crystalline silicon
textures on the pyramid base angle.

The enhancement becomes progressively less
pronounced at larger inclination angles, with the
calculated response approaching a near-saturation
region at approximately 70°-75°. This tendency
reflects the diminishing optical benefit of further
increasing the facet inclination once the surface
geometry already supports substantial multiple-
reflection interactions. At smaller angles,
geometrical modification produces a relatively
strong redistribution of reflected radiation.
However, as the inclination increases, additional
changes in the direction of reflected light contribute
progressively less to the overall optical response.
The observed saturation therefore suggests the
existence of a geometrically favorable region rather
than a continuous improvement with increasing
pyramid angle. The physical significance of this
behavior is associated with the angular dependence
of reflection and refraction at the silicon interface.
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The probability that incident radiation enters the
semiconductor depends on its local angle of
incidence and the optical properties of the
interacting materials. Pyramidal texturing modifies
the distribution of these local incidence angles,
allowing radiation reflected from one facet to
encounter another facet under different optical
conditions. Such repeated interactions can reduce
the fraction of radiation escaping from the surface
and increase the amount available for absorption.
Nevertheless, the magnitude of this improvement
remains dependent on the wavelength and the
optical constants of crystalline silicon.

The influence of pyramid height on the
calculated optical response is presented in Figure
2(b). Unlike a simple linear dependence, the
numerical results reveal a pronounced nonlinear
relationship between texture height and optical
enhancement. At relatively small pyramid heights,
increasing the texture depth produces a substantial
improvement in the calculated response. This effect
can be attributed to the development of a more
effective geometrical light-trapping structure, in
which neighboring facets provide additional
opportunities for reflected radiation to interact with
the silicon surface.
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Figure 2(b). Variation of the normalized optical
response with pyramid height, illustrating the
nonlinear enhancement and subsequent approach to
saturation.

As the pyramid height increases, the optical
response gradually approaches its maximum
calculated region at approximately 3.4 um. Beyond
this characteristic height, further enlargement of the
pyramidal structure produces only marginal
improvement. This behavior indicates that the
optical advantage associated with increasing texture
depth becomes progressively limited once the
surface geometry provides sufficient opportunities
for multiple light interactions. The response is
therefore controlled by the effectiveness of the
optical trajectories established within the textured
configuration rather than by pyramid height alone.

The observed height dependence also has
practical implications for silicon surface
engineering. Increasing pyramid dimensions may
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require additional material removal or more
demanding fabrication conditions, particularly in
structures produced through anisotropic etching.
Excessive texture depth can become undesirable in
thin  crystalline-silicon  architectures, where
preservation of the absorber thickness is important.
Accordingly, the calculated near-saturation
behavior suggests that increasing pyramid height
beyond approximately 3.4 um may provide limited
optical benefit under the investigated conditions.
This value should be regarded as a characteristic
result of the present numerical configuration rather
than a universal optimum applicable to all textured
silicon devices.

Comparison of the angular and height
dependencies reveals a common feature of
pyramidal light-trapping structures: substantial
optical enhancement occurs during the initial
development of favorable surface geometry,
whereas further geometrical modification leads to
diminishing improvements. Although pyramid
inclination and height describe different aspects of
the texture, both parameters influence the spatial
distribution of light interactions at the
semiconductor  interface. ~ Their ~ combined
optimization is therefore more meaningful than
maximizing either parameter independently.

The distinction between upright and inverted
pyramidal configurations is also important for
interpreting the calculated optical behavior. Both
geometries introduce inclined interfaces that
redistribute incident radiation, but the spatial
arrangement of their facets produces different
reflection pathways. Upright pyramids primarily
redirect radiation through interactions between
neighboring protruding facets, whereas inverted
pyramids provide recessed geometries in which
reflected light may undergo additional interactions
before escaping from the textured region. The
resulting optical behavior depends on the
inclination angle, texture dimensions, and
wavelength, making direct geometrical comparison
necessary when selecting an appropriate surface
architecture.

The introduction of an SiO, antireflection
coating provides an additional mechanism for
modifying the optical response. Unlike pyramidal
texturing, which primarily alters the geometrical
pathways of incident and reflected radiation, the
dielectric layer modifies optical reflection through
the refractive-index contrast and interference effects
at the coated interface. The numerical results
indicate that the SiO, -coated inverted-pyramidal
configuration exhibits reduced reflectance and
enhanced absorptance over a broad wavelength
interval as the pyramid inclination increases.
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Among the representative angles of 25°, 50°, and
73.12°, the configuration with an inclination of
73.12° provides the most favorable calculated
spectral response.

This improvement can be understood through
the complementary roles of geometrical light
trapping and dielectric antireflection modification.
The inverted pyramidal geometry increases
opportunities for repeated optical interactions,
while the SiO, layer can reduce the reflection
losses associated with individual interactions at the
coated interface. Consequently, a greater fraction of
the incident radiation may enter the silicon absorber.
However, the effectiveness of the dielectric coating
remains wavelength dependent because its optical
behavior is influenced by refractive index,
thickness, and the phase relationships of reflected
waves. The combined response therefore cannot be
attributed exclusively to either pyramid geometry or
dielectric modification.

From a photovoltaic perspective, reduced
surface reflection increases the fraction of incident
radiation potentially available for photogeneration.
Nevertheless, enhanced optical absorptance does
not necessarily produce an equivalent increase in
electrical conversion efficiency, since carrier
generation, recombination, and collection processes
also influence device performance. The present
numerical findings should therefore be interpreted
primarily as evidence of improved optical light
management rather than direct confirmation of
enhanced photovoltaic conversion efficiency.

Overall, the calculated results demonstrate that
effective optimization of pyramidal crystalline
silicon surfaces requires coordinated control of
inclination angle, texture height, and dielectric
coating. The angular response approaches
saturation at approximately 70°-75°, while the
height-dependent response exhibits diminishing
improvement beyond approximately 3.4 um. The
favorable spectral behavior obtained for the SiO, -
coated inverted-pyramidal structure at 73.12°
further supports the importance of combining
geometrical and dielectric approaches. These
findings provide a physical basis for selecting
textured surface configurations that suppress optical
reflection and enhance light absorption without
unnecessarily increasing structural dimensions..

CONCLUSION

This study presents a comparative numerical
analysis of the optical behavior of crystalline silicon
surfaces incorporating upright and inverted
pyramidal textures, with particular emphasis on the
influence of geometrical parameters and SiO,
antireflection modification. The results demonstrate

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 3. 2026



Physics

that pyramid inclination angle and height
substantially affect the redistribution of incident
radiation, thereby influencing surface reflectance
and optical absorption. Increasing the pyramid base
angle from 25° to 85° generally improves the
calculated optical response by promoting multiple
reflections between adjacent facets and increasing
opportunities for light absorption within the silicon
absorber. However, the enhancement becomes
progressively less pronounced at larger angles,
approaching a  near-saturation region  of
approximately 70°-75°. A similar nonlinear
dependence is observed for pyramid height, where
the optical response increases initially but
approaches its maximum calculated region at
approximately 3.4 um. Further increases in texture
height provide only limited improvement,
indicating that excessive geometrical dimensions
are not essential for effective light trapping under
the investigated conditions.

The comparison of textured configurations
further indicates that combining inverted pyramidal
geometry with an SiO, antireflection coating offers
favorable optical characteristics. Among the
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Inertsion dinamikali ko‘p quvuvchi va birinchi tartibli qochuvchi
o‘rtasidagi geometrik cheklovli quvish differensial o‘yinida yetarli
tutish shartlari

Eshondedayev Faxriddin Jaxongir o‘g’li
University of Business and Science, Namangan, Uzbekistan.

Annotatsiya: Mazkur ishda N ta inertsion quvuvchi va bitta birinchi tartibli gochuvchi ishtirok
etadigan quvish-qochish differensial o'yini tadqiq etiladi. O‘yinchilarning boshqaruvlariga geometrik
cheklovlar go‘yilgan, quvuvchilarning tezlanishi va tezligi, qochuvchining tezligi chegaralangan.
Quvuvchilarning magsadi gochuvchini eng gisga vaqtda tutish, gochuvchiniki esa tutish vaqtini imkon gadar
uzaytirishdan iborat.

Ishda quvuvchilarning maksimal tezligi gochuvchinikidan katta bo‘lganda tutishning yakunlanishi
uchun yetarli shartlar isbotlanadi. Quvuvchilar uchun konstruktiv yopiq ko‘rinishdagi strategiyalar quriladi
va tutish vaqtining aniq yuqgori bahosi olinadi. Natijalar lemma va teoremalar shaklida qat’iy isbotlangan.
Olingan natijalar klassik sodda harakatli o'yinlar nazariyasi bilan inertsion dinamikani birlashtirgan holda
yangi hisoblanadi.

Kalit so‘zlar: differensial o‘yin, quvish-qochish masalasi, inertsion dinamika, sodda harakat,
geometrik cheklovlar, yetarli tutish shartlari, konstruktiv strategiya, tutish vagti bahosi.

AHHoTauua: B pabote uccneagyetca audpdepeHumanbHaa wurpa npecrneoBaHus-yberaHma c
yyactneM N MHepLMOHHbLIX NpecriegoBaTener n ogHoro yoeratollero nepBoro nopsigka. Ha ynpaenexus
WUrpOKOB HaKNagblBalTCA rEeOMETPUYECKUE OrpaHuWYeHnsi, npuv 3TOM YCKOPEHME U  CKOPOCTb
npecnegoBaTenen, a Takke CKOPOCTb yoeratoLero orpaHuyeHsl. Lienbs npecnegosaTtener cocTouT B TOM,
4yTOObl 3axBaTUTb yOerawLero 3a MUHMManbHO BO3MOXHOE BpeMsi, Torga Kak Lenbko yberatoulero
ABMNAETCA MakCcMmarnbHOe yBENMYEHNE BPEMEHM 3axBaTa.

YcTaHaBNMBaKTCA [OCTaTOYHbIE YCMOBUS 3aBEepLUEeHWst MpecrnefoBaHust Mpu yCroBuM, 4YTO
MaKcuMMaribHasi CKOpOCTb MpecrnefoBaTenen npesbillaeT MaKCUMarbHYl CKOpoCTb yberawoulero. Ons
npecnegoBaTtenen CTPOATCA KOHCTPYKTMBHbIE CTpaTerMm B sSiBHOM 3aMKHYTOM BUAE, @ Takke Nnofy4veHa
TOYHas BEPXHSIA OLlEeHKa BpeMeHU 3axBaTa. [lonyyeHHble pedynbTaThl CTPOro foka3aHbl B OpMe NeMM 1
TeopeMm. HoBM3Ha nonyyYeHHbIX pe3ynbTaToB 3akni4vaeTcs B OObEAUHEHWM KIAcCUYEeCKoW Teopun
AvddepeHLmanbHbIX Urp NpecnefoBaHns-yberaHust ¢ NpocTbiM OBUXKEHUEM U MHEPLIMOHHOW OUHAMUKMN.

KnroueBble cnoBa: gnddepeHunanbHasa urpa, 3aagava npecnefoBaHus-yoeranusi, "HepLUMOHHas
AVMHaMuKa, NpoCToe [BWXEHUE, TeOMETPUYECKME OrpaHWYeHUsi, [OCTaTOuHble YCMOBUS 3axBaTta,
KOHCTPYKTMBHAs CTpaTerusl, oLeHka BpeMeHM 3axBarta.

Abstract: This paper investigates a pursuit-evasion differential game involving N inertial pursuers
and one first-order evader. Geometric constraints are imposed on the players’ controls, while the
acceleration and velocity of the pursuers and the velocity of the evader are bounded. The objective of the
pursuers is to capture the evader in the shortest possible time, whereas the evader aims to maximize the
capture time.

Sufficient conditions for the termination of the pursuit are established when the maximum speed of
the pursuers exceeds that of the evader. Constructive strategies for the pursuers are developed in an
explicit closed form, and an exact upper bound for the capture time is obtained. The results are rigorously
proved in the form of lemmas and theorems. The results obtained are novel in that they combine classical
simple-motion pursuit-evasion game theory with inertial dynamics.

Keywords: differential game, pursuit-evasion problem, inertial dynamics, simple motion, geometric
constraints, sufficient capture conditions, constructive strategy, capture time bound.
robototexnika, aviatsiya, harbiy texnika,
uchuvchisiz apparatlar va avtonom transport
tizimlarida keng qo‘llaniladi.

Sodda harakatli o‘yinchilar uchun
quvish-qochish masalalari nisbatan yaxshi
o‘rganilgan. Bu holda o‘yinchilar tezligining
miqdori doimiy, yo‘nalishi esa ixtiyoriy

I.Kirish

Differensial o‘yinlar nazariyasi XX
asrning o‘rtalaridan boshlab intensiv rivojlanib
kelmogda. Bu sohada R. Isaacs, L.S.
Pontryagin, N.N. Krasovskiy, A.l. Subbotin,
B.N. Pshenichnyi, L.A. Petrosyan va boshga

olimlarning fundamental ishlari muhim o‘rin
tutadi.  Quvish-gochish  (pursuit-evasion)
masalalari differensial o‘yinlarning eng klassik,
matematik jihatdan qizigarli va amaliy
ahamiyatga ega bo‘lgan sinflaridan biridir. Ular

o‘zgarishi mumkin deb hisoblanadi. Bunday
o‘yinlar uchun Apollonius doirasi, parallel
yondashuv strategiyasi, dominant regionlar
usuli, Voronoy diagrammalari kabi samarali
vositalar ishlab chigilgan. Pshenichnyi 1976
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ko‘p quvuvchi va bitta qochuvchi uchun sodda
harakatli o‘yinda tutish shartlarini bergan.
Keyinchalik bu natijalar turli yo‘nalishlarda
rivojlantirilgan.

Inertsion dinamikaga ega o‘yinchilar
uchun vaziyat ancha murakkabrog. Bunda
tezlikning o‘zi boshqaruvga to‘g‘ridan-to‘g‘ri
bog‘liq bo‘lmay, tezlanish orqali o‘zgaradi.
Ibragimov, Salimi va boshga tadgiqotchilar
asosan integral cheklovlar ostida inertsion
o‘yinchilar ishtirokidagi o‘yinlarni
o‘rganganlar. Geometrik cheklovlar - tezlik va
tezlanishning nuqtali chegaralari - bilan ishlar
kamroq uchraydi. Aynigsa, aralash dinamika
(inertsion quvuvchilar + sodda harakatli
gochuvchi) va ko‘p o‘yinchi holati deyarli
ochiq golmoqda.

91

So‘nggi yillarda aralash dinamikali 7 </
o‘yinlar bo‘yicha ba’zi natijalar paydo bo‘ldi,
lekin N > 2 quvuvchi holati uchun to‘liq yetarli
shartlar va konstruktiv strategiyalar hali yetarli
darajada ishlab chigilmagan. Ushbu magola
aynan shu bo‘shliqni to‘ldirishga
bag‘ishlangan.

Ishning asosiy magsadi - N ta inertsion
quvuvchi va bitta birinchi tartibli gqochuvchi

o‘rtasidagi  geometrik  cheklovli  quvish
differensial  o‘yinida  tutishning  yetarli
shartlarini  topish, konstruktiv strategiyalar

qurish va tutish vaqgtining yuqori bahosini
olishdir. Natijalar lemma va teoremalar
shaklida gat’iy isbotlanadi.

I1. Masalaning qo‘yilishi va asosiy tushunchalar

R? fazoda da N ta quvuvchi Py, Py, ..,
O‘yinchilarning dinamikasi quyidagicha beriladi.

P va bitta gochuvchi E harakatlanadi.

Quvuvchilar dinamikasi
Har bir quvuvchi P; (i = 1, ..., N) inertsion dinamikaga ega, ya’ni uning harakati quyidagi

%(t) = vi(t),

vi(t) = ui(t),
bu yerda x(t) € R*> — quvuvchining holati, v(t) € R> — tezligi, u(t) € R*> — boshqgaruvi
(tezlanishi). Boshgaruvga quyidagi geometrik cheklovlar qo‘yilgan:

tizim bilan tavsiflanadi:

lug®)l < a,

i@ <V: (deyarli hamma t > 0 uchun),

bu yerda a; > 0 — maksimal tezlanish, V; > 0 — maksimal ruxsat etilgan tezlik. Tezlik cheklovi

hard constraint sifatida tushuniladi: agar Ivil = V; ga yetgan bo‘lsa, unda tezlanish vektori tezlikka

perpendikulyar bo‘lishi yoki tezlikni kamaytirishi mumkin, lekin Iv;] ¥; dan oshmaydi.
Qochuvchi E sodda harakatli (birinchi tartibli) dinamikaga ega:

y(t) = w(),

w)l <o,

bu yerda y(t) € R* — gochuvchining holati, w(t) - uning boshgaruvi, ¢ > 0 - maksimal tezlik.
Qochuvchi tezligining yo‘nalishini istalgan vaqtda erkin o‘zgartira oladi. Bu model piyoda, engil
robot yoki yugori manevrli nishon uchun xarakterli hisoblanadi.

Boshlang‘ich shartlar quyidagicha beriladi:

x0)=x7, v(0)=v,?, y0)=vy?, i=1,

ey N.

Tutish sharti: agar biror t*>0vai € {1, ..., N} uchun

(%) — y*)I <€
tengsizligi bajarilsa, unda quvish yakunlangan deb hisoblanadi. Bu yerda ¢ > 0 - tutish radiusi.
Ushbu magolada asosan ¢ = 0 (nuqgtali tutish) holati ko‘rib chigiladi. Natijalar £ > 0 holatiga oson
umumlashtiriladi. Quvuvchilarning magsadi tutish vagtini minimallashtirish (yoki chekli vaqtda
tutishni kafolatlash), gochuvchiniki esa tutish vaqtini maksimallashtirish (yoki cheksiz vaqtga
gochish) dan iborat.
Quyidagi farazlarni gabul gilamiz:
1. Barcha quvuvchilar bir xil parametrlargaega:a,=a>0,V,=V>0 (i =1, ..., N).
2.V > o (quvuvchilarning maksimal tezligi gochuvchinikidan katta).
3. Boshlang‘ich tezliklar cheklovga bo‘ysunadi: Iv; °1 < V.
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Bu farazlar o‘yinni soddalashtiradi, lekin asosiy qiyinchiliklarni (inertsionlik va geometrik
cheklovlar) saglab qoladi. Keyingi ishlarda bu farazlar yumshatilishi mumkin.

Asosiy teoremalarni isbotlashdan oldin bir necha yordamchi ta’rif va lemmalarni
keltiramiz. Ular isbotlarni aniq va gisga gilishga yordam beradi.

1-ta’rif. Quvuvchi P; ning «tezlikni to‘g rilash vaqti» deb quyidagi kattalikni ataymiz:

T = (V_ Ilv,-oll)/a.
Bu vaqt ichida quvuvchi maksimal tezlanish bilan harakat qgilib, tezligini V ga yetkazishi mumkin
(agar yo‘nalish o‘zgarmasa).
1-lemma. Agar quvuvchi P; butun [0, 7] oralig‘ida
Ui(t) =a - () — xi(t) /Iy(t) — xi(t)l
strategiyasini qo‘llasa (yo‘nalish qochuvchi tomon), unda t = z; da Ivi(z;)l = V' bo‘ladi yoki undan
oldin tutish sodir bo‘ladi.

Isbot. Tezlikning o‘zgarish qonuni v; = U; ekanligidan, luil = a bo‘lgani uchun tezlik moduli
a tezligi bilan ortadi. Demak, Ivi(t)l < Ivi® | + a t. t = 1 da Ivil V ga yetadi. Agar shu vaqtgacha
masofa nolga teng bo‘lsa, tutish sodir bo‘ladi. Lemma isbotlandi.

2-lemma. Tezlik Ivil = V ga yetgandan so‘ng quvuvchi yo‘nalishni erkin o‘zgartira oladi
(sodda harakat rejimiga o‘tadi), chunki tezlanish cheklovi ichida yo‘nalishni o‘zgartirish mumkin.
Bu holda quvuvchi klassik sodda harakatli o‘yinchi sifatida harakatlanadi va uning maksimal
tezligi V ga teng.

Isbot. Ivil = V da, agar u; ni v; ga perpendikulyar tanlasak, tezlik moduli o‘zgarmaydi,
yo‘nalishi esa o‘zgaradi. Shuning uchun quvuvchi istalgan yo‘nalishda V tezlik bilan harakatlana
oladi. Lemma isbotlandi.

3-lemma (klassik natija). Agar bitta sodda harakatli quvuvchining tezligi V,
gochuvchiniki o vaV > ¢ bo‘lsa, unda istalgan boshlang‘ich holatdan quvish yakunlanadi va tutish
vaqti

T<Ix? —y°l/(V-o0)
dan oshmaydi. Optimal strategiya — parallel yondashuv (collision course) strategiyasidir. Bu
natija Isaacs va Pshenichnyi ishlaridan ma’lum.

1-teorema . Faraz qilaylik 1-3 shartlar bajarilsin. U holda quvuvchilarning shunday
konstruktiv strategiyalari mavjudki, ular qochuvchining istalgan ruxsat etilgan harakatiga qgarshi
o‘yinni chekli vaqtda yakunlaydi. Tutish vagtining yuqori bahosi quyidagicha:

T <max; ©. + max; Ixi(v;)) — y(w)l / (V — o).

Isbot. Har bir quvuvchi uchun ikki bosgichli strategiya quramiz.

Birinchi bosgich (0 <t < 7). Quvuvchi 1-lemmadagi strategiyani qo‘llaydi: maksimal tezlanish
bilan gochuvchi tomon harakatlanadi. Bu bosgichda tezlik V ga yetadi yoki tutish sodir bo‘ladi.
Agar tutish sodir bo‘lmasa, t = 7; da lvil =V bo‘ladi.

Ikkinchi bosqgich (¢ > ;). Endi quvuvchi 2-lemmaga ko‘ra sodda harakatli o“yinchi sifatida
harakatlanadi. 3-lemmaga asosan, V > ¢ bo‘lgani uchun bu bosqichda ham tutish kafolatlanadi va
qo‘shimcha vaqt max; Ix.(z) — y(z)l / (V — o) dan oshmaydi.

Shunday qilib, umumiy tutish vaqti chekli. Teorema isbotlandi.

2-teorema . Quvuvchilar quyidagi strategiyani qo‘llasin:

1) agar lvi(t)l < V' bo‘lsa, unda

U®) =a - z(t) /z)l. zi(t) = y(t) — xi(t);

2) agar lvi(t)l = V' bo‘lsa, unda tezlik vektori doimo zi(t) yo‘nalishida saqlansin proyeksiya

usuli yoki parallel yondashuv.
U holda tutish vaqti quyidagi bahodan oshmaydi:
T<maxi[(V—W’)a + (Ix.° —y°1+W°1%2a))/(V—0)].

Isbot. Birinchi bosqichda tezlik ortishi a tezligi bilan sodir bo‘ladi. Shu vaqt ichida
gochuvchi maksimal o tezlik bilan uzoglashishi mumkin. Tezlik V ga yetgunga gadar bosib
o‘tilgan masofa va qochuvchining siljishi hisobga olinadi. Ikkinchi bosqichda masofa
funksiyasining hosilasi
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d/dt Ixit) — y@) <—(V — o)
ekanligi parallel yondashuv strategiyasidan kelib chigadi. Integrallash orqgali kerakli baho olinadi.
Teorema isbotlandi.
1-natija. Agar barcha quvuvchilarning boshlang‘ich tezligi allagachon V ga teng bo‘lsa
(lv;°1 = ¥), unda 2-teoremadagi baho soddalashadi:
T <max;Ix;° —y°l/ (V- o).
Bu holda o‘yin darhol klassik sodda harakatli o‘yinga aylanadi va inertsionlik sezilmaydi.
2-natija. Agar N > 3 va boshlang‘ich holatda qochuvchi quvuvchilarning konveks qobiq‘i
ichida joylashgan bo‘lsa, unda hatto V = ¢ holatida ham (muayyan shartlar ostida) quvish
mumkinligi klassik natijalardan ma’lum. Lekin inertsionlik tufayli bu holda qo‘shimcha tadqiqot
talab etiladi va ushbu maqolada batafsil ko‘rib chigilmaydi.

Olingan teoremalar ko‘rsatadiki, inertsionlik (tezlanish cheklovi) tutishni rad etmaydi,
balki fagat qo‘shimcha vagqt talab giladi. Bu vaqt tezlikni to‘g‘rilash uchun ketadigan z; ga bog‘liq.
Agar boshlang‘ich tezliklar allagachon maksimal bo‘lsa, inertsionlik deyarli sezilmaydi va o‘yin
klassik sodda harakatli o‘yinga aylanadi.

Strategiyalar konstruktiv ekanligi muhim ahamiyatga ega: ular real vagtda hisoblanishi va
amaliyotda qo‘llanilishi mumkin. Bu robototexnika, uchuvchisiz uchish apparatlari, avtonom yer
usti transporti va boshqa tizimlarda qo‘llanilishi mumkin. Masalan, bir necha avtonom robotlar
(inertsion dinamikaga ega) bitta yugori manevrli nishonni (sodda harakatli) tutish vazifasini
bajarishi mumkin.

Ishning asosiy cheklovlari — barcha quvuvchilarning bir xil parametrlarga ega ekanligi va
V > ¢ sharti. Turli parametrli (heterogen) quvuvchilar, 7 < ¢ holati, to‘siqli muhit, manifoldlar va
gisman axborotli o‘yinlar keyingi tadqiqotlar uchun ochig golmogda. Shuningdek, giymat
funksiyasining to‘liq tavsifi (barrier surfaces, singular surfaces) hali olinmagan.

Ta’kidlash joizki, ushbu ishda olingan natijalar integral cheklovli inertsion o“yinlardan farq
giladi, chunki geometrik cheklovlar real jismoniy tizimlarga yaqinroqdir. Bu esa natijalarning
amaliy ahamiyatini oshiradi.

I11.Xulosa

Ushbu maqolada N ta inertsion quvuvchi va bitta birinchi tartibli qochuvchi ishtirokidagi
geometrik cheklovli quvish-qochish differensial o“yini o‘rganildi. Asosiy natija sifatida tutishning
yetarli shartlari isbotlandi, konstruktiv strategiyalar qurildi va tutish vaqgtining aniq yugori bahosi
olindi.

Natijalar klassik sodda harakatli o‘yinlar nazariyasini inertsion dinamika bilan
birlashtirgan holda yangi hisoblanadi.
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Inersion harakatli differensial o‘yinda tutish masalasini yechish

Xorilov Maxmud Abdumalikovich
Namangan state university

Annotatsiya. Ushbu maqolada o'yinchilarning harakatlari tezlanishli bo‘lgan differensial
o'yinlarda quvish masalasi tadqiq etiladi. Masalani yechishda oyinchilarning harakat tenglamalari
tezlanish vektorlari orgali boshgarilishi inobatga olingan. Quvlovchi uchun gochuvchini chekli vaqt
ichida tutib olishni ta’minlaydigan parallel quvish strategiyasi quriladi. O‘yinchilarning boshlang‘ich
holatlariga bog‘lig holda tutish masalasining kafolatlangan yangi yetarli shartlari aniglangan hamda
tahlil gilingan. Olingan natijalar inersiyali harakatlanuvchi boshgariladigan ob’ektlari va dinamik o‘yinlar
amaliyotida qo‘llanilishi mumekin.

Kalit so‘zlar. Differensial o‘yin, inersion harakat, quvish masalasi, tutish sharti, strategiya.

AHHOTauuA. B gaHHOW cTaTbe UccrneayeTcs 3afgada npecrnenoBaHus B guddepeHumanbHbIX
Urpax C YCKOPEHHbIM OBWXEeHMeM WUrpokoB. [pn pelueHun 3agayn yuuTbiBaeTCs, YTO YpaBHEHMUS
OBWXEHUS UTPOKOB YNPaBnsAlTCA BEKTOpaMu yCKopeHus. [ins npecnegosaTens CTpouTcsa cTparerus
napannensHoro npecnegoBaHus, obecneynBaroLLlas NouMKy yberarowlero 3a KoHevyHoe Bpems. B
3aBMCMMOCTU OT HauvarbHbIX MOSIOXEHWN WUIPOKOB ONpederieHbl M npoaHanuavpoBaHbl HOBblE
AOCTaTOYHbIE YCMOBWUS FapaHTUPOBAHHONO pelleHust 3agadvm novMKW. [lonyyeHHble pesynbTathbl
MOTyT ObITb MPUMEHEHbI B NPaKTUKe OUHAMUYECKUX UMP U ynpaBnseMblX 06bEeKTOB C MHEPLMNOHHBIM
ABWXEHMEM.

KnioueBble cnoBa. [udpdepeHunanbHas wrpa, WHEpUMOHHOE [ABWXKeHue, 3ajada
npecnegoBaHus, ycroBue NOMMKK, cTpaTervs.

Abstract. In this paper, the pursuit problem in differential games with accelerated movement
of players is investigated. In solving the problem, it is taken into account that the equations of motion
of the players are controlled by acceleration vectors. A parallel pursuit strategy is constructed for the
pursuer, ensuring the capture of the evader within a finite time. Depending on the initial positions of
the players, new sufficient conditions for the guaranteed solution of the capture problem are identified
and analyzed. The obtained results can be applied in the practice of controlled objects with inertial
movement and dynamic games.

Keywords. Differential game, inertial movement, pursuit problem, capture condition, strategy.

l. Kirish

Differensial o‘yinlar nazariyasida ziddiyatli vaziyatlarda o‘yinchilar tomonidan
boshqariladigan jarayonlarni tadqiq qilish, aynigsa o’yinchilarning boshqaruvlari va harakat
dinamikasi o’zgaruvchi bo’lgan holda chuqurroq o’rganish bugungi kunda muhim ahamiyat kasb
etmoqda. Differensial o‘yinlar sohasi birinchi navbatda geometrik, integral yoki aralash
chegaralanishlarni  boshgaruv ~ funksiyalariga  qo‘llaniladigan =~ muammolarga  qaratilgan.
A.A.Azamov[2], B.T.Samatov[4], [5], G.l.Ibragimov[3] va boshqalar tomonidan ko‘rilgan integral,
geometrik va aralash chegaralanishli differensial o‘yinlarda tutish va gochish masalalarini hal etishning
yangi usullari taklif qilingan va turli masalalar o’rganilgan.

Differensial o‘yinlarni o‘rganish dastlab amerikalik matematik R. Ayzeks tomonidan
boshlangan. Uning tadgiqotlari 1965-yilda monografiya [1] shaklida nashr etilgan bo‘lib, unda juda
ko‘p masalalar ko‘rilgan va bir nechta yechish kerak bo‘lgan muammolar ham keltirilgan. Differensial
o‘yinlar 1960-yildan buyon asosiy tadqiqot yo‘nalishlaridan biri bo‘lib kelmoqda va ularning
fundamental natijalari Pontryagin, Krasovskiy, Berkovits, Dar’in va Kurjanskiy, Elliot va Kalton,
Ayzeks, Fleming, Fridman, Xajek, Xo, Brayson va Baron, Petrosyan, Pshenichniy, Subbotin, Chikriy
va boshgalar tomonidan olingan.

Pontryagin va Krasovskiy tomonidan ishlab chiqilgan differensial o‘yinlar nazariyasidagi
fundamental yondashuvlarga asoslanib, differensial o‘yin quvlovchi yoki qochuvchi nuqtai nazaridan
boshqaruv masalasi sifatida qaraladi. Ushbu yondashuvga ko‘ra, o‘yin quvish (yaqinlashish) yoki
gochish (uzglashish) masalasiga keltiriladi. Quvish va gochish masalalarini yechishning asosiy usuli
o‘yinchilarning optimal strategiyalarini qurish va o‘yin qiymatini aniglashdan iborat.

Ushbu magqolada biz o‘yinchilarning inersion harakatlari uchun quvish masalasini o‘yinini
muhokama qilamiz. O‘yinchilarning boshqaruvlariga geometrik cheklovlar qo‘yiladi. Quvish
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masalasini yechish uchun quvlovchi uchun IT -strategiyani taklif etamiz, quvishning zaruriy va yetarli
sharti keltirib chigariladi va optimal quvish vagqti (kafolatlangan quvish vaqti) aniglanadi.

Il. Adabiyotlar tahlili

Differensial o‘yinlar nazariyasida turli masalalar ko‘plab tadqiqotchilar tomonidan asosan
oddiy harakatli dinamik tizimlar uchun keng o‘rganilgan. Biroq, amaliyotda ob'ektlarning harakati
inersiya bilan bog‘liq bo‘lgani sababli, boshqaruv tezlanish vektorlari orqali amalga oshiriladigan
holatlarni o‘rganish muhim ahamiyat kasb etadi. [5] ishda ushbu muammo o‘yinchilar tezlanish
vektorlari bilan harakatlanganda (inersial harakat) geometrik chegarlanishli holda masalalar har
tomonlama tadqiq etilgan. [6], [9] ishlarda boshgaruv funksiyalariga nostatsional chegaralanishlar
qo‘yilgan holda masalalar o’rganilgan. [7] ishda inersion harakatli differensial o‘yin tadqiq qilingan,
bunda o‘yinchilarning U va V boshgaruv parametrlariga o'zgarmas chegaralanishlar go'yilgan holda
masala to‘liq o‘rganilgan.

I11. Tadgigot metodologiyasi

Mazkur tadgiqotda inersial harakatli differensial o'yinda P quvuvchi va E qochuvchi
o'yinchilar o'rtasidagi tutish masalasi va uning yechilish shartlari o'rganildi. Differensial tenglamalar
sistemasi - o'yinchilarning inersial harakat dinamikasini ifodalovchi ikkinchi tartibli tenglamalar
integrallanib, X(t) va y(t) trayektoriyalarining analitik ko'rinishlari hosil gilindi.

Boshgaruv va strategiyalar - P quvlovchi o'yinchi uchun E gochuvchi o'yinchining V() joiz
boshqgaruviga mos keluvchi u(t,v(:)) strategiyasi qurildi.

Tutish shartini tahlil gilish - obyektlar orasidagi masofani ifodalovchi yordamchi A(t,v(-)) va
h(t) baholovchi funksiyalar kiritilib, ularning vaqt bo'yicha monotonlik xossalari tahlil gilindi.

Ildizning mavjudligi va yagonaligi - Bolsano-Koshi teoremasi hamda monotonlik tahliliga

tayanib, k£> kz shart bajarilganda h(T.) =0 va A(t",v(-)) =0 tengliklarni ta'minlovchi yagona
1 2
t" [0, T.] tutish vagti mavjudligi isbotlandi.

Metodologiya doirasida differensial o'yinlar nazariyasi, optimal boshgaruv hamda matematik
analiz vositalari uyg'unlashtirilib, inersial harakatli model uchun kafolatlangan tutish shartlari to'liq
ko'rsatib o'tildi.

IV. Natijalar va ularning tahlili

Faraz gilaylik R" fazoda P quvlovchi va E gochuvchi deb ataluvchi boshgariladigan
ob’yektlar berilgan bo‘lsin. P quvlovchining R" dagi holatini X, E gochuvchining holatini esa y
orgali belgilaymiz.

O‘yinchilarni harakatlanish dinamikasi mos ravishda quyidagi differensial tenglamalar va
boshlang‘ich shartlar orqali berilgan bo‘lsin:

P:X=u, x(0)=x, Xx(0)=x, (1)
E:y=v, y(O) =Y, yO0)=y, @
bu yerda X,Y,X,, Y, X, Y,,U,VER", n>2; x, va y, lar mos ravishda P (quvlovchi) va E
(qochuvchi) ob’yektlarning boshlang‘ich holatlari, X, va Y, lar esa ularning boshlang‘ich tezlik
vektorlaridir. Biz bu magolada X, # Y, va X, =Y, shartlar o‘rinli bo‘lgan holda garaymiz.
Bu yerda P (quvlovchi)ning boshgaruv parametri deyiladi va u vaqt bo‘yicha
u(-):[0,00) > R" o‘Ichovli funksiya. Ushbu vektor-funksiya quyidagi geometrik chegaralanishni
(gisgacha G -chegaralanish) ganoatlantirsin:
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|u(t)|< pe™ deyarli barcha t >0 lar uchun, ?3)
bu yerda p, k. -lar berilgan musbat parametrlar.

Xuddi shu kabi, Vv ni E (gochuvchi)ning boshqaruv parametri deyiladi va u ham vaqt bo‘yicha
V(-):[0,00) & R" o‘Ichovli funksiya. Ushbu vektor-funksiya quyidagi geometrik chegaralanishni
(gisgacha, G -chegaralanish) ganoatlantirsin:

|v(t) |< oe™ deyarli barchat >0 lar uchun, (4)
bu yerda o, K, - lar berilgan musbat parametrlar.

O'yinchilarning harakat dinamikasidan ma’lumki, boshgaruv parametrlari vaqtga bog'liq
bo'lgan tezlanish vektorlaridir. (3) va (4) shartlarni ganoatlantiruvchi barcha U va Vv boshgaruv
parametrlari to'plamini U va V' orqali belgilaymiz.

1-Ta'rif. (3) shartni ganoatlantiruvchi u(-) o'lchovli funksiyani U sinfidagi quvlovchining

joiz boshgaruvi deb ataymiz.
2-Ta'rif. (4) shartni ganoatlantiruvchi V(-) o'lchovli funksiyani V sinfidagi gochuvchining

joiz boshgaruvi deb ataymiz.

Bu yerda kiritilgan joiz boshgaruvlar sinfi juftligi (U,V) differensial o'yinni aniglaydi.

Har bir (X,,X,u(-)) va (Y,,Y,,V(-)) uchlik uchun (1) va (2) tenglamalar mos ravishda
quvlovchi va gochuvchining harakat trayektoriyalarini hosil giladi:

t t
X(t) =%, +xt+ [ (t—s)u(s)ds, y(t)=y,+Yt+] (t—sN(s)ds.

Quvish masalasini yechishda quvlovchi uchun fagat t ( t > 0) vaqgt parametriga bog'lig bo'lgan
boshgaruv funksiyalari yetarli emas va boshgaruvning ma’lum strategiyasi bo'lishi kerak. Bunday
muammolarni aniglashning bir nechta usullari mavjud. Quyida biz ba'zi tushunchalarni keltiramiz.

Avvalo, kelgusida murakkab hisoblashlarni soddalashtirish uchun quyidagi belgilashlarni
Kiritamiz:

z(O) =x()-y(®), z,=%-Y, 2(0)=x-V.

3-Ta'rif. Agar quyidagi shartlar bajarilsa, U:V —U akslantirish quvlovchining strategiyasi
deb ataladi:

1. Joizlilik. Har bir v(-) €V uchun gandaydir [0,T] vaqt oraligida u(-)=u(v(:))eU
tegishlilik bajariladi, bunda u(t) =u(v(t)),t >0 funksiya u(v(-)),veV strategiyasining amalga
oshishi (realizatsiyasi) deb ataladi.

2. Volterra xossasi. Agar har bir V,(-),V,(-) €V va t,t >0 uchun [0,T] oraliqda deyarli barcha
joyda v, (t) =V, (t) bo‘lsa, u holda [0,T] oraliqda deyarli barcha joyda u, (t) = u,(t) bo'ladi, bu yerda
u,()=u(,().i=12.

4-Ta'rif. Agar ixtiyoriy V(-) €V uchun Koshi masalasining z(t) yechimi

Z=u(z, V() -v(t), 2(0)=2z, 2(0)=0 )
quyidagicha ifodalanishi mumkin bo'lsa, U =u(z,,V) strategiya parallel quvish strategiyasi yoki IT
-strategiya deb ataladi:

() =z,A(t,v()), AOv()) =1
bu yerda A(t,v(-))-t,t >0 ning skalyar funksiyasidir. Odatda, bu funksiya quvish masalasida
yaginlashish funksiyasi deb ataladi.

5-Ta'rif. Quvish masalasida, agar har bir v(-) €V uchun:

(1) z(t") =0 tenglikni bajaruvchi shunday t” e[0,t'] vaqt mavjud bo'lsa;
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(2) [0,t7] vaqt oraligiida u(z,,v(-)) €U shart bajarilsa, u holda IT -strategiya[0,t'] vaqt

oralig'ida qochuvchini tutishni kafolatlaydi deyiladi. Bu yerda t'soni kafolatlangan quvish (tutish)
vaqti deb ataladi.

Demak quvish masalasini yechishda, (U,V) o'yinida quvlovchining IT -strategiyasini
quramiz va kafolatlangan tutish vaqtini topamiz.

Quvish masalasining yechimi.

Parametrli ko'plab matematik masalalarda yakuniy analitik natijalarning qgizigarli xossasi
ularning yechimda o'zgarmas deb garaladigan ushbu parametrlarga oshkor bog'ligligidir. Birog, ushbu
parametrlar ushbu masalalarning amalga oshish (yechimga ega bo'lish) shartlarini aniglashga yordam
berishi mumkin. Ushbu bo'limda biz (U,V) o'yinida quvish masalasi yechimga ega bo'lishining
zaruriy va yetarli shartlarini keltiramiz.

Agar quvlovchi va gochuvchi mos ravishda u(-)eU va Vv(-) €V joiz boshgaruvlarni

tanlasalar, u holda (5) tenglamadan quyidagi yechimni olamiz:
2(t) =z, + [, (t —s)(u(s) —v(s))ds.

Yugorida kiritilgan yangi belgilashlarga ko‘ra quvlovchining magsadi biror t,t” >0 vagtda
Z(t*) =0 tenglik bajarilishiga erishishdan iboratdir. Qochuvchining magsadi esa barcha t >0 uchun
Z(t) # 0 munosabatni saglab golishdir.

Quvish masalasini yechish uchun, joriy t vaqtda quvlovchiga X,,Y,,X,Y, boshlang'ich
parametrlar, p, k, o, k, o'zgarmaslar, joriy t vaqt va gochuvchining v(t) boshgaruv giymati
ma'lum deb faraz gilamiz.

6-Ta'rif. Agar s > z, L2 < g shartlardan biri bajarilsa, u holda (U,V) o'yinida quyidagi
kl k2 kl k2
U(ZO,V) :V_A(ZO’V)go (6)
funksiyani quvlovchining parallel quvish strategiyasi (gisqacha, I1 -strategiyasi) deb ataymiz, bu yerda
AMzZy V) =V E) +(V, E) + pPe ™~ | v [ )

bunda & =12,/|z,|, (v,&,)-R" dagi v va & vektorlarining skalyar ko'paytmasidir. A(z,,V)
funksiya odatda hal giluvchi funksiya ham deb ataladi.

Faraz gilaylik, E o'yinchi biror V(-) €V joiz boshgaruvni tanlasin va P o'yinchi u(t,v(-))
strategiyani go'llasin. U holda (1) va (2) ga ko'ra, biz P (quvlovchi) va E (qochuvchi) larning
trayektoriyalarini hosil gilamiz:

X(t) =X, +xt+ [ ¢ =z, v@)dz, yt) =y, +yt+ [ (t—r)v(r)dz. ®)
P o'yinchining magsadi E ni tutib olishdan iborat (quvish o'yini), ya'ni biror t, >0 da X(t.) = y(t.)
tenglikka erishishdir. E o'yinchining magsadi esa aksincha, ya'ni har bir t >0 uchun X(t) = y(t)

munosabatni ta'minlash (gqochish o'yini), agar buni amalga oshirishning iloji bo'Imasa, P bilan
uchrashuv vagtini imkon gadar ko'proq orgaga surishdir.

Endi biz (6) strategiya va (7) hal giluvchi funksiya uchun ba'zi muhim xossalarni ko'rsatib
o'tamiz.

1-Lemma. (6) strategiya barcha V() €V uchun aniglangan va uzluksizdir hamda quvish o'yini
davomida | u(z,,V) |= pe™" tenglik bajariladi.

Isboti. (6) strategiyadau(z,,V) vektorining normasi kvadratini yozib olamiz:

[u(zy V) F=(v =25V =25) VI 24, &) + 271 & 1
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| &, [=1 ekanligini e'tiborga olsak
lu(z, V)P V[ =244V, &) + A%
(7) tenglikdagi hal giluvchi funksiya tenglamasidan quyidagiga ega bo'lamiz
A=(V,&) =(v,&)* + pe M=V
Oxirgi tenglikning ikkala tarafini kvadratga oshiramiz
(A=(V.&)) =(v.&) + pe ™ ~|v[=
A2 =22V, EN+|V = p’e ™.
Oxirgi tenglikning chap gismi | u(z,,V) |* ga teng bo'lgani uchun
|u(z,,v) = pe™" = u(z,,v) |= pe™ lemma isbotlandi.
2-Lemma. (7) hal giluvchi funksiya barcha v(-) €V uchun aniglangan, uzluksiz va manfiy
emasdir, hamda quyidagi baholash o‘rinlidir
et —oe ™ < A(z,,v) < pe "t + o,
Isboti. Koshi-Bunyakovskiy tengsizligiga ko'ra |{v,&) [V |& |, | & |=1 ekanligidan
(V,.§0>2 <|v |2 kelib chigadi. (7) tenglikdagi hal giluvchi funksiyada ildiz ostidagi ifodani quyidagicha
yozib olamiz

kgt

(V,&)* + p'e ™ —|v['=p’e™ — (V[ ~v,&)").
Masala shartiga ko'ra |V(t)[<ce™ hamda 1) p>o va k <k,;yoki 2) p<o va k =Kk,
shartlardan biri bajarilganda
|V|2 —<V,§0>2 £| V|ZS UZe—Zkzt S pZe—Zklt.
Demak, ildiz ostidagi ifoda har doim manfiy emas, ya'ni A(z,,Vv) funksiya barcha v(-) €V uchun

aniglangan va uzluksizdir.
(7) dagi hal giluvchi funksiyani quyidagi ko'rinishda yozib olamiz:

Az V) =V, &)+ p’e ™ = (VF ~v,&)7).
A(z,,v) funksiyani yuqoridan baholaymiz. |V[* —(v,&)*>0 hamda (v,&)<vI|<oe™
shartlardan

AMz,,V)<oe ™+ pe = pe + oe ™.

A(z,,V) funksiyani quyidan baholaymiz. Buning uchun masalan, {(v,& ) =X va p’e ?‘—|v[’'= A
deb belgilashlarni kiritsak, u holda A(z,,V) funksiyani A(X) =X ++/X* + A ko‘rinishidagi funksiya
deb qarash mumkin, bunda A >0 chunki |V(t) |< oe™ va yuqoridagi 6-ta'rifdagi shartlarga ko‘ra.
A(X) funksiya o‘suvchi, demak A(z,,V) funksiyani yugoridagi mulohazalardan bevosita quyidagi
baholashni olamiz
A(z,,v) = pe ™ —ge™,
Demak, pe ' — o€ < A(z,,v) < pe
o
7-Ta'rif. Agar P > k_ , P

1

+ o€ ™ baholash o‘rinli. Lemma isbotlandi.

o L
< — shartlardan biri bajarilsa, u holda
2 1 2

AV()) =1 |Zi [ (t=9)A(z,,v(s))ds

skalyar funksiya (U,V) o'yinidagi o'yinchilarning yaginlashish funksiyasi deb ataymiz.
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1-Tasdiq. Faraz gilaylik £ > g va

1 2
P kgt o
Alt)=1- kt—1+e ™)+
|Zolk12( ) |Z,|k;
bo‘lIsin, bu yerda p > 0,0 > 0,k > 0,k, > 0. U holda A(t) =0 tenglama yagona musbat ildizga ega

(kt-1+e™), t=0

va bu ildiz T "orqgali belgilanadi.

1-Teorema. Agar (1)-(4) differensial o‘yinda L > hl tengsizlik o‘rinli bo‘lsa. U holda (6)
1 2
strategiya yordamida [O,T*] oraligda tutish masalasi yechiladi.
Isboti. Faraz gilaylik, E o'yinchi ixtiyoriy V() €V boshqgaruvni tanlasin va P o'yinchi (6)
strategiyani go'llasin. U holda (8) va z(t) = x(t) — y(t) yordamida quyidagiga ega bo'lamiz:
t
2(t) = 2, — |, (t = )A(Z,,V(8))&,d7 = AL, V() 2,
buyerda A(t,Vv()) :1—ﬁﬁ (t—7)A(z,,v(s))dz. Endi A(t,v(-)) ning t bo'yicha tahlil gilamiz.
ZO
A(z,,Vv(8)) ning ko'rinishiga ko'ra
1 —=
A(t,v() =1—mj0 (t- S)[\/(V(S), ENV + ple e —|v(s) | + (v(s),;fo)}ds
0
tenglikni hosil gilamiz. Bu yerda r ={v(t),&,) bo'lgandagi 7(t,r) :\/r2 + ple = V()| +r

funksiya I' bo'yicha monoton o'suvchidir. Shuning uchun, {Vv(t),&,) >—|Vv(t)| munosabatga ko'ra,
biz

A(tLv()) <1— |Zi [{t=9)[ pe = |v(s)[]ds

tengsizlikka ega bo‘lamiz va oxirgi tengsizlikni yugoridan baholab bevosita A(t,V(:)) < A(t)
tengsizlikni hosil gilamiz, bu yerda A(t) funksiya 1-Tasdiqda berilgan funksiya. 1-Tasdiqga
asoslanib, A(T") =0 shartni ganoatlantiradigan chekli T" vaqgt mavjudligi ma'lum. Natijada, biror
t" €[0,T"] uchun A(t",v(-)) =0 tenglik o'rinli deb ayta olamiz. Shunday gilib, z(t) = A(t,v(-))z,
gakora z(t") =0, ya'ni X(t") = y(t") tenglikni hosil gilamiz, bu esa 1-Teorema isbotini yakunlaydi.
V. Xulosa

Ushbu magolada inersial harakatli differensial o'yinda tutish masalasi tadqiq gilingan bo'lib,
unda P quvlovchi uchun parallel quvish strategiyasi qurilgan va E qochuvchini tutish shartlari
o'rganildi. Dastavval harakat tenglamalarining integral ko'rinishidagi yechimlari hosil qilinib,
obyektlar orasidagi masofani ifodalovchi yordamchi A(t,v(-)) funksiyasining analitik ko'rinishi

qurildi. Ushbu funksiyaning vaqt bo'yicha monotonlik xossalari tahlil gilinib, h(t) baholovchi

funksiya yordamida o'yindagi tutish sharti tadqgiq etildi. Natijada, parametrlar orasidagi £>%
1

munosabat bajarilganda, chekli t” €[0,T.] vaqt oraligida X(t")=y(t") tenglikni taminlovchi

kafolatlangan yagona tutish vaqgti mavjudligi va tutish masalasining to'liq yechilishi isbotlandi.

2
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Abstract: A Dirichlet-type problem is studied for a high-order odd equation with a discontinuous
coefficient. Existence and uniqueness theorems are proved. A uniqueness criterion is obtained. The problem
of "small denominators" arises during the study, and the "rate" of their approach to zero for certain values of
the given problem parameters is determined.
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I. INTRODUCTION

Boundary value problems for partial differential equations with discontinuous coefficients
constitute an important area of modern mathematical analysis. Such equations arise naturally in the
mathematical modelling of physical processes occurring in inhomogeneous media, where the
physical properties of the medium, including density, viscosity, or other characteristics, may change
abruptly across an interface. In particular, differential equations of odd order play a significant role
in the study of wave propagation, hydrodynamic processes, filtration theory, and other applied
problems [1-5].

A well-known example of an odd-order equation is the Korteweg—de Vries equation, which
plays an important role in the theory of nonlinear waves and hydrodynamic phenomena [1,2].
Another important example is the viscous transonic equation describing axisymmetric transonic
flows of a viscous gas. The theoretical investigation of such equations and their linearized forms
has demonstrated the importance of studying boundary value problems for equations whose
coefficients may possess discontinuities [3-5].

Boundary value problems for odd-order differential equations with smooth and continuous
coefficients have been extensively investigated in the literature [6-11]. In addition, considerable
attention has been devoted to degenerate higher-order equations [12] and to equations with
discontinuous coefficients [13-17]. However, boundary value problems for high-order odd
equations containing discontinuous coefficients require special analysis because the discontinuity
changes the structure of the corresponding ordinary differential equations obtained after applying
the method of separation of variables.

In the present study, a Dirichlet-type boundary value problem is considered for a high-order
odd equation with a discontinuous coefficient in a rectangular domain. The discontinuity of the
coefficient leads to different characteristic equations in the corresponding subdomains. Therefore,
the construction of a solution requires the establishment of appropriate conjugation conditions at the
line of discontinuity and the derivation of a unified system of algebraic equations for the unknown
coefficients.

An important aspect of the problem is the investigation of the uniqueness and existence of its regular
solution. By representing the solution as a Fourier series in the eigenfunctions of an appropriate one-
dimensional problem, the original boundary value problem is reduced to a family of ordinary
differential equations. The solvability of the resulting algebraic systems depends on the non-
vanishing of their fundamental determinants. This, in turn, leads to a uniqueness criterion for the
considered boundary value problem.

Il. LITERATURE REVIEW

Boundary value problems for odd-order differential equations have been extensively studied
because of their important theoretical and practical applications. The theory of nonlinear waves and
integrable systems related to higher-order equations was developed in [1,2]. Problems arising in
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transonic and hydrodynamic flows were investigated in [3-5]. Boundary value problems for third-
order equations with multiple characteristics were studied in [6,7]. Degenerate high-order and high-
odd-order equations were investigated in [8,12]. Other important results concerning the solvability
of odd-order boundary value problems were obtained in [9-11]. Equations with discontinuous
coefficients have also received considerable attention in [13—-17]. In particular, the discontinuity of
coefficients significantly affects the structure of characteristic equations and the corresponding
solution methods. However, Dirichlet-type problems for high-order odd equations with
discontinuous coefficients remain insufficiently investigated. Therefore, the present study focuses
on establishing uniqueness and solvability conditions and overcoming the small-denominator
problem.

1. Problem Statement and Introduction. In the domain
Q={(x,y):—a<x<a,0<y<1}, aeR, consider the following problem.

Problem D. Find the function
u(x ) €Cy QN fx=0}) N Cl (@),

where Cx‘ff (Q2) denotes the class of functions continuous in € together with all partial derivatives

4n-1
of the form 0""°u/ Ox"dy® for r < p, S <(; such that the derivative pVI= has finite one-sided
limits as X — 20 for each Yy €(0,1), and the following conditionsare satisfied
o u +sgn(x)(-1)" ou =0, x=0;
axﬂ.n—l ayZm
o'u(a, o'u(—a, :
ﬁw,-(y), Mm,u,.(y), J=01...,2n-2;
OX OX
Jo"uay) _ o u(-ay). @
ox™" oxrt
o'u(+0,y) _0 u(-0,y)  S—0L.. 4n_2:
oX’ oX’
cux0) _oukY g t_o1..,m-1,
[ Oy oy

where n,me N, ged(4n—1,2m) =1; ¢;(y),y;(y) are given continuous functions.
A note on the role of the condition gcd(4n—1,2m) =1.This condition guarantees that

the number is an irreducible fraction. This is essential when calculating the (4n—21)-th

4dn-1
roots of (7zk)*™: when gcd(4n—1,2m) =1, the characteristic exponent z = (7k)>™“"™

cannot be represented as a rational factor of 7K, which ensures the pairwise distinctness of the
roots of the characteristic equation and, consequently, the non-degeneracy of the system.
Odd-order equations with discontinuous coefficients are of considerable interest from both
theoretical and applied perspectives. They arise in the mathematical modeling of wave processes in
inhomogeneous media, in problems of filtration theory, and in hydrodynamics when describing
flows with discontinuous physical characteristics (density, viscosity). Odd-order equations have
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numerous applications in applied problems. For example, the Korteweg—de Vries equation is a third-
order nonlinear partial differential equation that plays an important role in the theory of nonlinear
waves, primarily of hydrodynamic origin [1,2]. The equation has the form:
u, (x,t) +6uu, +u,, =0.
Another classic example is the viscous transonic equation (VT-equation), which describes
axisymmetric transonic flows of a viscous gas. The general theory of short waves and its relationship

to transonic flows is developed in [3].
The asymptotic picture of the sonic flow of a viscous heat-conducting gas around bodies of

revolution was studied in [4]. The VT equation for the perturbed potential function ¢(X, y) has the
form [5]:

14
CDXXX(X, y) + (Dyy - ;(Dy = Oy Py

The linearized VT equation coincides (for v = 0) with ¢, +@,, =0, aspecial case of the

equation of Problem D for X > 0. The Green's function of the linearized VT equation was studied
in [5].

Regarding theoretical studies of boundary value problems for odd-order equations, it should
be noted that equations with smooth and continuous coefficients have been studied primarily, for
example [6]-[11]. Degenerate equations have also been investigated, for example [12]. Boundary
value problems for third-order equations with discontinuous coefficients of the first derivative were
studied in [13]-[15] and elsewhere. Even-order equations with discontinuous coefficients were
studied, for example, in [16],[17]. The present paper is devoted to the study of a boundary value
problem with a discontinuous coefficient of the derivative with respectto Y .

A criterion for the uniqueness of the solution is proved in this paper. The solution is constructed as
a series in eigenfunctions of a one-dimensional problem. The study raises the classical problem of
"small denominators,” which is successfully overcome.

2. Main Part. We will formally seek a solution to Problem D in the form

u(x,y) =ixk(x)sin 7rky. )
k=1

The system of functions {Sin Ky}, , is orthogonal and complete in L,(0,1); the conditions on
y from (1) are satisfied for each term. Formal substitution of series (2) into equation (1) and use of

orthogonality lead to the following boundary value problem for X, (X) :
XD (x) + (7k)*™ X, (X) =0, 0<x<a;
XD (x) = (k)" X, (x) =0, —a<x<0;
XP@=p,, X (-a)=y,, j=01...2n-2; ?)
X (a) = X" (-a);
Xés) (+0) = les)(—O), s=0,1...,4n-2,
where the Fourier coefficients of the boundary data are equal to
oy =2[ p,(y)sinakydy, v, =2[ ,(y)sinzkydy, j=01...2n-2k=12,...

The validity of the substitution and the uniform convergence of series (2) after finding X, are
established in Theorems 3 and 4.
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General solution for X > 0. The characteristic equation 2*"™ + (7k)*™ =0 has exactly
4n—1 roots. We denote g =(7k)*™“"™ >0. Then the roots are A=z,€", where

e "’ =_1=¢", whence
2s+1
0, = 7, $=01,...,4n-2.
4n-1
For s=2n-1, we have 6, , = x , thatis, 4,, , =—g — the only real root (it is negative). We

2s+D)x
4n-1

;for s=0,...,n=1,wehave 6, €(0,7/2),s0 ¢, >0;for s=n,...,2n -2 we have

6. e(rl2r),s0 a, <0.

General solution for X >0:
2n-2

denote o, =C0s6,, B, =sing, for s=0,...,2n—2 For S in this range, ¢z, = COS

X (X)= z i (ci COS 14, B X +C2sin ,Bsx) +C,, & % (4)
s=0
Let's show that
2n-2
| 1) e (ctcos(u Bx+ j6.) +C?sin(u Bx+ j6,)) +
X () = | 57 : )
+(=1)'cype ™
We have
2n-2 L )
oX : — L X
XI: (X) = Z :‘uka(s,eﬂk (Cs Cos :ukﬂsx + Cs sin :uklgsx) + (_:uk )CZn—le 8 +
s=0
2n-2 - )
+ > e (= B.CeSIN o B X+ 4 B.CE COS 1 fX) =
s=0
£ 1 1 2 2
4 O X - .
= /uke!k (Csas COSﬂkﬁSX_ﬂSCS Sln/ukﬁsx-i_ascs Sln/ukﬂsx_‘_ﬁscs COS/ukﬂsX) +
s=0
"‘(_,Uk )Czn—leiﬂkx =
2n-2

= Z 7 (Ci COS(,UkIBsX + 05) + Csz sin (ﬂkﬁsx +0, )) + (_:uk )Czn—le_ﬂkxi
s=0
Differentiating | once representation (4), we obtain formula (5).

Let's introduce the following notation:
T (X) =e“** cos( B.x+ j6,), Ta(x)=e"" sin(u L.x+ jb,).

Then formula (5) can be written in the form
2n-2

j ' 212 j - :
X (x) = u@(Z (CTEC0+C2TE(0) + (<D e, 8 j j=01..4n-1. (9
s=0
General solution for X<0. For X<O0, the -equation has the form
XU — (7k)?™ X, =0, that is, the characteristic equation is 1*"* = (7K)*" = 1", the roots
are: A=, s=0,...,4n—2. For s=0, we obtain A, =z >0, the only real root.
~ . 27S
, B, =sIn
4n-1 4n-1
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for s=1,...,2n —1. General solution:

Let us denote &, = COS
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2n-1 - ~
X, (X) =dge* + > e“**(d; cos w B x +d sin 1 BX).
s=1
Using the substitution X —> —X (that is, denoting & =—X> 0), and relating the roots of 4 to the
roots of the problem for X >0 via the relation A*"™" = 22" = (—4, )" - (=1)*", it can be

shown that the derivatives for X <O are expressed by the formula:

. ) . 2n-2 )
X D (x) = (—1)1;1;( 3 (AT (%) + dZT 2 (—X)) + (<1 dme“kxj, )
s=0
where d},d?,d,, , =const.

Having satisfied the conditions of problem (1) and using (6), (7) we obtain a system of algebraic

equations for the unknowns C;,c?,c, ,,d:,dZ,d, . Let's write the system explicitly:

ST 0) +cT0) ~¢,, + > (AT (0) +dT:(0) -d,, , =0,
j=13,...,4n-3,
z (CTH(0)+cT(0) +c, — z (d'T}(0)+dT?(0))-d, , =0,

j 202,,4n_21
ST @+cT @)+ (D'c, e =2, j=01..20-2,

s Js s Js
=0 J J
k

_ D'y,

)
)

n—

(dT!(@)+dT(@)+(-1)'d, e

s s s s

, ]=01,...,2n-2,

s=0
k

N
>
N

(cT) (a)+cT} (a))+c, e™

s  2n-1;s s  2n-15s

Il
o

S

2n-2 8
+> (dT), (@)+dT}, () +d, e™ =0. ®

s 2n-1;s

\

Let us calculate the main determinant A = A(a,k,n,m) of system (8). In block notation:

A2n—1,4n—2 -1 A2n—1,4n—2 -1
B2n,4n—2 1 _BZn,4n—2 -1
A=1Cy 1 (-1’'e 0 0 ,
0 0 C2n—1,4n—2 (_1) : e
D1,4n—2 eiﬂka D1,4n—2 eiﬂka

where blocks A, B, C, D consist of the values of les‘z at X=0 and X=a, respectively. After
some elementary transformations and applying the block decomposition, we obtain

j a—ttea A2n—1,4n—2 -1
_ C2n—1,4n—2 (_1) e i a—@ —
A=M C, i, (D'e "% M =const, 9)
B 1 2n-1,4n-2
2n,4n-2 D1,4n_2 e—/zka

where
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Tp(0)  Ty(0)
T(0)  Ty(0)
|A2n—1,4n—2 _1|: ? ®
T41n73.0(0)
To(©)  Ty(0)
T, (0 TZ(0
s, 12| PO TR0
T41n—2.0 (0) T42n—2.0 (0)
T.(a) T,(a)
T (a) T(a
2nl4n2( 1)e#ka: 10( ) 10( )
T21n—2‘0 (a)

—Ha
‘ Dz €

- ‘T21n—1.0 (a) T22n—1.0 (a)

T1,12n—2 (0) 1 2n 2 (0) -1
T3%2n72 (0) 3,2 n-2 (O) -1
T41n73,2n72 (0) T inson2(0) =1
T012n 2 (O) 0,2n72 (O)

2 2n-2 (O) T22’2n_2 (0) 1
Tin 220 2(0) Tin22n2(0) 1
T,.(@ T..@) g

_e*f‘ka

Tfm( ) Tfm( )

2n 2.2n- Z(a) Tzzn 2.2n- z(a) ( 1)2ﬂ 2
T21n—1.2n—2 (a) T22n_1.2n_2 (a) € Hd .

106

Given the completeness of the system {Sin zky},, in L,(0,1), we obtain the following criterion.
Theorem 1. {(Uniqueness criterion). A solution to problem D is unique if and only if

the fundamental determinant A of system (8) is nonzero forall k e N .

Now, assuming A # 0, we consider each factor in (9) and find the asymptotic of A as K — +oo0.

Consider the first factor:

Az _ C2n—1,4n—2 (_
B2n,4n—2
T,(@ T, T
. Tzlnzo(a) 2n 2,2n-
[ Ta(0)  TN0) L
4n 20(0) T4i 20(0) 4n 2.2n—

1)je*/1ka -

1 (4n-1)x(4n-1)
(@ T..@) e
z(a) Toean(@) (D)™™

L0 T.,.00) 1

2(0) Tz (0) 1
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e#kU‘OaJri (24 Bpa+0%6,) eﬂkaoa—i (1 Bpa+0*6y)

e/’kaoa” (e Bra+(2n-2)6,) eykaoa—i (1 foa+(2n-2)6y)

ei(o*ao) e—i(O*éo)

i(4n-2)6, e—i(4n—2)90

e

e M 28— (1 frna+0%05, )

e,ukaz n-28=1 (14 n—ZaJr(2 n72)92 n-2)

e_i(O*HZn—z)

-i(4n-2)6,,,

e

107

e‘/—‘ka

eﬂuka
1

1

For k — 400, the terms with *** for ¢r, >0 (thatis, S=0,...,n—1) dominate. The leading
term of the asymptotic (9) is determined by the expansion in these "exponentially growing™ columns
and the "purely trigonometric* block for X =0, denoted by A,. We have

a=(5] (aB-AB)

;tka[Zniiaj +anlj »

—_ i=0 14 Pra@
(2n-1x2n-1) € € X
1 1 : 1
eieo efieo eiHH

i(2n-2)6,

1 1
efian,z e i0, 4

~i(2n-2)6, ei(2n72)<9n,2 efi(anz)en,2 ei(Zn—Z)QH

e e
1 1 1
e—2i9n_1 e2i¢9n e2i92n_2
Bl(2 nx2n) =
e—i(4n—2)¢9n,l ei(4n—2)en ei(4n—2)<9m2
Scientific

1

e_2i'92n—2

e—i(4n—2)t92n,2

1
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yka[ziaj+an1J )
AZ — e j=0 e’lﬂkﬂn—la X
1 1 : 1 1 1
ei90 e—ieo . eié'n,2 e—ien,z e—iyn,1
]
ei(2n—2)€0 e—i(2n—2)90 ei(2n—2)9H -i(2n-2)6,., e—i(zn—z)en,1
1 1 1 1
2% @2 2002 @202
B, =
ei(4n—2)0n_1 ei(4n—2)¢9n ei(4n—2).9n_2 e—i(4n—2)492n_2
Now we calculate A,. To do this, we denote the common factor by M and factor it out of the
brackets.
n-2
,uka[ZZ(zﬁan_l} n-2 ) .
Ai — Me j=0 ei/'lkﬁn—laH(eign—l _ e“gj )(eign—l _ e_lgj )’
j=0
20 i 2i0 i 2i0 i
B,=M 1—[<e—2|9n_1 _ 2 )(e—zuan_l _e@ j)(e—mn_1 _1)’
j=n
n-2
'A‘2 — Me j=0 e"/‘k h-18 (e_l h-1 _el J)(e_l n-1 _e_l J)’
j=0
CLS 2i0 i 2i0 i
B, =M 1—[((_)2@”,1 _ % )(eZ'é’H N )(emm _1)’
j=n
further

n-2

oo e

i=0
n—-2
2” -1 '9n -1

similarly
n—-2

I_I(e*“gﬂf1 —e"” )(e*“’"f1 e ) - 2”‘1e’i(”’1)9“*1H(cos 0,,—Cos0,)= Me ("D

j=0
further

(e—zian_1 _ e2i9,— )(e—zien_1 _ e—2i0,- )(e—zian_l _1) _

(COS 0n71 —COS 91. ) = Mei(n_l)‘gn-l ’

i=0

n-2

( 2'9n . |9 i +i6h1

i=0

- H(e‘gﬂl (6% +e ) —en (em" +e ))
j=0

n-2

I\)

n—

Il
o

]

n-2

i=0

(2e'9" +c0s6, ,

1

_elan 116, +1)

— 26" cos ), ) =

108
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2n-2
_ ln—[ (e_4i9n_1 _ e2i9]- “2i6 e—2i9n_1—2i9j " 1)(e_2i9n_l _1) _

j=n
2n-2 _2ig. g 2i0. . —2ig 2i0- -2i6; —2i6,,_
— (e nl(e 1@ nl)—e “1(6 '+e J))(e nl_l):

j=n

_ onig 2016, 2"1—_[2 (COS 20, , - 020, )(efzwn,l _ 1) —

j=n
_ Zn,le_zi(n—l)an_le—ien_1 (e—ien-l — gl )Zln__[z(cos 26, , —Cos 26’j ) =
j=n
_ o1 201516, (_2i sin gnil) an__[z (cos 20, , —Cos 26’j ) =
j=n
— Me 2" % (_ising, ,),
similarly
2n-2

I—I(ezmn_l _ e2i9,— )(ezi@n_1 _ e—2i9,- )(ezi@n_1 _1) _

= Me”" Vg% (ising, ).
Substituting, we get

n-2
A& ZzajJran—l eiﬂkﬂn—laei(n_l)an—le_Zi(n_l)gn—le_ign—l +
A,=Me 7 =

+e*i#kﬂnflae*i(nfl)gnqezi(nfl)gnfleianfl

n-2
148 ZZaJ— +a, 4
j=0

= Me =

(ei(ﬂkﬁn—la_ngn—l) + e_i(ﬂkﬁn—la_ngn—l))

n-2

,uka[ZZaj+an_1
=Me 7

] Cos(ﬂkﬁn—la - nen—l) =

uka{Ziaj+an_l] _ n 2n_1
=Me 7 cos[ayksin(zn 17:)—(—)7;]—

an—1 4an-1 B

_ Meﬂka[zjzoauam] i ﬂ.(ckZm/(M\l) - an%+1— 6nj
2(4n-1) )
C = ar?™* D gin ( 2N _17[)'
4dn-1
Let's consider the second factor in expression (9), denote it by A,. We denote the leading term of
the asymptotic by A.. We have

2n-1,2n

D

1,2n

A, =0(A;), Ay =

AZn—l,Zn—Z _1|’

where
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To@  Tp@ . Tou@  Toa(a)
C2n—l,2n _ ' . _
D1,2n Tzln—z.o (a) T22n—2.0 (a) e T21n—2,n—1 (a) T22n—2,n—1 (a)
TZlnfl.O (a) T22nfl.0 (a) e Tzlnfl,nfl (a) T22nfl,n71 (a)
eiHO efiao eigH efie»n,1
24 aia- eaie0 e*3i90 eai.gn,1 efaien,l
= e =0 =
e(4n—3)i6'0 e—(4n—3)ieO e(4n—3)i9n,1 e(4n—3)i9n,1
Zykaiaj
=Me ' M =const =0,

‘AZn—l,Zn—Z - 1‘ =

T:(0) T:(0) .. T..,0) T:,0 -1

T (0 T:(0) ... T'. (O T: (0) -1
— 3,n( ) 3,n( ) 3,2n—2( ) 3,2n—2( ) — M — ConSt ¢ O’

T4lnfs,n (O) T4f173,n (O) T4lr173,2n72 (O) T4if3,2n72 (0) _1
Zykanifaj Z;zkaiaj
A,=Me ™ +o|le T |
SO
i d 4§aj+3anl] 2 . ,uka[4nz_%aj+3anl]
A=Me [ = sin | ckzmens _ AN 1700 o T . (10)
2(4n-1)

Now, assuming A # 0 and solving system (8) using Cramer's method, and then substituting the
resulting ci,cj,dsl, ds2 into expressions (6), (7), we obtain the following estimate.

Theorem 2. Under the conditions of Theorem 1, the following estimates hold: for all
j=01,...,4n-1and xe[-a,a]

2m .2n-1

- Mk 42’ +
dJXk(X) - §(|¢Sk| |Wsk |)

dx! | 2m. 2 _
Sln T Ck4n—1 _w +0(1)
2(4n-1)

here 0<M =const, M is independent of k, j, X.

Lemma 1.There exist infinitely many values of a > 0 such that A(a,k) = 0 for all
keN.

. k> 400
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Proof. Fix k and consider the equation A(a,k) =0 as an equation with respect to a. The
function A(a,k) for fixed k is an entire function of @ (all the input expressions are sums of
exponentials and trigonometric functions of g4 a, which are entire functions of a). Moreover,
A(+,k) #0: indeed, the asymptotics show that A(a,k) = 0 for sufficiently small a. Since A(:, k)

is an entire function that is not identical to zero, the set of its real zeros S, :={a € R: A(a,k) =0}
is at most countable. Consider the union
s=Js,.
kL

A countable union of countable sets is countable. Therefore, S is a countable subset of (0,+0),
and there lexists an uncountable (in particular, infinite) set of values a € (0,400) \ S such that
A(a,k) #0 forall ke N.

Lemma 1 is proved.
Note that even if the conditions of Theorem 1 are met, the problem of “small denominators” in
expression (10) may arise. Let us address this issue.

Lemma 2. Let the following conditions be satisfied: a) Theorem 1 is true; b) C e R,

C**'=p/q,where

p.geN, (p,q)=1|Vs,teN:
p,qu(n)= 4n-1_2m 2 an-1 [
p-(2(4n=-2)"" s =q-((4n° —6n+1) + 2t(4n-1))
then
2m 2 _
sin| 7 Cwmi—ﬂl—jmié 2—;4:ﬂ O0<M =const, VkeN.
2(4n-1) y m4(n1 )

Proof. First, we show that P(n) = &. Let's take C=2"“"Y then C*"'=2, p=2,
g=1. The condition p,q e P(n) takes the form:
2-(2(4n + 1)) £ ((4n* —2n—1) + 2t(4n +1))*" for all s,t € N. The last inequality is
true because the left side is even, while the right is odd. Let us use the inequality |sinzx [> 21l x|l
,where | xll=min,_, | x—t].

20 An? —6n+1

Let z, = Ck*t — 2@n_1) and choose t, € Z so that Il z, 1= z, —t, |. Then
n —

| 2(4n —1)c:|<42nnj1 —((4n*—6n+1) + 2t (4n-1))|
2(4n-1) '
(2(4n-1))""

| Z, _tk |:

Since C*"*=p/q, wehave (2(4n-1DC)" " =p

. We multiply the

numerator and denominator by ¢ and use the identity
a4n—1 _ b4n—1

a-4r172 + a.4n73b 4ot b4n72
2m

with a=2(4n—1)Ck*" and b= (4n? —6n +1+ 2t (4n—-1)):

a—-b=
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|2~ 4]

|P(2(4n-1)*"K*™ — q(4n° —6n +1+ 2t (4n D))"
2m
2q(4n-1)

(2(4n —1)Ck“1)*"2 4 ... 1+ (4n? —6n+1+ 2t (4n — 1))4n2

The numerator is an integer; by the condition p,q € P(n) it is not equal to zero, therefore >1
The denominator is estimated from above

2m 4m(2n-1)
(2(4n—1)Ck*"1)*"2 .. <MK 41
From here
]|

4m(2n-1) ’
Mk 4n-1

and by the inequality |Sinzz [> ZHZH, we obtain the assertion of the lemma
Lemma 2 is proved.

Lemma 3. Suppose the following conditions are satisfied: a)Theorem 1 holds; b) C is an
algebraic number of degree d >2 and C*"™* ¢ Q. Then

2m 2
sinl 7 CI(m_4n —6n+1 S M(C,¢)
2(4n-1)

amzn D) , 0<M =const, VkeN,
forany £ >0.

k yr) +2M+¢

2m

2% 4n*—6n+1
Proof. We set z, =Ck*"™? — ——

and choose t, € Z such that ||z, | = z,
2(4n-1)
2m

bl
2(4n —1)Ck 41 — (4n* —6n +1+ 2t (4n-1))|.

. Then 2(4n —1)||Zk|| =

Let m,_=4n*—6n+1+2t, (4n—1) e Z and consider the number 3 =(2(4n—1))*"*C*"*.

Since C is algebraic and C*"™* ¢ Q, [ is also algebraic and irrational. Applying the identity
2m

a-b=@""-b" ) /(@"*+---+b""?) to a=2(4n-1)Ck*L and b=m

4n—1

k2m

4m(2n-1)

(2(4n o)) Mindching 'SR +m4”2

kZm ﬂ_

2m.
‘2(4n —1)Ck*t —m

k

4m(2n-1)
The denominator does not exceed MK 4" (similar to Lemma 2). The fraction m;" /k*" isa
rational approximation to /3 ; in the irreducible form p, /g, , we have q,| k™, hence dy

< k2m
By Roth's theorem (applicable because £ is irrational and algebraic), for any &' >0, we have
M, =M,(pS,&")>0:

ﬂpk

k

1 > Ml
qurg k2m(2+g)

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 3. 2026



Mathematics 113

Multiplied by k*™:
Ml

K 2m(+s)

‘IBkzm 4n -1 >

Substituting into the estimate above and denoting £ = 2mg’:

M
Iz, 1>

4m(2n-1)
k 4n-1

+2m+e

By the inequality | Sinzz |> 2| z|, we obtain the assertion.

Lemma 3 is proved.
Let's introduce the notation:

a, :[2m+ Am(2n —1)} b ={2m+ Am(2n —1)}’

4n-1 4n-1
a2:[4m+w:|’ b2:{4m+W}’
4n-1 4n-1

where [x]is the integer part, {x} is the fractional part of X.

Theorem 3. Let the following conditions be satisfied:
1. Theorem 1 and Lemma 2 hold.

2.0,y () €C*[01]; 9 (), (y) eC[0,1], by < <1, j=0,2n-2.
3.07(0) = (1) =y (0) =y (1) =0, j=0,2n-2,5=0,2,4,...,t,
where

t— a-1 a=21-11eN;

la, a=2l

Then series (2) is a regular solution to problem D .
Proof. Since go(a“l) e C“[0,1], its Fourier coefficients in sines decrease as O(k™) (by

the theorem on the rate of decrease of the Fourier coefficients of Holder-continuous functions).

Therefore, |, |< M =const >0.For series (2) to define a

ka1+l+a ! |ij |£ ka1+1+a !
classical solution, it suffices to establish uniform convergence of the series for U, ou / ox, ou / oy
, a4n+lu /8X4n+l, aZmu /ay2m.

The case of 6°™u / dy*™ . Formally differentiating the series:
aZm
e —=(-1" Z(ﬂ'k)zmx (x)sin zky.

Taking Theorem 2 into account, we have

2n-1
82m © Z(|¢5k|+|WSk |)
<M Zkzm | X, (X)|<M Zkzm =0 “am@nD)
k=1 Mk 4n-1
© er4m(2n—1)
SMZKZ 4n-1 Z—T—Z MZ 1
L K atlra k +a-b
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For > by, the last series converges, ensuring uniform and absolute convergence.
The case of 0*"'u/ox*" ™. For X = 0, formally differentiating:

04nflu 0
— =D X" (x)sin zky.
OX k=1

From the equation of problem (1): for x>0 X“"V(x)=—(7k)*" X, (X), and for x<0
XD (x) = (2k)™™ X, (X)), that is X "™ (x) =—sgn(x)(zk)*™ X, (X) . Therefore,

o™ e om : o°"u

P —sgn(x)(-1) ;(ﬂ-k) X, (x)sin zky = —sgn(x) P
which is precisely the equation of Problem D . Uniform convergence for fixed X = O follows from
the same estimate as for 0°™u / 8y2m . One-sided limits as X — +0 exist by construction (from the

conjugacy conditions of system (8). Thus, series (2) is a classical (regular) solution of Problem D

Theorem 3 is proved.

The next theorem is proved similarly.
Theorem 4. Let the following conditions be satisfied:
1.Theorem 1 and Lemma 3 hold.

20,0y (N eC0I: gV (V) eCi 0, b <as<l
j=0,2n-2.
3.0°(0) =P (M) =y'?(0)=yP (1) =0, j=0,2n-2,5=0,2,4,....t,
where
t:{az -1 a,=2I-1leN;
a,, a, =2l
Then series (2) is a regular solution to problem D .

I11. Conclusion. In this paper, we investigate the Dirichlet problem for an odd-order equation
(4n—1) with a discontinuous coefficient in a rectangular domain 2. The solution is constructed
by separation of variables in the form of a Fourier series in sines (2), which reduces the problem to
a family of odd-order ordinary differential equations (3) with conjugation conditions at the
discontinuity line of the coefficient X =0. The discontinuity sgn(X) results in the characteristic

equations for X >0 and X <O being different (1*"" =—z" " and 1*"" = 14", respectively);
however, the connection of the general solutions through the conjugation conditions at X =0 allows
us to construct a unified algebraic system (8).

An analysis of the fundamental determinant A of system (8) allowed us to: 1) establish a
uniqueness criterion (Theorem 1); 2) calculate the asymptotics of A as kK — +oo in the form of a

compact formula containing the trigonometric factor sin(z{Ck*™“"™® — .. }): 3) prove (Lemma

1) that there are only countably many "bad" values of the parameter a that violate the condition
A =0 for at least one K, and, consequently, "almost all" a > 0 ensure uniqueness.

The key difficulty of the problem is the problem of \textit{small denominators}: the
trigonometric factor can approach zero arbitrarily closely for different k. This difficulty is
successfully overcome in two situations covering a wide class of values of the parameter C :

1. Lemma~2: C*"* e Q, C ¢Q is a lower bound for ~ k™*mn-H/n-.
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2. Lemma 3: C is algebraic, C*"* ¢ Q is a lower bound for ~ k™ *m@"D/t4n-1=2m=s  potyg

theorem).

The corresponding conditions on the smoothness of the boundary data Py are formulated in

Theorems 3 and 4. Thus, the necessary smoothness for the existence of a classical solution is
determined by the Diophantine properties of C, revealing a deep connection between the theory of
partial differential equations and the theory of Diophantine approximations.

Promising directions for further research include the following:

1. Transcendental values of C.For C, atranscendental number, Roth's theorem is inapplicable;
here, other tools of the theory of irrationality measures are required (for example, Liouville's
theorem for the case of rapidly decreasing approximations) or a transition to probabilistic
estimates with respect to the measure on the parameter space.

2. Multidimensional domains. A generalization to the domain Q — IR®(an odd-order equation
in one variable, elliptic in the other two) opens up possibilities for applications in three-
dimensional models of beams, plates, and shells.

4. Funding. This research received no external funding.
5. Conflict of Interest. The authors declare no conflict of interest.

References

[1]. Dubrovin, B.A., Krichever, I.M., Novikov, S.P.
(1985). Integrable systems. |. Dynamical systems-
4, Itogi Nauki i Tekhniki. Ser. Sovrem. Probl. Mat.
Fund. Napravleniya, 4, 179-277. VINITI, Moscow.
[In Russian].

[2]. Zakharov, V.E., Manakov, S.V., Novikov, S.P.,
Pitaevskiy, L.P. (1980). Theory of Solitons: the
Method of the Inverse Problem. Nauka, Moscow. [In
Russian].

[3]. Ryzhov, O.S., Shefter, G.M. (1965). On the
influence of viscosity and thermal conductivity on
the structure of compressible flows. Prikladnaya
Matematika i Mekhanika, 28(6), 996-1007. [In
Russian].

[4]. Ryzhov, O.S. (1965). Asymptotic flow pattern
about rotating bodies in a sonic stream of a viscous
heat-conducting gas. Prikladnaya Matematika i
Mekhanika, 29(6), 1004-1014. [In Russian].

[5]. Diesperov, V.N. (1972). On the Green's function
of the linearised viscous transonic equation.
U.S.S.R. Comput. Math. Math. Phys., 12(5), 225-
241.

[6]. Yusufjon P.A., Rutkauskas S.: On a boundary
value problem to third order PDE with multiple
characteristics. Nonlinear Anal. Model. Control
16(3), 255—-269 (2011).

[7]. Bendjazia N., Guezane-Lakoud A., Khaldi R. On
Third-Order Boundary Value Problems with Multiple
Characteristics. Differ Equ Dyn Syst 31, 251-268
(2023). https://doi.org/10.1007/s12591-019-00507-
6

[8]. Irgashev, B.Y. Boundary value problem for a
degenerate high-order equation. J Elliptic. Parabol.
Equ. 11, 1127-1144 (2025).
https://doi.org/10.1007/s41808-025-00367-y

[9]. Apakov Yu.P., Ibrokhimov Kh.K. (2025). On
solving the second boundary value problem for the
Viscous Transonic Equation. Bulletin of the

Karaganda University. Mathematics Series, 3(119),
34-45. https://doi.org/10.31489/2025m3/34-45
[10]. Yusupjon P. Apakov. Construction of the
Green’s Function for One Problem of Rectangular
Region. Malaysian Journal of Mathematical
Sciences 4(1): 1-16 (2010).

[11]. Abdrakhmanov A.M. Solvability of a boundary-
value problem with an integral boundary condition
of the second kind for equations of odd order. Math
Notes 88, 151-159 (2010).
https://doi.org/10.1134/S000143461007014X.

[12]. Apakov Y.P., Irgashev B.Y. Boundary-Value
Problem for a Degenerate High-Odd-Order
Equation. Ukr. Math. J. 66, 1475-1490 (2015).
\texttt{https://doi.org/10.1007/s11253-015-1039-7
[13]. Zhuraev, T.D. (1979). Boundary Value
Problems for Mixed and Mixed-Composite Type
Equations. Fan, Tashkent. [In Russian].

[14]. Kozhanov ., Potapova S.V. (2018). Boundary
value problems for odd order forward-backward-
type differential equations with two time variables.
Siberian Mathematics Journal, 59(5), 870-884.
doi.org/10.1134/S0037446618050117

[15]. Shubin V.V. Boundary value problems for third-
order equations with discontinuous coefficient.
Vestnik NGU. Ser. Mat. Mekh. Inform., vol.12, No.1,
126-138 (2012).

[16]. Irgashev, B.Y. On the Conditions for the
Solvability of Boundary-Value Problems for Higher-
Order Equations with Discontinuous Coefficients.
Math. Notes. 111, 217-229 (2022).
https://doi.org/10.1134/S0001434622010254

[17]. Irgashev B.Y. On the solvability of a Dirichlet-
type problem for one equation with variable
coefficients. Math Meth Appl Sci. 2022; 45: 2685-
2700. doi:10.1002/mma.7947

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 3. 2026



Mathematics 116

Eksponensial og‘irlikli ntegral chegaralanishlar ostida quvish-qochish differensial
o‘yini

UDK 517.977.5
I.S. Zaynabiddinov, E.U. Tojiboyev
Andijon davlat universiteti. O‘zbekiston, 100170. Andijon sh. Universitet k. 129-uy.

Annotatsiya. Maqolada ikki o‘yinchi — quvuvchi va gochuvchi ishtirokida, harakatlari integral
kvadratik cheklovlar bilan chegaralangan, cheklovlari vaqt bo‘yicha eksponensial og'irlikka ega bo‘lgan
quvish—qochish differensial o'yini qaraladi. Har bir o'yinchining erishuvchanlik to‘plami shar ekanligi
ko‘rsatiladi. Optimal quvish vaqti 8 erishuvchanlik sharlarining o‘zaro joylashuvidan aniglanuvchi tenglama
orqali beriladi va uning optimalligi quvuvchi hamda qgochuvchi uchun strategiyalar qurish yo'li bilan
isbotlanadi.

Kalit so‘zlar: differensial o‘yin, quvish, qochish, integral chegaralanish, erishuvchanlik to‘plami,
optimal quvish vaqti.

AHHOoTaumA. B ctatbe paccmatpuBaeTcs anddepeHumanbHaa urpa npecrnegoBaHusi—yberaHusi
ABYX WrpokoB, npecnegosaTtens u yberawwero. [BWKEHUS WIPOKOB OrpaHWYeHbl WHTErpanbHbIMU
KBagpaTUYHLIMU OrpaHNYEHUSIMU C SKCMOHEHUMArbHBIM BECOM MO BPeEMEHU. MoKa3aHo, YTO MHOXECTBO
OOCTMKMMOCTU KaXkaoro urpoka sisnaetcs wapomM. OntuMansHoe Bpems npecrnenoBaHms 6 onpegensercs
ypaBHEHUEM, KOTOpPOE 3a4aéTCHA B3aMMHbIM PacnosioXeHWEM LWAapoB AOCTUXKUMOCTU. Ero onTumaneHoOCTb
AoKa3blBaeTCsA MOCTPOEHMEM CTpaTerni 4ns npecnegosartens u Ansa yoeratowiero.

KnioueBble cnoBa: auddpepeHumansHas wurpa, npecrnegosaHve, Yyberanue, WHTerpanbHoe
OrpaHu4eHne, MHOXeCTBO JOCTUXMMOCTM, ONTUManNbHOE BPeMS npecnegosaHus.

I. Kirish

Yigirmanchi asrning o‘rtalarida, Ayzeks tomonidan ziddiyatli muammolarni hal etish bilan
shug’ullanuvchi “Differensial o‘yinlar” nomli tadqiqot sohasiga asos solindi. Shundan so‘ng
sohaga doir fundamental natijalar [1, 2, 3, 4, 5] kabi ishlarda chop gilina boshlagan. So‘nggi
paytlarda differensial o‘yinlar nazariyasi sohasida asosiy e’tibor o‘yinchilarning boshqaruv
funksiyalari geometrik, integral yoki aralash chegaralanishlarga ega bo‘lgan holatlarni o‘rganishga
garatilgan (masalan, [6, 7, 8, 9, 10, 10]).

Quvish—qochish differensial oyinlarida o‘yinchilarning boshqaruvlari odatda geometrik yoki
integral cheklovlar bilan chegaralanadi. Integral chegaralanishda boshgaruvning umumiy
“energiyasi” cheklanadi: o‘yinchi kuchini vaqt bo‘ylab istalgan tarzda tagsimlashi mumkin, ammo
sarflangan jami energiya berilgan migdordan oshmaydi. lbragimov [11] ishda m ta quvuvchili va
bitta qochuvchili sodda harakatli qochish differensial o‘yinini o‘rgangan. Bu o‘yinda
quvuvchilarning eng katta tezligi qochuvchining eng katta tezligidan kichik bo‘lgan holda
gochuvchi cheksiz vaqt davomida qochib yura olishi isbotlangan. Boshqga [12] ishda esa integral
chegaralanishga ega bo‘lgan quvuvchilar va bitta qochuvchini optimal tutish differensial o‘yini
qaralgan. O‘yinning davomiyligi mahkamlab qo’yilgan va o‘yinning to‘lov funksiyasi o‘yin
tugagandan so‘ng qochuvchi va quvuvchilar orasidagi minimal masofadir. O‘yinning to‘lov
funksiyasini quyidan baholashga erishilgan.

Ushbu magolada cheklovlar yanada aniqroq shaklda beriladi: boshgaruv kvadratining [0, t]
kesma bo‘yicha integrali p?(1 — e ~2¥%) dan oshmaydi. Asosiy maqgsad shunday o‘yinda quvuvchi
quvishni tugatishi garantiyalangan eng kichik vaqtni topish va uning optimalligini isbotlashdir.

I1>Masalaning qo‘yilishi
R™ fazoda harakatlanuvchi x quvuvchi va y gochuvchining dinamikasi quyidagi differensial

tenglamalar orgali berilgan bo‘lsin:

56 =u ) X (0) = xO’

o o) = D
y=v, y0)=y, x9#Yo
bu yerda x,y,x,, vy, € R"®, u va v mos ravishda x quvuvchi va y gochuvchining boshgaruv
parametrlari.
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1-ta’rif. Quyidagi tengsizliklarni ganoatlantiruvchi o‘Ichovli u(t) € R™ va v(t) € R, t >
0 funksiyalar

t

f [u(s)Pds < p?(1 — e~2K0), @
flv(s)lzds < g?(1 — e~2kt), 3
0

mos ravishda x quvuvchi va y gochuvchining joiz boshqgaruvlari deb ataladi, bu yerda p, o va k
berilgan musbat sonlar.

U va V orgali mos ravishda x quvuvchi va y gochuvchining barcha joiz boshgaruvlari
to‘plamini belgilab olamiz.

Endi o‘yinchilarning optimal strategiyalari va optimal tutish vaqti uchun ta’riflarni
keltiramiz. H (x, r) orgali markazi x nugtada, radiusi r bo‘lgan sharni belgilaylik.

2-ta’rif.  Uzluksiz ~ U(xg,yo,t,v),U: R" X R" X [0,00) X R" - R"  funksiya x
quvuvchining strategiyasi deb ataladi, agar ixtiyoriy v(-) € V davau = U(x,, yo, ¢, v(t)) da (1)
Koshi masalasi yagona (x(t),y(t)) yechimga ega bo‘lib, barcha t > 0 uchun quyidagi

t
le(inyOJ S, U(S))lzds < ,02(1 — e—2kt)
0

tengsizlik o‘rinli bo‘lsa.

Boshgacha gilib aytganda, x quvuvchi joriy t vaqtdagi v(t) boshgaruv parametrining
giymatini hamda x,, y, boshlang‘ich holatlar hagidagi ma’lumotlardan foydalanadi.

3-ta’rif. Biror T(U) vaqtda U = U(xo, yo, t, v(t)) strategiya o‘yinni yakunlaydi deyiladi,
agar ixtiyoriy v(-) € V hamda biror = € [0, T(U)] uchun x(t) = y(t) tenglik o‘rinli bo‘lsa, bu
yerda (x(t),y(t)) (1) Koshi masalasining yechimi hamda u = U(xq, yo, t, v(t)).

T (U) sonini garantiyalangan tutish vaqti deb ataymiz. Shuni ta’kidlab o‘tish kerakki, T' >

T (U) shartni ganoatlantiruvchi har ganday T’ vaqt xuddi U strategiyaga mos garantiyalangan tutish
vaqti bo‘ladi. T*(U) orqali U strategiyaga mos T (U) sonlar to‘plamining infimumini belgilaylik.

Quvuvchi o‘zlarining U strategiyasini tanlash orgali T*(U) sonini Kichiklashtirishga,
gochuvchi esa v(-) € V boshqgaruvini tanlash orqgali 7*(U) sonini kattalashtirishga harakat giladi.
Agar quvuvchining biror U, strategiyasi uchun iEfT*(U) = T*(U,) o‘rinli bo‘lsa, u holda U,
quvuvchining optimal strategiyasi va T*(U,) soni berilgan o‘yindagi garantiyalangan tutish vaqti
deb ataladi.

4-ta’rif. Uzluksiz V(xg, yo, t,x, ), V:R™ X R™ X [0,00) X R™ X R™ - R™ funksiyani
gochuvchining strategiyasi deb ataymiz, agar har ganday u(-) € U vav = V(x,, y,, t, x, ) uchun
(1) Koshi masalasi yagona (x(t), y(t)) yechimga ega bo‘lib, barcha ¢ > 0 uchun quyidagi

t
fIV(xo,yo,s, x,y)|%ds < 02(1 — e2kt)
0

tengsizlik bajarilsa.

5-ta’rif. Agar qochuvchining biror V strategiyasi uchun ixtiyoriy u(-) € U va barcha t €
[O,T(V)) larda x(t) # y(t) tengsizlikka ega bo‘lsak, u holda V strategiya [O,T(V)) vaqt
intervalida qochishni garantiyalaydi deb ataymiz. T, (V) orgali V strategiyaga mos T (V) sonlar
to‘plamining supremumini belgilaymiz. Shuningdek, T,(V) sonini V strategiyaga mos
garantiyalangan qochish vaqti deb ataymiz.

Qochuvchi V' strategiyasini tanlash orgali T, (V) sonini kattalashtirishga va quvuvchi esa
u(-) € U boshgaruvini tanlash orqali T, (V) sonini kichiklashtirishga harakat gilishadi.
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6-ta’rif. Agar gochuvchining biror V, strategiyasi uchun max T.(V) = T.(V,) o‘rinli bo‘lsa,

u holda V, gochuvchining optimal strategiyasi va T, (V) soni berilgan o‘yinda garantiyalangan
gochish vaqti deb ataladi. Agar T*(U,) = T.(V,) bo‘lsa, u holda bu son (1) o‘yinda optimal tutish
vaqti deb ataladi.
Endi vaqgtning T momentida quvuvchi erishishi mumkin bo‘lgan nugqtalar to‘plamini
baholaymiz. Integrallash va Koshi- Minkowski tengsizligini qo‘llasak:
T T

|x(t) — xo| = u(s)ds| < | |lu(s)|ds
o]
< f12 ds f|u(s)|2 ds

0
< pJt(1 — e™2k7),

Demak, quvuvchining erishish to‘plami markazi x,, radiusi p./7(1 — e=2k%) bo‘lgan
H (xo,p (1 — e‘z’“)) shardan iborat bo‘ladi. Haqigatan ham, X € H (xo,p (1 — e‘z"f))
nuqta erishish mumkin bo‘lgan nuqta ekanligini ko‘rsatamiz. Buning uchun boshqaruvni
quyidagicha tanlaymiz:

.72 - Xo < <
u(t) = { T O=t= o buyerda [x — xo| < p/T(1 — e2k7),
0, T <t

Bu tanlangan boshqaruvnmg joizligi va x(t) = x tenglikni qanoatlantlrlshlnl tekshiramiz:

f U dt = f Foof g <00 D f dt = p(1 = )

X
x(r)=x0+JTo dt =xo+ X — x5 = X.

0
Shunday qilib, quvuchining erishish to‘plami H (xo,p (1 — e—ZkT)) shar hisoblanadi.

Xuddi shunday, gochuvchining erishish to‘plami H (yo,a\/T(l - e‘ZkT)) shardan iborat bo‘ladi.
Endi optimal tutish vagti 8 ni quyidagi
pVO(L — e72k) = |yo — xo| +0/O(1 — e72K9) (4)

tenglamadan aniglaymiz.

Teorema. p > o sharti bajarilganda, (4) tenglama bilan aniglangan 6 vaqt (1) differensial
o‘yinda optimal tutish vaqti bo‘ladi.

Isbot. Dastlab, 6 vaqti kafolatlangan tutish vaqti ekanligini ko‘rsatamiz. Quvuvchi
quyidagicha

Yo— Xo < <
w(®) = { = +v(t), 0 <t <0,

(®)
0, 6 <t
strategiya bilan harakat qilsin. (5) strategiyaning joizligini ko‘rsatishda Koshi-Shwartz tengsizligi

va (4) dan foydalanamiz:
1

2

/] 0
[rora) < f('”e Do= %ol ), <t>|) at
0 0
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0

| 2 2 (o : | |

— X — X

< f(%) dt | + flv(t)lz dt Syo—\/go+m/1 — e2kb
0 0

=(p—0o)J1 — ek 4 g\/1 — e=2k6 = p\[1 — 2K,

Quvuvchi (5) strategiya yordamida harakatlanganda, [0,0] vaqt oralig‘ining oxirgi
momentida, ya’ni t = 8 da quvuvchi va qochuvchi trayektoriyalari aynan bir nugtada uchrashishi,
ya’ni x(0) = y(0) tenglik quyidagicha tekshiriladi:

0

0 __ 0
x(9)=x°+f<y Hx +v(t))dt

0

yO _ 0 0 0 0
=x%+ < 5 >fdt + f v(t)dt = y° +Jv(t)dt = y(0).
0 0 0
Endi 6 vaqtni garantiyalangan qochish vaqti ekanligini isbotlaymiz. Ya’ni qochuvchiga

shunday joiz strategiya bilan harakatlanishi kerakki, barcha 0 <t < 6 vaqtlarda x(t) # y(t)
tengsizlik bajarilishi lozim. Quyidagicha belgilashlarni kiritamiz:
t

p(0) = p2(1 - ) - [ fu(s)Pds,
0

o?(t) = 0?(1 — e 249) — j lv(s)|?ds
0

vae = (Yo — x9)/|¥o — x| birlik vektorni olamiz. Qochuvchi boshgaruvini quyidagicha tanlaydi:

1-— e—ZKB
o Y e, 0<t<rt
v(t) = (6)

0, T<t<T+¢

u(t —¢), t>1t+¢
bu yerda 0 < T < 6 vaqt p(t) = a(t) tenglik birinchi marta bajariladigan vaqt, € esa quyidagi
shartni ganoatlantiradi:

0<e< %. (6a)
Bunday 7 vaqt mavjud bo‘lmasligi mumkin. U holda gochuvchi boshgaruvi
1_e—2K9
v(it) =0 € 0<t<8.

1_e—2K9

e bo‘lsa, u holdabarcha0 <t <@

uchun x(t) # y(t) tengsizlik ushbu p(t) = o(t) bo‘lganda bajariladi.
Teskarisini faraz gilamiz: biror ¢; uchun
x(t1) = y(t1), p(t1) = o(ty), 0<t <. (7
Bundan va Koshi—-Bunyakovskiy tengsizligidan
ty

Xo + f u(s)ds =y(t;), =
0

Endi quyidagini da’vo gilamiz: agar v(t) = o

t1

Y(t) — x| = f w(s)ds|, =

0
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1
2

21 tq
ly(t1) — %ol < f lu(s)lds < |/t f lu(s)|?ds | =
0 0

t1

1
t—|}’(t1) — xo|% < f u(s)|?ds|.
1
0
1—e—2K0

e ekani va e ning ko‘rinishidan

1_e—2x9
ly(t1) — x| = |yo — x0| + 0ty Y

ekani kelib chigadi. Bundan esa

y(t1) =yo + oty

ty ty

1 O'zt 1_8_2K9
[ csyias = [ 1weoas 2 v -2 - (1)
0 0

2
1 ot 1—e—2x0 o%t;(1 — e2x9)
= —-_— —_— x —_— —_
t, 1Yo ol + oty ) 0

1 1—e-2x0
=a|3’o_xo|2+20 T|x0_3’0|
1 2 1—e72® 2 —2K0 2 —2K0
> 2 1y0 = X0l + 20 |——— Ixo = yol = p*(1 = e7%) = 02(1 = ¢79),

Bu yerda t; < 6 ekanidan va (4) tenglikdan, ya’'ni |y, — xo| = (p — 0)/0(1 — e~2x9) ekanidan
foydalanildi. Demak,

t1 t1
p(1- ) = [ fues)ds < a?(1 - ) - [ pois)Pas,
0 0

ya’ni p?(t;) < a2(t;). Bu (7) dagi p(t;) = o(t,) farazga zid. Da’vo isbotlandi.

Boshlang‘ich vaqt ¢ = 0 da (4) ga ko‘ra

p(0) =pyJ1—e 260 > g1 —e2%0 = g(0)
bo‘lgani uchun, agar p(t) = a(7) bo‘ladigan birinchi vaqt T € (0,0) mavjud bo‘lsa, [0,7) da
—_e—2K6

p(t) > o(t) bo‘ladi. Tanlangan v(t) = o ! egz
korax(t) #y(t),0<t<T.

Endi T dan keyingi vaqtni ko‘ramiz. Agar T mavjud bo‘lmasa, da’voga ko‘ra butun [0, 8)
da x(t) # y(t) va ishot tugaydi. (6) gakorat<t<t+¢edav(t)=0.Bundat € (7,7 + €]
uchun

e (0 <t < 7) uchun yuqorida isbotlanganiga

t t t

Y () — x(®)] = [y@ + f 0ds — x(1) - f w(s)ds| = ly(@) — x(0)] - f u(s)ds

T T

2 Iy(@) —x(D)] — pvE > 3 y(®) — x(@)] >0,
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bu yerda |thu(s)ds| <+Vt—tp<pJe va (6a) dan pve< %|y(r) — x(1)| ekanidan
foydalanildi. Demak, x(t) # y(t), 1<t <t +¢.
Nihoyat, x(t) # y(t) ekanini t + € < t < 6 uchun isbotlaymiz. t > 7 + ¢ da

(&) = x(B)] = |[y(@) + J v(s)ds — x(z) — [} u(s)ds|. (8)
Yugqoridagi (6) gako‘rav(s) =0(t <s <t+¢)vav(s) =u(s —¢) (s > 7 + €) bo‘lgani uchun

f:v(s)ds = f;gu(s —¢&)ds = frt_gu(s)ds.
Shu sababli (8) ga ko‘ra

() —x(@®)] = [y —x(@) + f u(s)ds — f u(s)ds

t

= |y(t) —x(7) — fu(s)ds

t—¢

t

> Iy - x@] - [ lu(s)lds. ©
t_
Koshi—Bunyakovskiy tengsizligi va (6a) ga ko‘ra ’
t t % t %
jlu(s)lds < jlzds jlu(s)lzds <+ep

t—e t—e t—e

1
<@ -x@).
Demak, t > 7 + € uchun (9) dan

1 1
ly(©) —xO1 > ly(@) —x(D)] =5 1y(0) —x@)] = 7 ly(@) = x(1)] > 0,

yani x(t) # y(t),t >1+¢.

Shunday qilib, agar biror 0 < T < 8 uchun p(t) = o(7) bo‘lsa, barcha t > t da x(t) #
y(t), xususan x(t) # y(t), Tt <t < 6. Bundan [0,8) da gochish mumkinligi, demak 6 ning
optimal quvish vaqti ekani kelib chigadi. Teorema isbotlandi.

I11.Xulosa
Magqolada integral cheklovlari eksponensial og‘irlikli quvish—qochish o‘yini tahlil gilindi.
Quvuvchi va qochuvchining erishuvchanlik to‘plamlari markazlari boshlang‘ich holatlarda,

radiuslari mos ravishda p,/7(1 — e~2%?) va og/7(1 — e~2%%) bo‘lgan sharlardan iborat ekani
ko‘rsatildi. Optimal quvish vaqti & bu sharlarning ichki urinish sharti (4) orqgali aniglanadi.
Quvuvchining (5) strategiyasi 6 vaqgtda quvishni tugatilishini kafolatlaydi, gochuvchining (6)
strategiyasi esa [0, 8) da uchrashuvdan qochishni ta’minlaydi.

Foydalanilgan adabiyotlar

1. lIsaacs R. Differential games/ John Wiley & Sons, New York, NY, USA. (1965)

2. Krasovskii N.N. Subbotin A.l. Game-theoretical control problems/ Springer, New York
(1988)
3. Petrosyan L.A. Differential games of pursuit/ World Scientific, Singapore (1993)

4. Pshenichnii B.N. Simple pursuit by several objects/ Cybernetics and System Analysis. —
12(3): 484-485. https://doi.org/10.1007/BF01070036 (1976)

5. Ibragimov G.I. Satimov N. A multi player pursuit differential game on a convex set with

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 3. 2026



https://doi.org/10.1007/BF01070036

Mathematics 122

integral constraints/ Abstract and Applied Analysis. https://d0i:10.1155/2012/460171 (2012)

6. Salimi M. Ferrara, M. Differential game of optimal pursuit of one evader by many pursuers/
International Journal of Game Theory. https://doi.org/10.1007/s00182-018-0638-6 (2018)

7. Samatov B. Problems of group pursuit with integral constraints on controls of the players/
Cybernetics and System Analysis. 49(5), 756-767, (2013)

8. Samatov B. Problems of group pursuit with integral constraints on controls of the players/
Cybernetics and System Analysis. 49(6), 907-921, (2013)

9. Ibragimov G.lI. An n-person Differential game with integral constraints on control of the
players/ Izvestiya Vysshikh Uchebnykh Zavedenii. Mathematika 6, 48-52, (2004)

10. Satimov N. Rikhsiev B. Khamdamov A. On pursuit problem for linear differential
and descrete n-person games with integral constraints/ Mathematicheskii Sbornik. 46(4), 459-471,
(1993)

11. Ibragimov G.l. Evasion differential game of one evader and many slow pursuers/
Dynamic games and applications. https://doi.org/10.1007/s13235-023-00501-2 (2023)

12. Kuchkarov A.Sh. Ibragimov G.I. Khakestari M. On a linear differential game of

optimal approach of many pursuers with one evader/ Journal of Dynamical and Control Systems.
19(1): 1-15, https://doi.org/10.1007/s10883-013-9161-z (2013)

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 3. 2026


https://doi:10.1155/2012/460171
https://doi.org/10.1007/s00182-018-0638-6
https://doi.org/10.1007/s13235-023-00501-2
https://doi.org/10.1007/s10883-013-9161-z

Mathematics 123

Boshqaruvlarga Gronuoll tipidagi cheklovlar qo‘yilgan kasr tartibli oddiy harakat
differensial o‘yinida qochish masalasi

I. M. Yusupov, S.M. Zokirjonov, N.O. Nu'monova

Z. M. Bobur nomidagi Andijon daviat universiteti, O‘zbekiston, 170100, Andijon sh., Universitet
ko‘chasi 129-uy.

Annotatsiya. Magolada bitta quvuvchi va bitta qochuvchi ishtirokidagi oddiy harakat differensial
o'yini o‘rganiladi. O'yinchilarning harakati Kaputo ma’nosidagi kasr tartibli differensial tenglamalar bilan
tavsiflanadi, boshgaruvlarga esa Gronuoll tipidagi cheklovlar qo‘yiladi. Qochuvchining imkoniyati
quvuvchinikidan kam bo‘lmagan holda qochish masalasi to‘liq yechiladi. Qochuvchining quvuvchidan
bevosita uzoqlashuvchi strategiyasi qochishni kafolatlashi va o‘yinchilar orasidagi masofani aniq
ko'rsatiigan migdordan kam bo‘Imasligini ta’minlashi isbotlanadi. Quvuvchining mutanosib quvish
strategiyasi masofani xuddi shu miqdordan oshirmasligi ko‘rsatiladi. Shunday qilib, bu migdor kafolatlangan
masofa o'yinining giymati bo'lib, ikkala strategiya optimaldir. Qochish sharti kasr tartibga va Gronuoll
parametriga bog‘liq emasligi aniglanadi. Avval olingan quvish natijasi bilan birgalikda o‘yinning to'liq
manzarasi hosil gilinadi.

Kalit so‘zlar: differensial o‘yin, qochish, quvuvchi, qochuvchi, Kaputo kasr hosilasi, Gronuoll tipidagi
cheklov, Mittag-Leffler funksiyasi, kafolatlangan masofa, optimal strategiya.

AHHOTaumA. VIsyyaeTtcs anddepeHumanbHas nrpa npocToro ABUXEHWUS OAHOro NpecnefoBaTens u
ofHoro yberatoLlero, AUHaMyka KOTOpbIX onucbiBaeTcst Apo6HbIMY anddpepeHumnanbHbIMU YPaBHEHUSIMU
KanyTo, a ynpaBneHus nog4vMHeHbl orpaHnyeHmam Tuna FpoHyonna. B cnyyae, korga pecypc yberatolero
He MeHblle pecypca npecrnefoBarens, 3agaya yberanvs peluaeTcsi NoNHOCTb0. [lokazaHo, YTo cTpaTeruns
yberatoLero, HanpaBfieHHasi OT NpecnefoBaTens, rapaHTupyeT yberaHue M COXpaHsieT paccTosiHue
MeXay Wrpokamum He MEHbLUMM S$SIBHO YKa3aHHOW BEeNWYMHbI, a CcTpaTersi MpornopuuoHanbHOro
npecrnefoBaHWs coXpaHsieT pacCTosiHME He GOonbLUMM TOW Ke BenU4YMHbl. TeM cambiM 3Ta Benu4yMHa
SIBMSIeTCSA 3Ha4YEeHWEeM Urpbl rapaHTUPOBAHHOIO PaccTosiHUs, a 06e cTpaTerMm onTumarbHbl. [okasaHo, 4To
ycnoBue yberaHus He 3aBMCMT OT ApobOHOro nopsigka uM napametpa [poHyonna. Bmecte ¢ paHee
Nnony4YyeHHbIM pe3yrnbTaToM O NpecnefoBaHUM NosydeHa NonHasa kapTuHa Urpsbl.

KnroueBble cnoBa: anddepeHumnansHasa urpa, yoeranune, npecrnegoBatens, yoeratrowmmn, gpobHas
npoussogHaa Kanyto, orpaHnyeHne tuna poHyonna, dyHkums Muttar-Jlecdonepa, rapaHTMpoBaHHOE
paccTosiHue, onTUManbHas cTpaTterusi.

Abstract. We study a simple-motion differential game of one pursuer and one evader whose
dynamics are described by Caputo fractional differential equations and whose controls are subject to
Gronwall-type constraints. When the evader’s resource is not smaller than that of the pursuer, the evasion
problem is solved completely. It is proved that the strategy of the evader directed away from the pursuer
guarantees evasion and keeps the distance between the players not less than an explicitly given quantity,
while the proportional pursuit strategy of the pursuer keeps the distance not greater than the same quantity.
Hence this quantity is the value of the guaranteed-distance game and both strategies are optimal. The
evasion condition is shown to be independent of the fractional order and of the Gronwall parameter.
Together with the earlier pursuit result, a complete picture of the game is obtained.

Keywords: differential game, evasion, pursuer, evader, Caputo fractional derivative, Gronwall-type
constraint, Mittag-Leffler function, guaranteed distance, optimal strategy.

I. Kirish.

Quvish—qochish  differensial ~ o‘yinlari
nazariyasi R. Ayzeks [1] va L. S. Pontryagin [2]
ishlaridan boshlangan bo‘lib, hozirgi kunda
matematik ~ boshgaruv  nazariyasining  faol
rivojlanayotgan yo‘nalishlaridan biridir [3]. Bu
nazariyaning eng sodda va shu bilan birga
fundamental modeli — oddiy harakat o‘yini. Unda
har bir o‘yinchi oz tezligini bevosita boshqaradi va
boshqaruvga qo‘yilgan cheklov o‘yinchining
“imkoniyati”ni belgilaydi. Geometrik cheklovlar
holida, ya’ni tezliklar |u] < p va |v| < o o‘zgarmas
sonlar bilan chegaralanganda, bitta quvuvchi va
bitta qochuvchi o‘yini to‘liq yechilgan: quvuvchi
tezroq bo‘lsa (p > o), parallel yaginlashish

strategiyasi (I1-strategiya, [4]) chekli vagtda tutishni
ta’minlaydi; aks holda (¢ > p) qochuvchi
guvuvchidan bevosita uzoglashib, hech gachon
tutilmaydi.

So‘nggi yillarda boshgaruvlarga Gronuoll
tipidagi cheklovlar qo‘yilgan o‘yinlar faol
o‘rganilmoqda [5-10]. Bunday cheklov
T. H. Gronuollning klassik integral tengsizligiga
[11] asoslanadi va boshgaruvning joriy giymatini
uning o‘tmishdagi qiymatlari bilan bog‘laydi:
boshqgaruv gancha ko‘p sarflangan bo‘lsa, keyingi
paytda shuncha katta boshgaruvga ruxsat beriladi.
Natijada o‘yinchi vaqt o‘tishi bilan eksponensial
sur’atda  tezlanish  imkoniga ega  bo‘ladi.
B. T. Samatov, G. I. Ibragimov va I. V. Xodjiboyeva
[5] bunday cheklovli oddiy harakat o‘yinini bitta
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guvuvchi va bitta gochuvchi uchun yechib, TI-
strategiyaning optimalligini isbotladilar.
Keyinchalik ikkita quvuvchi holi [7], ko‘p quvuvchi
holi [8], belgilangan davomiylikdagi o‘yin [9] va
“hayot chizig‘i’’ o‘yini [10] o‘rganildi.

Boshga tomondan, xotira va irsiyat
effektlariga ega jarayonlarni modellashtirishda kasr
tartibli hosilalar [12—14] keng qo‘llanilmoqda. Kasr
tartibli dinamikali differensial o‘yinlar
A. A. Chikriy va I. I. Matichin [15] ishlaridan
boshlab o‘rganilmoqda. Kaputo ma’nosidagi kasr
hosilali oddiy harakat o“yinida bitta quvuvchi holida
optimal quvish vaqti geometrik cheklovlar uchun
[16] da, Gronuoll tipidagi cheklovlar uchun esa [17]
da topilgan. Bu ikkala ishda ham quvuvchi tezrog
deb faraz qilingan, ya’ni fagat quvish masalasi
garalgan.

Ushbu magolada [17] ning mantigiy davomi
sifatida garama-garshi hol gochuvchining
imkoniyati quvuvchinikidan kam bo‘lmagan hol —
qaraladi va qochish masalasi to‘liq yechiladi.
Magolaning asosiy natijalari quyidagilardan iborat.

— Qochuvchi uchun quvuvchidan bevosita
uzoglashuvchi strategiya quriladi va u gochishni
kafolatlashi, bunda o‘yinchilar orasidagi masofa
aniq ko‘rsatilgan D(t) migdordan kam bo‘lmasligi
isbotlanadi (Teorema 1).

— Quvuvchi uchun mutanosib quvish
strategiyasi quriladi va u masofani xuddi shu D(t)
migdordan oshirmasligi isbotlanadi. Demak, D(t) —
kafolatlangan masofa o‘yinining qiymati, ikkala
strategiya esa optimaldir (Teorema 2).

— Qochish sharti kasr tartibga ham, Gronuoll
parametriga ham bog‘liq emasligi aniglanadi (Natija
1) va [17] bilan birgalikda o‘yinning to‘liq
manzarasi olinadi (Natija 2).

Magola quyidagicha tuzilgan. 2-bo‘limda
masala qo‘yiladi va zarur ta’riflar keltiriladi. 3-
bo‘limda Gronuoll bahosi va “samarali vaqt”
funksiyasi o‘rganiladi. 4-bo‘limda o‘yinchilarning
strategiyalari quriladi va ularning xossalari
isbotlanadi. 5-bo‘limda asosiy teoremalar bayon
gilinadi. 6-bo‘limda natijalar muhokama qilinadi va
sonli misol keltiriladi.

Il. Material va usullar.
2.1. Masalaning qo ‘yilishi

Kasr tartibli hosila va integral

Butun magqola davomida R" (n >2) — ( -,
- ) skalyar ko‘paytmali va |- | Evklid normali fazo,
I'(- ) — Eyler gamma-funksiyasi.

0 < a < 1 bo‘lsin. f funksiyaning a tartibli
Riman—Liuvill kasr integrali deb

r:v a—1 p¢
I o / 5°Lf(s)ds (1)

124

ifodaga, 0 < a < 1 da Kaputo kasr hosilasi deb
, 1 ()
C'ya
DI =ta=ay ), G=s)

ifodaga aytiladi [12]. & = 1 da (1) oddiy
integral, (2) esa oddiy hosila deb tushuniladi. Bizga
kerak bo‘ladigan asosiy fakt [12]: “Do.%f = g, f(0) =
fo Koshi masalasining yechimi

f(t) = fo+1%()
ko‘rinishda bo‘ladi. Ya’ni kasr tenglamani
yechish — o‘ng tomonning kasr integralini olishdir.

ds (2)

O Yyinchilarning harakati va chekloviar
R" fazoda quvuvchi P va gochuvchi E
harakatlanadi. Ularning holatlari x(t) va y(t)

quyidagi Kaputo kasr tartibli tenglamalarni
ganoatlantiradi:
f'_'D[:,*Jr r(t) =u(t), x(0)=xg, 3
(DfH-J( ) = “(t)~ 'L’({]} = Yo,

bu yerda u(t) € R"— quvuvchining, v(t) € R"
— gochuvchining boshgaruv parametri, Xo # Yo.
Boshgaruvlarga  Gronuoll tipidagi cheklovlar

go‘yilgan:

|‘ < i + / |u(s, 2ds,

4
|Mﬂﬁgag+k/|MﬂF@
JO
deyarli barcha t > 0 uchun; bu yerda p >0, o
> 0, k > 0 — berilgan sonlar. p va ¢ mos ravishda
quvuvchi ~ va  qochuvchining  boshlang‘ich
imkoniyatini, k esa tezlanish sur’atini belgilaydi; k =
0 da (4) odatdagi geometrik cheklovlarga aylanadi.
Butun magola davomida

a>p

deb faraz qilinadi, ya’ni qochuvchining
imkoniyati quvuvchinikidan kam emas.

Yuqorida aytilgan faktga ko‘ra (3)
tenglamalarning yechimlari
x(t) = xg+I%ul(t), y(t) = yo+I1%v(t) (5)

ko‘rinishda yoziladi.

O‘yinchilarning boshlang‘ich holatlari bilan
bog‘liq ikki belgilash kiritamiz:
o — Yo
|20 — yo|

Bu yerda d > 0 — boshlang‘ich masofa, & —
gochuvchidan quvuvchi tomonga yo‘nalgan birlik
vektor. Ravshanki, yo = Xo — d &.

Ta riflar

Ta’rif 1. [0, o) da o‘Ichovli, har bir chekli
kesmada kvadrati bilan integrallanuvchi va (4) dagi
birinchi  (mos  ravishda  ikkinchi)  shartni

d = |yo — @0l & =
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ganoatlantiruvchi  u(- ) (mos ravishda V(- ))
funksiya guvuvchining (mos ravishda
gochuvchining) ruxsat etilgan boshgaruvi deyiladi.

Ta’rif 2. Agar biror 7> 0 paytda X(z) = y(z)
bo‘lsa, o‘yinda tutish sodir bo‘ldi deyiladi. Agar
barcha t > 0 uchun x(t) # y(t) bo‘lsa, qochish sodir
bo ‘Idi deyiladi.

Ta’rif 3. Qochuvchining ruxsat etilgan v(- )
boshgaruvi gochishni kafolatlaydi deyiladi, agar
quvuvchining istalgan ruxsat etilgan u(- )
boshqaruvida qochish sodir bo‘lsa. Shunday
boshqaruv mavjud bo‘lsa, gochish masalasi
yechiladi deyiladi.

Ta’kidlaymizki, qochuvchi uchun dasturli,
ya’ni oldindan belgilangan boshqaruv qaralmoqda.
Bunday boshgaruv gochishni kafolatlasa, u
gochuvchining istalgan axborotli strategiyalari
sinfida ham qochishni kafolatlaydi. Quvuvchi esa
istalgan  axborotdan,  jumladan  gochuvchi
boshqgaruvining joriy giymatidan foydalanishi
mumkin. Buni rasmiylashtiramiz.

Ta’rif 4. Quvuvchining kontrstrategiyasi
deb shunday u = u(tyv) funksiyaga aytiladiki,
gochuvchining har ganday ruxsat etilgan v(- )
boshgaruvi uchun u(t) = u(tv(t)) guvuvchining
ruxsat etilgan boshgaruvi bo‘lsin.

Magolaning magsadi — & > p da qochish
masalasini yechish va bunda o‘yinchilar orasidagi
masofani ikkala tomon uchun ham aniq baholash.

2.2. Gronuoll bahosi va samarali vaqt

Gronuoll  tipidagi  cheklovning  asosiy
xususiyati shundaki, u boshgaruv uchun oshkor,
vaqtga bog‘liq chegara beradi.

Lemma 1 (Gronuoll bahosi). u(- ) va v(- )
ruxsat etilgan boshqaruviar bo ‘Isin. U holda deyarli
barcha t> 0 uchun

[ee(t)| < ;Jf:"‘""fl?, lo(t)| < o ett/2, (6)

Isbot.  Qochuvchi  uchun isbotlaymiz,
quvuvchi uchun xuddi shunday. ¢(t) = [v(t)]> va w(t)
= & + kldp(s)ds deb olamiz. ¢ lokal
integrallanuvchi  bo‘lgani uchun 1 absolyut
uzluksiz, w(0) = 6% va deyarli barcha t uchun y/(t) =
ko(t). (4) ga ko‘ra ¢(t) < y(t), demak y/'(t) < ky(t).
Bundan

-(%(e Kap(t) = e M (W/(t) — k(1)) <0,

ya'ni e ¥y(t) < w(0) = o Demak [v(t)]? = o(t)
<y(t)<se o

Shunday qilib, Gronuoll cheklovli o‘yinchi t
paytda ko*pi bilan ge*”? (mos ravishda pe*?) “tezlik”
bilan harakatlana oladi. Kasr dinamikada esa holat
tezlikning oddiy integrali emas, kasr integrali orgali
aniglanadi. Shu sababli quyidagi funksiya markaziy
o‘rin tutadi:

125

1 & Ne—1 ks/2 4 +
) ,/n (t—g)* e dy, 210,
(7)

ya'ni @, = 1%(*?). ®,(t) — birlik imkoniyatli
(o=1) o‘yinchining to‘la tezlik bilan bir yo‘nalishda
harakatlanganda t paytgacha bosib o‘tgan masofasi.
Uni samarali vaqt deb ataymiz: klassik holda (o = 1,
k = 0) u t ning o°ziga teng.

Lemma 2. @, funksiya quyidagi xossalarga

P (t)

ega:

(@) Dut) = t"E1e1(kt/2), bu yerda Ei4(z) =
Sio2IT(j + ) — ikki parametrli Mittag-Leffler
funksiyasi [14];

(b) @, funksiya [0, ©) da uzluksiz va qat’iy
o ‘suvchi, ®,(0) =0, Oy(t) — oo (t — 0);

(c) barchat> 0 uchun

{,{Y .Ir'}
Mo+ 1) = 2o = 5y
(d) k=0dad,(t) = tT(a+1); a=1k>0
da @1(f) = 2/k(e2 — 1); a = 1, k = 0 da Dy(t) = t.
Isbot. (a) /2 = Yj=0(k/2)'s'/j! yoyilmani (7) ga
qo‘yib hadma-had integrallaymiz va I’ = j! t*%/I'(j
+ o + 1) formulasidan foydalanamiz:

k/2)
‘I‘”(i“.)=z( r’_ ) _

il T+a+1)

"2, (8)

jLse

a (kt/2)’
=t _—
Z T'j4+a+1)
§>0
(Bu yerda 1°s' formulasi s = tr almashtirish va
Eyler beta-integrali B(j + 1,a) = j! T(«)/T(j + a + 1)
orgali olinadi.) (b) (7) da z =t — s almashtirsak,

1 ! :
O, () = —— ~a—l1 EHL_T}»"-) I
1( \} F(C\.) /U ¢ aT

t o‘sganda integral ostidagi manfiymas
funksiya kamaymaydi va integrallash oralig‘i
kengayadi; demak @, qat’iy o‘suvchi. Uzluksizlik
(a) dan, @,(t) — oo esa (c) dagi quyi bahodan kelib
chiqadi. (c) 0<s<tdal<e“?<e"? val*l =tYT(a
+ 1). (d) bevosita hisoblash bilan tekshiriladi. o

Lemma 2 dan o‘yinchining erishuvchanlik
sohasi hagidagi muhim xulosa kelib chigadi.

Lemma 3 (erishuvchanlik sohasi). u(- )
guvuvchining, v(- ) gochuvchining istalgan ruxsat
etilgan boshqaruviari bo ‘Isin. U holda barchat> 0
uchun

le(t) — zo| < p®alt), |y(t) —yo| < o DL(1).
(9)
Isbot. (5), (6) va (7) dan
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|2(t) — zo| = |[I%u(?)|
t

< —— | (t—8)*Yu(s)|ds
o L = o)
ot
g a—1_ks/2
< t— 8 s/ L.
< T(a) /ﬂ( $)* e ds
= pPa(l).

Qochuvchi uchun xuddi shunday. o

Ya’ni t paytda quvuvchi markazi Xo, radiusi
pD,(t) bo‘lgan shardan, qochuvchi esa markazi Yo,
radiusi o®,(t) bo‘lgan shardan tashqariga chiqa
olmaydi.
2.3. O%yinchilarning strategiyalari

Qochuvchining uzoglashish strategiyasi
Qochuvchi uchun eng tabiiy strategiya —

quvuvchidan  garama-qarshi  tomonga, to‘la
imkoniyat bilan harakatlanish.
Ta’rif 5. Qochuvchining
vi(t) = —oe2g,  1>0,  (10)

boshgaruvi uzoglashish strategiyasi deyiladi.

Lemma 4. Uzoglashish strategiyasi ruxsat
etilgan, bunda (4) dagi ikkinchi shart tenglik bilan
bajariladi. Unga mos gochuvchi trayektoriyasi

"-f(tJ = Yo — O—(I)n['f)aﬂe t 2 (]1 (]-l)

ya’'ni qochuvchi yo nugtadan quvuvchiga
garama-garshi yo ‘nalgan nurda harakatlanadi va t
paytda yo dan o®,(t) masofada bo ‘ladi.

Isbot. [v'(t)2 = %X va o2 + klo'a?e* ds = 0%,
demak (4) tenglik bilan bajariladi; o‘Ilchovlilik va
lokal integrallanuvchanlik ravshan. (11) esa (5) va
(7) dan bevosita kelib chigadi, chunki & o‘zgarmas
vektor va 1“ chizigli. o

Quvuvchining mutanosib quvish strategiyasi

Quvuvchi  uchun esa  gochuvchining
boshqgaruvini “nusxalash” — uni plo nisbatda
takrorlash — tabiiy kontrstrategiyadir.

Ta’rif 6. Quvuvchining

2

uw*(t,v) = e (12)

kontrstrategiyasi mutanosib
strategiyasi deyiladi.

Lemma 5. Mutanosib quvish strategiyasi
ruxsat etilgan kontrstrategiya: qochuvchining
istalgan ruxsat etilgan v(- ) boshgaruvi uchun u(t)
= plov(t) (4) dagi birinchi shartni ganoatlantiradi.
Bunda o ‘yinchilar orasidagi masofa vektori

)

y(t)—a(t) = —d&o+ (1-2) (v —w). (13)

a
Isbot. (4) dagi ikkinchi shartni p%o® ga
ko‘paytiramiz:

quvish

126

2

2 _ P V12
u(t)2 = S|u(t
u(®) = Zlo(h)

2 t
P 2 : 2
< : v(s)| ds
< 02(0 +&.u lv(s)] de)

i 't 2 )
=p°+k / —|v(s)|"ds
Jo o*

t
=0’ +fc/ lu(s)|*ds.
Jo

Bu aynan (4) dagi birinchi shart. O‘lchovlilik
va lokal integrallanuvchanlik v dan meros bo‘ladi.
(13) ni olish uchun (5) dan foydalanamiz: 1* chizigli
bo‘lgani uchun

y(t) — x(t) = yo — xo + I*(v — u)(t)
S sag g P e,
=y — a0 (l J)I u(t)

= —d&+ (1-£) (v(0) - yo)-

(13) ning ma’nosi: mutanosib quvishda
masofa vektori boshlang‘ich masofa vektori bilan
qochuvchi siljishining (1 — p/o) ulushidan tashkil
topadi. Qochuvchi gancha ko‘p siljisa, quvuvchi
ham shuncha ko‘p siljiydi, fagat p/c marta kamroq.

I11. Natijalar va muhokama.

3.1. Asosiy natijalar
Quyidagi funksiyani kiritamiz:

D(t)y =d+ (6 — p) Pu(t), t>0. (14

Bu — boshlang‘ich masofa va imkoniyatlar
farqining samarali vaqtga ko‘paytmasi yig‘indisi.
Asosiy natijalar D(t) ning o‘yindagi rolini ikki
tomondan ochib beradi.

Teorema 1 (qochish). o> p bo ‘Isin. U holda
uzoglashish strategiyasi (10) gochishni kafolatlaydi,
bunda quvuvchining istalgan ruxsat etilgan u(- )
boshgaruvi uchun

y(t) —x()] = D(t), t=0. (15)
Xususan, o > p da o‘yinchilar orasidagi
masofa cheksiz o ‘sadi, o = p da esa u boshlang ‘ich
masofa d dan hech gachon kam bo ‘Imaydi.
Isbot. Qochuvchi (10) strategiyani qo‘llasin;
Lemma 4 ga ko‘ra u ruxsat etilgan va (11) o‘rinli. Yo
=Xo—d&ni(11) ga qo‘ysak,

y(t) —xo = —((i + W‘T’(y(t))&,‘
demak
|-U(i) - Zi,-'ﬂ| p— d + O—(I)r_}u(tj.

Boshgacha aytganda, gochuvchi
quvuvchining boshlang‘ich holatidan d + o®,(t)
masofaga uzoglashadi. Quvuvchi esa Lemma 3 ga
ko‘ra o‘z boshlang‘ich holatidan p®,(t) dan ortiq
uzoglasha olmaydi. Uchburchak tengsizligidan
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ly(t) — x(t)| = [y(t) — xo| — |@(t) — 20|
>d+oPu(t) — pPa(t) = D(1).

o> p bo‘lgani uchun D(t) > d > 0, demak x(t)
# y(t) barcha t > 0 uchun — qochish sodir bo‘ladi.
Oxirgi tasdig Lemma 2(b) dan kelib chigadi: ¢ > p
daD(t) — ». O

Teorema 1 qochuvchi D(t) masofani
kafolatlay olishini ko‘rsatadi. Tabiiy savol: u
bundan ko‘prog‘ini kafolatlay oladimi? Javob
salbiy.

Teorema 2 (kafolatlangan masofa o“yinining
giymati). o> p bo ‘Isin. U holda har bir t > 0 uchun

sup inf |y(t) — x(¢)| = inf sup |y(t) — x(t)|
T Uy

= D(’)?
(16)

bu yerda sup gochuvchining ruxsat etilgan
boshqaruviari bo ‘yicha, inf esa chap tomonda
quvuvchining ruxsat etilgan boshqaruviari, o‘ng
tomonda  kontrstrategiyalari  bo ‘yicha olinadi.
Uzoglashish strategiyasi (10) va mutanosib quvish
strategiyasi (12) optimaldir.

Isbot. Quyi baho. Teorema 1 ga ko‘ra
gochuvchi (10) ni gqo‘llaganda quvuvchining
istalgan boshgaruvi uchun |y(t)— x(t)| > D(t). Demak
(16) dagi chap tomon D(t) dan kam emas.

Yugori baho. Quvuvchi (12) ni qo‘llasin;
Lemma 5 ga ko‘ra u ruxsat etilgan va (13) o‘rinli.
(13) ga uchburchak tengsizligini va Lemma 3 dagi
[Y(t)— Yo| < 0®,(t) bahoni qo‘llaymiz:

ly(t) —z(t)| < d + (I - g)ly(f) — Yo
<d+ (1 _ S)U(I?uft) — D(1).

Bu baho gochuvchining istalgan ruxsat
etilgan boshqaruvi uchun o‘rinli, demak (16) dagi
o‘ng tomon D(t) dan katta emas.

Yakun. Har doim supinf < infsup bo‘lgani
uchun ikkala tomon D(t) ga teng. Baholar aynan (10)
va (12) strategiyalarda erishilgani ularning
optimalligini bildiradi. o

Izoh 1. Teorema 2 ning mazmuni: gochuvchi
D(t) masofani kafolatlay oladi, lekin bundan
ko‘prog‘ini kafolatlay olmaydi; quvuvchi masofani
D(t) dan oshirmaslikni kafolatlay oladi, lekin
kamrogni kafolatlay olmaydi. Demak, D(t) —
o‘yinning har bir paytdagi giymati. Bunda ikkala
strategiya ham juda sodda: gochuvchi quvuvchidan
to‘g‘ri qochadi, quvuvchi esa qochuvchining har bir
harakatini p/o nisbatda takrorlaydi. o = p bo‘lganda
D(t)=d va  mutanosib quvish  “ko‘zgu’’
strategiyasiga (u = v) aylanadi: quvuvchi masofani
doimiy d da ushlab turadi, gochuvchi esa uni
kamaytirishga yo‘l qo‘ymaydi.
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Natija 1 (universallik). Qochish sharti > p
kasr tartib o ga ham, Gronuoll parametri k ga ham
bog‘lig emas. Optimal strategiyalar (10) va (12)
ning ko ‘rinishi ham a ga bog ‘lig emas. o va k fagat
kafolatlangan masofa D(t) ning vaqt bo ‘yicha o ‘sish
qgonuniga ta’sir giladi.

Isbot. Teorema 1 va 2 ning isbotlarida o va k
fagat @,(t) orgali gatnashadi, xulosalar esa @, ning
fagat musbatligi va o‘suvchanligidan (Lemma 2(b))
foydalanadi. o

Natija 2 (o‘yinning to‘liq manzarasi).
Gronuoll tipidagi cheklovli kasr tartibli oddiy
harakat o ‘yinida qochish masalasi o > p da va fagat
shundagina yechiladi. p > o bo ‘Iganda esa quvuvchi
IT-strategiya yordamida (p — o)D) = d
tenglamaning ildizi T, paytdan kechiktirmay tutishni
ta’minlaydi [17].

Isbot. o > p holi — Teorema 1; p > o holi —
[17] dagi Teorema 1. o

Izoh 2 (xususiy hollar). Lemma 2(d) ga ko‘ra
D(t) quyidagi ko‘rinishlarni oladi:

—oa=1k=0:D(t) =d +(c — p)t — Klassik
oddiy harakat o‘yinining ma’lum natijasi;

—a=1,k>0:D(t) =d +(2(c — p))/k(E"> - 1)
— Gronuoll cheklovli klassik o‘yin [5];

—k=0,0<a<1l:D{) =d+(o—p)t"'MT(a +
1) — geometrik cheklovli kasr o‘yin; masofa t*
tartibda, ya’ni klassik holdan sekinroq o‘sadi.

Umumiy holda (8) ga ko‘ra

.t
D(t)>d —p)
(t)=d+ (o P)l_(a+1)
) r(k s g
D(t) <d —p) —— €Ft/?
(t)<d+ (o ’O)r(a+1)é

3.2. Muhokama va sonli misol

Olingan natijalarni umumlashtirib aytish
mumkinki, Gronuoll tipidagi cheklov va kasr tartibli
dinamika bitta quvuvchi va bitta gochuvchi
0‘yinining Sifat manzarasini o‘zgartirmaydi: p > o da
tutish, o > p da qochish; optimal strategiyalar ham
klassik holdagidek — II-strategiya, uzoglashish va
mutanosib quvish. O‘zgaradigan narsa — miqdoriy
ko‘rsatkichlar: tutish vaqti va kafolatlangan masofa
samarali vaqt @, orqgali ifodalanadi. Bunda kasr
tartib o ning kamayishi masofaning o°sishini
sekinlashtiradi, Gronuoll parametri k ning o‘sishi
esa tezlashtiradi.

Misol 1. d=1,0=1, p=0,6 bo‘lsin. U holda
D(t) =1+ 0,4 ®,(t). Uning « € {0,5;0,75; 1} va k
€ {0;1} uchun grafiklari 1-rasmda Kkeltirilgan.
Masalan, t = 2 paytda:

—a=1,k=0:D=1+04 2=1,80;

—0=05k=0:D=1+0,4 2°5/I(1,5)~1,64;

—0=1,k=1:D=1+0,8(e— 1)=2,37.

Qochish fakti barcha hollarda saglanadi,
kafolatlangan masofa esa sezilarli farq giladi.
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— a=0.5, k=0 == @=0.5,k=1
a=0.75, k=0 a=0.75, k=1
= g=1.0, k=0 == g=1.0 k=1

[

(v}

Dit] = d + (o—p)P_ait)
N F N
Y

[S]

1-rasm. Kafolatlangan masofa D(t) = d + (o — p)®a(t);
d=1,06=1,p=0,6.

1V. Xulosa.

(Natija 2). Keyingi tadgigotlar uchun tabiiy
yo‘nalishlar — ko‘p quvuvchidan qochish va kasr
dinamikada “hayot chizig‘i’’ oyini.
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On automorphisms of two-dimensional permuted lotka-volterra algebras

Mahammadjon Ibragimov

Department algebra and analysis, Andijan State University, 129, University, Andijan, 170100, Andijan,
Uzbekistan.

Abstract: We study the automorphisms of genetic algebras associated with permuted Lotka-
Volterra operators on low-dimensional simplex. We obtain complete descriptions of the automorphism
of such algebras of dimensions two.

AHHOTauus:  Wccnepyotcs  aBTOMOP(M3MbI  reHeTUYeckux anrebp, CBA3aHHbIX C
nepecrasrieHHbIMM onepaTopamn JloTkm — BonbTeppbl Ha CUMMNIEKCE HU3KOW pPasMepHOCTW.
Mony4eHo nonHoe onncaHne aBTOMOPU3MOB Takux anrebp pasmepHoCcTv ABa.

Annotatsiya: Biz past o'lchamli simpleksda gayta tartiblangan Lotka-Volterra operatorlari bilan
bog'lig genetik algebralarning avtomorfizmlarini o'rganamiz. Bunday ikki o'lchamli algebralarning
avtomorfizmlarining to'liq tavsifi olingan.

Keywords: genetic algebra, quadratic stochastic operator, non-Volterra operator, quadratic
homeomorphisms, automorphisms

I.Introduction

It is known that a biological population defined as a community of organisms closed with respect
to reproduction. A state of a population is a probability distribution of the different organisms types.
One of the central problems in mathematical biology is to study the evolution of a given population. The
mathematical methods applied to study this problem involve dynamical systems, probability theory,
stochastic processes and (non)-associative algebras.

Let us consider a biological population. Assume that the population consists from m species (or
traits) which are denote by E = {1,2, ..., m} and each individual in this population belongs to precisely

one species (genotype). Let x(@ = (xio), ...,x,(,?)) be a probability distribution of species at an initial
state of the population. Denote by p; ; , a probability that individuals in the i" and j* species interbreed

to produce an individual from k" species. Then a probability distribution x) = (xf), ...,x,(,})) of the
species in the first generation can be found by the rule of a total probability, i.e.,

m
1 0)_.(0
x,g) = z pl-j,kxi( )xj( ), kEE.

ij=1

The last defines a correspondence x@ — x™ which is called the evolution operator or quadratic
stochastic operator (QSO). In other words, a QSO describes a distribution of the next generation when
we know the distribution of the current generation was given. The applications of QSO to population
genetics were given in [1,6,7,12]. In [5] the recent results and open problems in the theory of QSOs were
given.

On the other hand, each QSO defines an algebraic structure with a genetic significance on the vector
space R™ containing the simplex (see next section for definitions). This algebraic structure is called
genetic algebra. They are generally commutative but non-associative, yet they are not necessarily Lie,
Jordan, or alternative algebras. Additionally, many of the algebraic properties of these structures have
genetic significance. For example, a more modern use of the genetic algebra theory to self fertilization
can be found in [7,8]. So, it is the interplay between the purely mathematical structure and the
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corresponding genetic properties that makes this subject so fascinating. We refer to [22] for the
comprehensive reference.

The general theory of groups contains a developed field of the groups of automorphism of algebraic
structures. The research of the automorphism groups of any algebraic object is one of natural and
important problems of this theory. Note that the automorphism groups of the algebras associated with
the Lotka-Volterra operators (shortly Lotka-Volterra algebras) are studied (see [2,23]). Therefore, it is
quite natural to originate these investigations for algebras associated with the other quadratic operators
whose structure is fairly well studied [12,15,16]. The paper is organized as follows. In Section 2 we
recall necessary definitions from the theory of genetic algebras. In Section 3 we describe the group of
automorphisms of the 2D genetic algebras associated with PLV operators. In Section 4 we give the proof
of main results given previous sections.

Preliminaries

Let us recall the definition of an evolution algebra of a free population following [11].

Let E = {1, ..., m}. By {e;};cg We denote the standard basis in R™, i.e., €; = (8;1, ..., i), Where
8 is the Kronecker’s delta. Consider the simplex:

Sm—l = {X € ]:Rm X = (xl, xz, ...,Xm), Xl 2 O, VL € E, le = 1}.

i€E
A quadratic stochastic operator (QSO) is a mapping of ™1 into itself of the form

V: X;c = z pij,k xin, k € E, (1)
i,JEE

where p;; . are inheritance coefficients, which satisfy the following conditions:
Pijk =0, Dijx = Djiks z pijx =1, i,j,k€ E. (2)

kEE

Let V be a QSO and for arbitrary x,y € R™, we define a multiplication rule on R™ by
Xoy Yk = Z Pijr Xy, k€E, (3)

i,J€E

where x = (x4, ..., X)), ¥ = (U1, -, ¥m) € R™(see [7]).

Using (2) it is easy to see that the multiplication (3) is commutative. Algebraic properties of such
algebras were studied in [7,9,10,12-19,21,22]. In general, the genetic algebra is not necessarily to be
associative. The multiplication (3) in the canonical basis can be represented as follows e; o €; = Y
Dijk €k, L,j € E. Thus, we identify the coefficients (2) as the structure of an algebra, i.e., a bilinear
mapping of R™ x R™ to R™. It turns out that the multiplication can be given terms of QSO (1) as

1
Xoyy = Z (pij,kxiyj) e =7 (V(x +y)—-V(x— y)), for all x,y € R™.
i,jkEE

One can check that x o, x = x% = V(x) forany x € S™1. This algebraic interpretation is useful, e.g.,
a state x is an equilibrium precisely when x is an idempotent element of the standard simplex $™~1. We

write xI™ for the power (- (x%)%---) (n times) with x[% = x, then the orbit for initial x is V"(x) =
[n]
X .
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The algebra Ay (i.e., the pair (R™,o,,)) associated by the operator (1) is called the genetic algebra.
Notice that algebras A, associated by Lotka-Volterra operators are called the Lotka-Volterra algebras
and their properties have been studied in [2,4,20].

Let 7 be a permutation of the set E. Define amap T,,: S™ 1 - S™ 1 by T, (X) = (Xn(1), - r Xe(m))-
Note that any stochastic linear bijection of the simplex coincides with T,; for some . Two QSOs V and
W are called topologically conjugate if there is a permutation 7 such that T, 1VT, = W, the last one is
denoted by V. ~ W.

Let V, W be QSOs on S™ 1 and A, Ay be the associated genetic algebras. These algebras are
called stochastically isomorphic if there is a stochastic linear bijection : A, — Ay, such that
P(xopy) =9p(x) oy P(y) forall x,y € Ay.

The next theorem about connection of between the conjugation of QSOs V, W and associated
genetic algebras Ay, Ay .

Theorem 1 [15]. Let V and W be QSOs. Then the following assertions are equivalent:

« IV and W are conjugate;
« the genetic algebras A, and Ay, are stochastically isomorphic.

It is known that automorphisms of algebras are an important tool for understanding algebraic
structures, with applications spanning theoretical and practical domains including physics, computer
science, and pure mathematics. Let A, be a genetic algebra. Recall that a linear transformation A of the
algebra Ay, is an endomorphism if A(x o, y) = A(x) o, A(y) forall x,y € A,. We say that a bijective
endomorphism of the algebra Ay, is an automorphism of the algebra A, .

We use the following steps to obtain all automorphisms of the given algebra A, :

Step 1. Using (3) from the multiplications e; o, e; for all i,j € E, we construct a system consisting
from the equations A(e; o, €;) = A(e;) oy A(e;) forall i,/ € E;

Step 2. We solve the subsystem consisting from the equations A(e; oy €;) = A(e;) o, A(e;) for all
i € E and from the obtained solutions (matrices) A we select invertible ones, that is those solutions for
which detd # 0;

Step 3. From the invertible solutions A we choose the solutions which satisfy the subsystem of the
equations A(e; o, €;) = A(e;) oy A(e;) forall i # j € E;

Step 4. The set of all solutions selected in the step 3 is the set of automorphisms of A, .

Automorphisms of two-dimensional genetic algebras associated by permuted Lotka-Volterra
operators

Let wus consider the following Lotka-Volterra QSO defined on the S?!

—1<ac<l.

x'y =xf + (1 - a)xx,,

{x'z =x2 + (1 + a)x;x,,

It is known that the set E = {1,2} has the permutations m; = e and m, = (21), where e is the

identity permutation. It is easy to see that for the permutation 7, one has T, = Id and for 7, we have

Tz = Id, where Id is the identity map. In showed that there are two quadratic homeomorphisms of st

and they defined by V, ; = T;,V and V, , = T, V. Therefore it follows that
x'y =x2+ (1 - a)x;xy, {x’l =x2+ (1+a)x,x,,

|7 :{ V5!
21 22 x'y = x2 + (1 — a)xy Xy,

—-1<a<1 4
x'y =x2+ (1 +a)x;x,, S

Scientific Bulletin. Physical and Mathematical Research Vol 8. Iss 3. 2026



Mathematics 132

Note that IV, , is a Lotka-Volterra operator and V, , is a permuted Lotka-Volterra operator. We shall
investigate the genetic algebras Ay, , and Ay, , associated by quadratic homeomorphisms V; and V5 5,

respectively.
3.1. Automorphisms of the 2D algebra Ay, ,. Consider the operator V, (4). Then the algebra

Ay, , 1= Ay, (a), a € [-1,1] has the multiplication table:
ejop,, € =€, €05 € =€, 2ej°y €, =2e0°, € = (1-a)e; + (1 + a)e,.
Theorem 2. For the 2D algebra ‘sz,l(a) over the field R the following statements hold:
i) Aut (Ay, ,(0)) = {Aqg} = Aff (L, R), where Ay g(e;) = ae; + (1 — a)ey, Agp(e;) = fey +
(1-pB)ey, a+ B ER;
ii) Aut (c/lvm(l)) ={ld,o} = Z,,where 6(e,) = e, a(e;) = e; — e,;
iii) Aut (lez,l(—l)) ={ld,t} = Z,, where 7(e;) = —e; + e,, 7(e,) = e,;
iv) if @ € [—1,1]\{—1,0,1} then Aut (UQVM (a)) = (Id).
3.2. Automorphisms of the 2D algebra Ay, ,. We consider the operator V; , defined by (4). Then
the algebra Ay, , : = Ay, , (a) has the multiplication table:
ey oy, €1 =€y €0, €, =e;, 2ej oy, e, =2e°, e = (1+a)e;+(1-a)e,.
Theorem 3. . For the 2D algebra Ay, , (a) over the field R the following statements hold:
|) Aut (CAVZ,Z(O)) = {Aa} = (Rx,'), Where Aa(el) = ael + (1 - a)ez, Aa(ez) = (1 - a)el +
ae,, a € R\{%};
ii) if @ # 0 then Aut (Uun (a)) = {Id).

Appendix

This section deals to proofs of Theorems 2, 3 given in the Sections 3. Denote by I,, the identity
matrix of the dimension n.

Proof of Theorem 2. Let A be a linear automorphism of the algebra Ay, , and it follows A(e;) =

a;1€; + aey, i = 1,2. Then from the equations A(e; oy, , €;) = A(e;) oy, A(e;), i,j =12 we

obtain the following system
afy + (1 —a)ajiai; = ayq, ai, + (1 + a)agsa:; = ag,
a5y + (1 — a)azaz, = a1, a3, + (1+ a)azaz, = az,, (6)

(1 —-a)ay; + (1 + a)ay; = 2a11a31 + (a11a2; + a12a,1) (1 — a),
(I —a)as; + (1 + a)az, = 2a12a;5; + (a1102; + a12a,1) (1 + a),

where a € [—1,1].

We solve the system (6) following to steps mentioned in the Section 2,

From the 1st, 2nd (resp. 3rd, 4th) equations of (6) we have (ay; + axz)? = ag; + axz, k = 1,2 and
so it follows either ay, + ax, = 00rag, +ax, =1,k = 1,2.

i) Let a=0, ie. we consider Ay, (0). Then 1st, 2nd equations of (6) has form

a11(1 — (a1 + (112)) =0, a12(1 —(a; + a12)) = 0. (7)

It is easy to verify that if a;; + a;, = 1 (resp. a;; + a;, = 0) then the system (7) has the unique
solutiona,; = a,a;, =1 —a, a € R(resp. a;; = a;, = 0). Similarly from the 3rd and 4th equations
of (6) we obtain that if a,; + a,, = 1 (resp. ay,; + a,, = 0)thenwegeta,; = B,a,, =1—-F, L ER
(resp. a,; = a,, = 0). Therefore, we have
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_(0 0 _ (0 0 _(a 1—a _(a 1-a

1= o) w=(g 12p) 4=(5 "5 a=(5 12p)

Evidently, that det (4;) = 0,i = 1,2,3 and det (4,) = a — . Besides one can check the entries of
A, satisfy the rest the last two equations of (6). Here, @ # 8, because if « = p then det(A4,) = 0.

i) Let a+#0, ie. we consider Ay, (a). Then 1st, 2nd equations of (6) imply

a;1(1—(ay; + ag3) +aa;) =0, a;;(1—(ay; +ag3) —aay;) =0 (8)
If a;; + a;, = 0then from (8) we have either a;; = a;, = 00ra;; = —a;, = % Also from (8) we
get either a;; =1, a1, =0 or a;; =0, a;;, =1 when a;; + a;, = 1. Similarly the 3rd and 4th
equations of (6) has form a,;(1 — (ay; + ayz) + aay,) =0, ay,(1 — (ay; + a,,) —aay;) =0 and

the Iatter haS the SO|UtI0nS a21 = azz = 0, a21 = _azz = %, a21 = 1, a22 = 0, a21 = 0, a22 = 1
1 1 1 0 0 1
Using these solutionswe getAs = 1 o | de=| o 1 | 47 = % —% Ag = % -2

1 0 0 1
Ag = <0 1 ) Ay = <1 0) with det(4;) # 0, i = 6,7,8,9,10. One has that Ag, Ag, A1 do not

satisfy (6), Ag (resp. A, ) satisfies (6) when a = —1 (resp. a = 1), Ag = I,.
Proof of Theorem 3. Let A be a linear automorphism of Ay, , and A(e;) = a;;e; + aze;, i = 1,2.
Then the equations A(e; oy, e;) = A(e)) oy,, A(e;), i,j =12 imply the following system

(a%Z +(1+a)ay a1, = az;, af; + (1 - a)agia,; = ap,,

{ a5, + (1 + a)az 0z, = ayg, a5; + (1 —a)ayay, = ag, )
1+ a)ay; + (1 — a)ay; = 2a12a;5; + (a11a2; + a12a,1) (1 + a),
1+ a)as; + (1 —a)az, = 2a11a31 + (a11a2; + a12a,1) (1 — a).

where a € [—1,1].

We solve the system (9) following to steps mentioned in the Section 2.

From the 1st four equations of (9) we have (a;; + a;3)* = (ap; + azy)? = aq1 + a,, and it
follows either a;; + a1, =0 or ay; + a;, =1 (resp. a,; + a,, = 0 or a,; + a,, = 1). Also we get
that the values a;;, + a;, and a,; + a,, are both either 0 or 1, simultaneously.

i) Let a = 0, that is we consider the algebra Ay,, (0). Then itis easy to check that if a;; + a;, =0
then (9) has the unique solution a;; = 0, i,j = 1,2. Also one has if a;; + a;, = 1 then (9) has a solution
Ay = Ay, = @, 15 = Ay, = 1 — a, @ € R. Hence we have if a € R\{%} then A;; = (1 fa 1 ;“)
with det(A;;) # 0 and the map A(e,) = ae; + (1 —a)e,, A(e,) =(1—a)e; +ae, is an
automorphism.

i) Leta # 0in Ay, (a). Then the 1st four equations of (9) imply either a;; = 0,i,j = 1,20ra;; =

—aj; = —i, i =1,2 when a,; + a;, = 0 and therefore in this case obtained matrices have zero

determinants.
If a;;+a;, =1 then from the 1st four equations of (9) we have Ay, Ay,
a—2-—q(a) a+2+q(a)
Ao = 2a 2a
12 (a+2 +q(a))(a—q(a)) (2—a+q(a))(a+q(a)) ’
4a 4a
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a-2+q(a) a+2-q(a)
A _ 2a 2a
137\ (a+2-q@)(a+q@) (a-2+q(a@)(-a+q@) |’

4a

134

q(a) =Va?+ 4.

4a
Evidently that detA,, = detA;3 = 0. Also it holds detA,, # 0, but it does not satisfy 5th and 6th

equations of (9).
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An explicit error estimate for the fifth-order taylor method for the cauchy
problem for quadratic systems

A.Kh. Abdullayev

1. Tashkent State University of Economics, Tashkent, Uzbekistan

AHHOTaums. BbiIBOAUTCA HepaBeHCTBO, OLieHMBalLee NopsaoKk TOYHOCTU MeToda NPUBAMKEHHOrO peLleHns
3agaun Koww Ans KsagpaTUyHbIX AMHAMUYECKMX cucTeMm. PaccmaTpuBaemas cxema MOCTpOeHa Mo NepBbiM MATU
yneHam psga Tennopa TOYHOrO pelueHus. Mcnonb3dyss KOHeYHoCTb opMynbl Tennopa Ans KBagpaTUYHOTO
OTOOpaXeHnsi, Mbl TOYHO BbIYMCIISIEM HEBA3KY NPUBNMKEHHOrO pelleHus, [0Ka3blBaeM HepaBeHCTBO ANd
NOrpeLUHOCTH 1 NOSyYaeM SiBHble BblPaXeHns Ans COOTBETCTBYHOLLMX KOS DULINEHTOB.

KnioueBblie cnoBa: [luHamuyeckas cuctema, 3agada Kowwm, ksagpatuyHas cuctema, NnpubnmxkEHHoe peLueHue,
dopmyna Tewnopa, nemma ['poHyonna, NopsaokK TOYHOCTK, OLeHKa MNOrpeLLHOCTH.

Abstract. We derive an inequality that estimates the order of accuracy of an approximate solution method for the
Cauchy problem for quadratic dynamical systems. The scheme under consideration is built from the first five terms of
the Taylor series of the exact solution. Using the fact that the Taylor formula of a quadratic mapping is finite, we compute
the residual of the approximate solution exactly, prove the error inequality and obtain explicit expressions for the

corresponding coefficients.

Keywords: Dynamical system, Cauchy problem, quadratic system, approximate solution, Taylor formula,

Gronwall lemma, order of accuracy, error estimation.

Annotatsiya. Kvadratik dinamik sistemalar uchun Koshi masalasini tagribiy yechish usulining aniglik tartibini
baholovchi tengsizlik keltirib chigariladi. Qaralayotgan sxema aniq yechimning Teylor gatorining dastlabki beshta hadi
asosida qurilgan. Kvadratik akslantirish uchun Teylor formulasi chekli ekanligidan foydalanib, tagribiy yechimning
tafovuti aniq hisoblanadi, xatolik uchun tengsizlik isbotlanadi va mos koeffitsiyentlar uchun oshkor ifodalar olinadi.

Kalit so‘zlar: Dinamik sistema, Koshi masalasi, kvadratik sistema, taqribiy yechim, Teylor formulasi, Gronuoll

lemmasi, aniglik tartibi, xatolikni baholash.

1. INTRODUCTION

We consider the Cauchy problem for a system
of ordinary differential equations

x(t) = flx(®],  x(0) = x,. (1)
Problems of this type arise throughout
mathematical modelling, and their approximate
solution is a classical subject. Here x € D ¢ R, D
is a convex domain, and f: D — R< is a quadratic
mapping. The quality of an approximate solution
method is characterized first of all by its order of
accuracy. If x,(t) is the exact solution of problem
(1) and x%(t), 0 < t < T, is an approximate one, the
order of accuracy is expressed by an inequality

sup |x,(t) — %(t)| < CelThS, (2)
0<t<T

where L is a Lipschitz constant, h is the step of the
grid on which the approximate solution is computed,
and s is the order of the method. This problem is
treated in a large number of works; see, e.g., [5, 6, 7,
12].

One-step approximate solution schemes are
usually divided into two main groups: schemes
based on the Taylor formula and schemes based on
Runge—Kutta methods. Both are widely used [6].
Runge—Kutta methods are often preferred, since
Taylor methods require higher-order derivatives of
the function f. However, with the development of
computer algebra systems these derivatives can be
computed automatically for a wide class of functions
[8], and the Taylor approach has regained its
attractiveness.

There is one more reason to turn to Taylor
methods. Since the second half of the 20th century,
numerical computations have been used not only to
approximate trajectories of dynamical systems but
also to prove theorems about their properties [1, 10].
Such applications require rigorous deductive proofs
of inequalities of the form (2) with explicitly known
constants, and from this point of view Taylor
schemes are more convenient than Runge—Kutta
schemes, because their error is expressed directly
through the derivatives of the solution.

In [3] and [4] (see also [2]), inequality (2) was
proved with explicit constants for schemes of order
3 and 4. As the order grows, the number of terms in
the expansions increases rapidly, and a direct
extension of that technique becomes cumbersome.
In the present paper we treat the case s =5 for
quadratic systems, a class that includes many basic
models (the Lorenz and Réssler systems, Lotka—
Volterra models, etc.). For a quadratic mapping the
Taylor formula is finite; this allows us to compute
the residual of the approximate solution on each step
exactly, as a polynomial in the local time, and to
estimate it coefficient by coefficient. As a result we
obtain explicit values of the constants in (2), and the
bounds for the coefficients of the residual turn out to
be sharp.
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2. THE PROBLEM OF ESTIMATING THE
ERROR OF THE APPROXIMATE
SOLUTION

The accuracy of approximate solutions is
discussed with various degrees of detail in the
literature on numerical methods. The monographs
[7] and [12] concentrate mainly on Runge—Kutta
methods. Part III of Bakhvalov’s monograph [5]
deals with methods for ordinary differential
equations, and its §1 analyses the Taylor method
from a methodological point of view. Part II, §2 of
[13] also touches upon the Taylor method: it is noted
there that if the first n terms of the Taylor formula
are used, then the error is

max |x,

_ - n
0=n<N y(xn)l O(h )J

and the discussion ends with this remark.

In this paper the upper bound of the error is
written explicitly, and inequality (2) is proved
rigorously with explicit constants. Estimates of this
kind are needed when mathematical theorems are
proved on the basis of numerical solutions. In recent
decades, computational methods have been widely
used to obtain rigorous results about dynamical
systems, and some long-standing problems have
been solved in this way. In particular, in Tucker’s
works [14, 15] numerical and analytical approaches
were combined to prove the existence of the Lorenz
attractor. Various methods have also been
developed for establishing the existence of
homoclinic trajectories and for studying other
properties of dynamical systems; see [9, 10].

3. CONSTRUCTION OF AN APPROXIMATE
SOLUTION SCHEME BASED ON THE
TAYLOR FORMULA

We call system (1) quadratic if every
component of f is a polynomial of degree at most
two in x. Then the second derivative f” does not
depend on x, all derivatives of order three and higher
vanish, and for all x, p

f+p)=fC)+f(p+1/2f"(p,p) 3)

Since a quadratic function f(x) is locally
Lipschitz, the solution of problem (1) is unique;
however, estimating its interval of existence is a
rather difficult problem [11]. Therefore we begin
with the following condition.

Assumption 1. The solution x,.(t) of the
Cauchy problem (1) exists on the given segment
[0; TT.

We restrict ourselves to the uniform grid ¢t,, =
nh,where h = T/N, N € N. The Taylor formula for
the exact solution with accuracy 0 (h®) reads

136

x(t+h) =
2 3

=x,(t) + hx*(t) + x*(t) + x* (t) +

ht
to (IV)(t)+ (V)(t)+R6(t h).

Asin[3, 4], we mterpret expressions involving
f and its derivatives as operators, e.g.

f'f'f = f (),
f'"EOf = " (f COf (), f(x)),
and introduce the notation
Fo=f,  Fey1=Ff, k=012,..

Then x%*Y(¢) = F.[x.(t)]. Differentiating

along the solution and using " = 0, we obtain for
quadratic systems

F=ff.  FE=fff+fff
Fs =3f"(F'OfF + 1 fF+ 1717,
F, = 4f"0"0f +
+Af"(F'Of + 37" F'HU) +
+31' "D+ FF+ T
Indeed, along a solution %f = f'f, %(f’u) =
f'fu+ fiand < f'uv = f"iw + f'uv, since f"
is constant; applying these rules successively to F;,
F,, F5; and using the symmetry of f”, we get the
formulas above. Hence the Taylor expansion takes
the form
x*((n + Dh)

= x,(nh) + Z Fk [x.(nh)] + Rg(nh, h).

Neglecting the remalnder term, we arrive at the
recurrence formula

hk
Xn41 = Xp t Z FFk—l(xn)v

and x,, is regarded as an approximation of x,(nh).

In theoretical problems the values of the solution

between the nodes are also needed, so we use the

following continuous approximate solution.
Definition 1. The function

k

%(6) =20 + [y Thoo e Fel#(oy)] ds (4)
is called an approximate solution of problem (1),
where g, = h[s/h] is the step function of the grid.
It has the properties: nh < g, < (n+ 1)h for n =
[t/h]; o(o,) = 0y, 05 = o, if sand t lie in the same
grid interval.

Although (4) has the form of an integral
equation, it is in fact a recurrence formula that
defines X(t) explicitly: on [nh, (n + 1)h]
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5
—nh)k
X(t) =x, + Z %qu(xn)-
k=1

Lemma 1. For every n>1 the equality
X¥(nh) = x, holds.

The lemma is proved by induction on the
segments [0, nh].

Assumption 2. There exists a compact convex
set K ¢ R4 suchthatx,(t) € K and %(t) € K forall
te[0,T].

We introduce the constants

My =max|f(x)|, My =max | f'® ],
M, =max |l f"(x) I, M;=0,
XEK

where the last equality holds because the
system is quadratic; we assume M; > 0. From the
formulas for Fj, it follows that for x € K
|FO| SMOI |F1| SMlMOJ
|F;| < MyM§ + MM,
|F5| < 4MM,M§ + M3 M,,

|Fy| < MMy + 11MZM,M3 + 4MZM3.  (5)

4. MAIN RESULT

By (4), for t#nh (n=1,2,..,N —1) the
derivative of the approximate solution is
4

_ Nk
¥(t) = Z MFR[X(%)]-

k!
k=0

Consider the residual of the approximate
solution in equation (1):
(S_Us)k

I(s) = fI2()] = Ek=o—, — Fel%(03)].

Lemma2. Fornh<s<n+1)h
10

= e

m!

(6)

m=5
where  F, = F(x;,),
Gs = f'Fy + 5f"FyF; + 10f"F,F, = F5(x,,) and,
form =6, ...,10,

G = % Z (T:l) f"Fi—1P}'—1-

i+j=m
1<i,j<5
Proof. On this interval g, = nh and X(s) =
(s—nh)k
Xn +(s), Where p(s) = Xioy =~ Fi—1 (tn).

I(s) = f(xn) + f'(n)p(s) +

By @), )
1/2f"(p(),p(8)) = Thoo T Fe(x) is @

polynomial of degree at most 10 in s — nh. Since p
has degree 5, for m=>6 the coefficient of
(s —mh)™ comes only from 1/2f"(p,p) and
equals 1/2% 4 jom f "Fio1Fj—1 /(@ jD) = Gp/ml;
similarly, the coefficient of (s — nh)® is Gs/5!. Let

137

z(s) be the solution of (1) with z(nh) = x,,. Then
z**D(mh) = F(x,) and z(s) = %(s) + 0((s —
nh)®), hence

FIES)] = fl2()] + 0((s — nh)®) =
° (s — nh)k
= ) S Rl + 0((s — nh)®).
k=0

Therefore the terms of degree 0, ... ,4 cancel and
Gs = F5(xp).

Theorem 1. Let system (1) be quadratic and let
Assumptions 1 and 2 hold. Then for 0 <t < T the
difference between the exact and approximate
solutions satisfies

|x,.(t) —X()| <

< hS ° Agh® \ feMit —1
~T &k +o M,

where
Ay = MMy + 26M3M,M2 + 34M; M2 M3,
Ay = 31M}M,M3 + 146 M2 M2 M3 + 34M3M§,
A, = 56M?M,M3 +

406M3MZME + 224M M3 Mg,

As = 91IMOM, M3 + 952M{MI M3 +
+1400M2M3M¢ + 224MIMS,

Ay = 126M] M,M3 + 1890M; M2 M3 +

+6048M3M3ME + 2016M, M35 M3,

As = 126M3M, M2 +
2772MSMZM3 + 16254MF M3 Mg +
+11088M2M5M§ + 2016M3M§.

In particular, inequality (2) holds with s = 5,
L=M;and C = (T +h)Y3_oAr h*/(k + 6)!.
Proof. For the exact solution we have
x.(t) = xo + [ f [x.()] ds,
and for the approximate solution, from formulas (4)
and (6), Z(t) = x, + [, (f[%(s)] — I(s)) ds. Hence
lx.(6) = %) <
<|fy 1) ds|+ [Iflx. (] - flESds ()

Substituting the bounds (5), Il f' I< M; and
|f"uv| < M,|u||v| into the formulas for G, gives
|Gris| < Ay, k=0,..,5 (for instance, A, is
obtained from Gs = f'F, + 5f"FyF; + 10f"F, F,).
Therefore, by Lemma 2,

+ heM1t>,

(k

Integrating this bound over a grid interval (or a
part of it) gives at most Y3 _, A, h**¢/(k + 6)!. The
segment [0, t] meets at most t/h + 1 grid intervals,
SO

5
A
)<y i (5 o),
k=0
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5
k
< (t+h)h® i.
£ (i + 6)!

By Assumption 2, since K is a compact convex
set, the mean value theorem (Hadamard’s lemma)

fo tl (s)ds

gives  |f[x.()] — FIE]| < Mylx,(s) — £(s)].
Therefore
£.(0) = (O] < (¢ + W) h° Ty 20

+M f, |x.(s) — %(s)| ds. ®

We apply the Gronwall lemma in the following
form [11]: if u(t) =0 is continuous on [0,T],
af,L>0andu(t) < a+ Bt +L [ u(s)ds, then

Lt _ 1
u(t) < aet+p I

Applying it to (8) with L = M;, a = hf8 and
B=h>Yr_oAh¥/(k+6)!, we obtain the
required inequality. This completes the proof of the
theorem.

Remark 1. Estimating |I(s)| pointwise by Y.,
Ay R¥3/(k + 5)! would lead to the factors 1/(k +
5)!'instead of 1/(k + 6)!, i.e. to a six times larger
leading term. The denominator 6! is natural: the
local error of the scheme on one step equals
Fs(x,)h®/6! + O(h7).

Remark 2. For the scalar equation x = x2 and
K =[0,p] we have F,(x) = (k + 1)! x¥*2, M, =
p%, M; = 2p, M, = 2. A direct substitution shows
that at x,, = p the bounds (5) become equalities and
I(s) = Y10 (11 —m) p™*2(s — nh)™, while
Ap_s/m! = (11 —m)p™*2. Hence the bounds
|Grss| < Ay are attained, and the constants Aj
cannot be decreased without additional assumptions
on the system.
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KpaeBasi 3aga4a ¢ ycJIOBUSIMH HeliMaHa VIl yPaBHEHUs] JJUTUNITHYECKOT 0 THIIA
C TPeM$l CHHTYJISIPHBIMHU KO3(pGUIIMEHTAMH B IEPBOM OKTAHTe

M.P. MypopoBa

depraHcKuii rocyaapcTBeHHbIN yHUBepcuTeT, ®epraHa, Y36ekncTaH

AHHoTaumsAa. B pabote wccnegoBaHa KpaeBasi 3agaya Tuna [Oupuxne—Helmana ans TpEXMEPHOro
ANNUNTUYECKOTO YPaBHEHUS C TPEMS CUHIYNAPHbIMK KO3dduLmMeHTaMn B NepBOM okTaHTe. [lokazaHa ofHO3Ha4Has
paspeLuMMoCcTb MOCTaBMNEHHOW 3aJayn B Knacce perynsipHbix pelueHui. MeTogom mHTerpanoB SHepruu AokasaHa
€[IMHCTBEHHOCTb peLUeHus MOoCTaBneHHoOM 3agayn. [ns gokasaTenbCTBa CyLEeCTBOBaHWUS peLUeHUs UCMOMb30BaH
MeTo WHTerpanbHoro npeobpasoBaHuss XaHkens. WHTerpanbHoe npeobpasoBaHne XaHkens uenecoobpasHo
NPUMEHATb, OYEBUMAHO, B Cny4vae, Korga MepeMeHHble B ypaBHEHUMUM WU3MeHsTca oT 0 g0 OeCKOHEeYHOCTH;
nocTaBneHHas 3ajaya SBMseTCq COOTBETCTBYWOLWMM npumepom. [aHHoe npeobpasoBaHve SBNSETCA OOHUM U3
3(pheKTUBHLIX METOLOB HAaxXOXOEHWS peLleHui Takux 3agdad. [Ons BbiBoAa ypaBHEHWs OTHOCUTENbHO obpasa B
TPEXMEPHOM MPOCTPAHCTBE MHTErpanbHoe npeobpasoBaHue XaHKens NpUMEHSeTCS K MCXOQHOMY YpaBHEHMWHO MO
nepemMeHHbIM x 1 y. B pesynbTaTe Bo3HUKaET KpaeBasi 3agava Ans 06bIKHOBEHHOTO AnddepeHLnanbHOro ypaBHEHNUS!
no nepemeHHonm z. C MOMOLLbIO pELUEHWs 3TON 3aJayn MOCTPOEHO peLleHue MOCTaBMEHHOW 3ajayn B BuAe
ABYKpaTHOro HecobCTBEHHOrO MHTErpana, cogepxatlero cdoyHkumm beccens nepsoro poga v dpyHkumn MakgoHansaa.
Mpn 06OCHOBaHWM pPaBHOMEPHOW CXOAMMOCTU HECOOCTBEHHBLIX MHTErPanoB WUCMOMb30BaNNCh acMMMNTOTUYECKUE
OoueHKM dyHKumMn Bbeccens nepsoro poga wm dyHkuunm MakgoHanbga. Ha ux ocHoBe nonyveHbl OUeHKM Ans
noAablHTErpanbHbIX BbIPAXXEHWUA, YTO MO3BOMWIO AOKa3aTb CXOAMMOCTb MOMYyYEHHOro ABYKPATHOrO HeCOOCTBEHHOMO
WHTErpana, T. €. CXOOUMOCTb peLleHMsI MOCTaBfIEHHOM 3ajaynM M ero npov3BOAHbLIX OO BTOPOro nopsigka
BKIMOYNTENBHO, a TaKKe JoKa3aTb TEOPEMY CYLLLECTBOBAHNS PELLEHNS B KIAcCe perynsapHbIX peLleHni.

KntoueBble cnoBa: nHTerpansHoe npeobpasosaHve XaHkens, dyHkumsa beccens, dyHkunsa beccens mHumoro
aprymeHTa, yHkuma MakgoHanbaa, CUHIYNsipHble KO3MUUNEHTbI, ypaBHEHMS SMNMNTUYECKOro TUna.

Abstract. A Dirichlet-Neumann type boundary value problem for a three-dimensional elliptic equation with three
singular coefficients in the first octant is studied. The unique solvability of the problem in the class of regular solutions
is proved. The uniqueness of the solution is proved by the energy integral method. To prove the existence of a solution,
the Hankel integral transform method is used. The Hankel integral transform is naturally applied when the variables of
the equation range from 0 to infinity, and the problem under consideration is an example of this case. This transform is
one of the effective methods for finding solutions of such problems. To derive an equation for the image in three-
dimensional space, the Hankel integral transform is applied to the original equation with respect to the variables x and
y. As a result, a boundary value problem for an ordinary differential equation in the variable z arises. Using the solution
of this problem, the solution of the original problem is constructed in the form of a double improper integral containing
Bessel functions of the first kind and Macdonald functions. To justify the uniform convergence of the improper integrals,
asymptotic estimates of the Bessel functions of the first kind and of the Macdonald function are used. On this basis,
estimates for the integrands are obtained, which makes it possible to prove the convergence of the resulting double
improper integral, i.e. the convergence of the solution of the problem and its derivatives up to the second order inclusive,
and to prove the existence theorem in the class of regular solutions.

Keywords: Hankel integral transform, Bessel function, modified Bessel function, Macdonald function, singular
coefficients, elliptic equations.

Annotatsiya. Ishda birinchi oktantda uchta singulyar koeffitsiyentli uch o‘lchovli elliptik tenglama uchun Dirixle—
Neyman tipidagi chegaraviy masala tadqig gilingan. Qo'yilgan masalaning regulyar yechimlar sinfida bir giymatli
yechilishi isbotlangan. Energiya integrallari usuli bilan masala yechimining yagonaligi isbotlangan. Yechimning
mavjudligini isbotlash uchun Hankel integral almashtirishi usulidan foydalanilgan. Hankel integral almashtirishini
tenglamadagi o‘zgaruvchilar 0 dan cheksizgacha o'zgargan holda go‘llash magsadga muvofiq bo'lib, qo‘yilgan masala
bunga mos misol bo‘ladi. Ushbu almashtirish bunday masalalarning yechimlarini topishning samarali usullaridan biridir.
Uch olchovli fazoda tasvirga nisbatan tenglamani keltirib chigarish uchun Hankel integral almashtirishi dastlabki
tenglamaga x va y o‘zgaruvchilar bo‘yicha qo‘llaniladi. Natijada z o‘zgaruvchi bo‘yicha oddiy differensial tenglama
uchun chegaraviy masala hosil bo‘ladi. Bu masalaning yechimi yordamida qo‘yilgan masalaning yechimi birinchi tur
Bessel funksiyalari va Makdonald funksiyalarini o'z ichiga olgan ikki karrali xosmas integral ko‘rinishida qurilgan.
Xosmas integrallarning tekis yaginlashishini asoslashda birinchi tur Bessel funksiyalari va Makdonald funksiyasining
asimptotik baholaridan foydalanilgan. Ular asosida integral ostidagi ifodalar uchun baholar olingan, bu esa hosil gilingan
ikki karrali xosmas integralning yaginlashishini, ya'ni qo'yilgan masala yechimi va uning ikkinchi tartibgacha (ikkinchi
tartib ham kiradi) hosilalarining yaginlashishini, shuningdek, regulyar yechimlar sinfida yechimning mavjudlik
teoremasini isbotlash imkonini berdi.

Kalit so‘zlar: Hankel integral almashtirishi, Bessel funksiyasi, mavhum argumentli Bessel funksiyasi, Makdonald
funksiyasi, singulyar koeffitsiyentlar, elliptik tipdagi tenglamalar.

1. BBEJAEHHUE. IOCTAHOBKA 3AJIAYHN

(Bg_l/2 + By_l/2 + 35_1/2) u(x,y,z) =0,
Paccmorpum ypaBHeHue

(x,y,z) €N )
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B obmactu 2 = {(x,y,z): x € (0;4), y €
(0;4), z € (0; +0)}, rme u(x,y,z) —
HensBecTHas QyHKIMA, a a, 8, Y € R, nmpuuém 0 <
a, B,y <1/2.

Huna  ypaBHenmmss (1) B obmactn (2
chopMyJIUpyeM U HCCIIEAYEM CIEAYIOIIYIO 3a/1a4y.

3agauya DN,,. Haiitu pemenune ypaBuenus (1)
B 00J1aCTH {2, yIOBIETBOPSIOLIEE YCIOBUIM

ue C(ﬁ),

By_1/2%, Bﬁ 1/2W By_,,u € C(2), (2)
lim,_,0x2%%u, = v4(y,2),
lim,_u(x,y,z) =0, y,z€][0,+x), 3
limy,_,0y%Pu, = v,(x, 2),
limy_u(x,y,2) =0, x,zE€[0,+), (@)
lirnz—»OZZ}/uz =V3 (x; 3"):
lim,_,u(x,y,z) =0, x,y€][0,+»), (5)
e 2 = {(x,v,2): x € [0; +0), y € [0; +0), z €
[0;+)}, a wv;, =123 — 3aganHbIe

HenpepbIBHBIC (DYHKIINH.

2. EIMHCTBEHHOCTbD PELHIEHU S
3AJAYH DN,

Teopema 1. Eciu cywecmgyem peutenue
3a0auu DNy, mo oHo eouncmeenHo.

Loxazamenvcmeso. Ilycts 3amaua DN, umeet
nBa pemeHus Uq(x,y,z) u u,(x,y,z). Torma

u(x:% Z) = ul(xryJ Z) - uZ(ny'Z)
yaoBieTBopsieT ypaBHeHHIO (1) W OZHOPOIHBIM
KpaeBbIM ycinoBusaM. Jlokaxem, uro u(x,y,z) = 0B

0.
B obnacTu () cipaBesIMBO TOXKIECTBO

x20y2B 22V y Ly = (xz"‘yzﬁzzyuux)x e
+(x2“y23227’uuy)y +
+(x2“y25227uuz) -

—x2y2P 2% (uZ + uZ + uZ) = 0.

VHTErpupys 3T0 TOXIECTBO 110 0061aCTH

52646
!25125;*5: ={(x,y,2): 6; <x <8y,
83 <y <8, 85 <z< 3},
rae §;, j = 1,6 — MOJIOKHUTEIBHBIE YHCIIA, HMEEM
2a.,,2B .2y
[(x yePz uux)x +

6268464
'(2515355

+(x2“yzﬁzzyuuy)y +
+(x2y2P 72V yu, ) ldxdydz =

'U:f xZayZBZZV %

628486
518355

140
X (u2 + uf + uZ)]dxdydz. (6)
OueBuIHO, YTO ecnu 81,053,605 = 0,

8268486
82, 64,86 il +OO, TO 'Q516355 - (.

[Mpumensis popmyny ['aycca—Octporpanckoro
[15] x meBoit cTopoHe paBeHCTBA (6), IMEeM

Se 64
L L 2B 22Y[62%0,.(8,,y, 2)u(8,,y,2) —
—87%U, (81,5, 2)u(8y, y, 2)]dydz +
+f 6f:zx2a ZZy[ajﬁuy(x, 80 2)U(X, 84, 2) —
_8§ﬁuy(x, 83, 2)u(x, 8,z)|dxdz +

84 6,
+ f f X2 26 (82w, (x, y, 86)u(x, ¥, 86) —
o) o)
—82"u, (%, y, 8s)u(x, y, 8s)]dxdy =

= fff [x2*y2P22Y (uZ + u2 + u2)]| dxdydz.

828456
0516365

Ilepexons k mpenmeny mnpu 67,083,805 = 0,
85,04, 8¢ — +00 u yuntsiBas ycnosus (2)—(5) (npu
v3(x,y) = 0), U3 OCIeTHETO PABEHCTBA MTOIYIUM

ff [x2¢y2B22Y (uZ + u2 + uZ)| dxdydz = 0.
0

CrnenoBaTeibHO,
U (%, y,2) = uy,(x,y,2) = u,(x,y,2) =0,
(x,y,2) € L.

Torma u(x,y,z) = const, (x,y,z) € 2. Tak
Kak u(x,y,z) € C(.Q) u lim,_u(x,y,z) =0, T0
u(x,y,2) =0, (x,y,z) €N. Orciona cuexyer
YTBEPIKAECHUE TEOPEMBI. [

3. CYIHECTBOBAHUE PEHIEHUA 3ATAYHN
DN,

B nanHnoii pabore mMeronoM mpeoOpa3oBaHHS
XaHKens: UccielyeM IOCTABJICHHYIO 3anady DN,.
MHorue 3a1auu GU3HUKH, IPUKIATHON MaTEMATHKH
U MareMaTU4€CKOTo MOJACIMPOBAHUA CBOIATCA K
penieHno audQepeHIuaibHbIX, HHTEIPATbHBIX U
uHTerpo-auddepeHnanbupXx ypaBHeHud. OgHuM
u3 3¢ HeKTHBHBIX METO/IOB HaxO0XJEHUs
AHAJIUTHYCCKOI'O PEIICHUA ABJISICTCA METO
MHTETpaNbHBIX  mpeoOpasoBanuil. Ilpum  sTOM
HanOoJiee M3yYEHHBIM M YacTO MPHUMEHSIEMBIM W3
Bcex  mpeoOpasoBanuit  beccenst  sBIseTcs
WHTETpaJIbHOE MTpeoOpazoBaHme XaHKesl.

WnterpanbHeiM  nipeoOpa3oBaHreM XaHKeJs
nopsiika v ¢yHkuuu f(t) HasbIBaeTCS HHTErpai
[11], [12]

+ 00

fo = frf®Ot,@dt,

0
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v=-1/2, 0<p<+oo. (7
3nmece J,(z) — ¢dyaxmms Beccens mepsoro poma
mopsika v [13].

IMpeoGpasoBanne Xankens (yakuun [ (t)
BEPHO JuIs JT00BIX Touek Ha uHTepBaie (0, +0), B
KOTOPBIX QyHKIWMs f () HEeMpephIBHA MM KYCOYHO-
HETPEPBIBHA C KOHEYHBIM YKCIIOM TOYEK paspbiBa
MEepBOTO poja, U

+00
f |f ()] t1/? dt < +oo.
0

dopmyna  oOpameHuss — mpeoOpa3zoBaHHs
XaHKeIst OnpeAeseTCs HHTErPaaoM

(O = fo 7 () ply @0) dp,

0<t< +oo. 8)

®Oyukuuio  f(p) 9acTo Ha3bIBalOT 00pazoM
®dypre—beccens—Xankens [14], a pynkuuo f(t) —
OPHTHHAJIOM.

[IpeoOpazoBanne XaHkens mneaecooOpa3HO
MIPpUMCHATD, O4YCBHJIHO, B ClIy4dac, Korga B
ypaBHEHUH NepeMeHHbIe u3MeHs0Tcs oT 0 10 +00.
ITocTaBimenHas 3aada DN, SIBIISICTCSA
COOTBETCTBYIOLIUM IIPUMEPOM.

Jlns  BbiBOZA ypaBHeHus obpasza iy, (z)
NPUMEHHNM IpeoOpa3zoBaHie XaHKeIs K HCXOTHOMY
ypaBHeHHIO (1) o nmepeMeHHbIM X 1 Y. IMeem

Uy (2) =

+00 ~+00
= f f xy[xa_l/zyﬁ"l/zu(x, y, Z)] %
0 0

X J1/2-a(A%)]1/2-p(y) dxdy, ©)
HpU4EM
u(x,y,z) = x1/2-ay1/2=F x
+00 400
xf Auiy, (z) X
0 0
X J1/2-a(AX)]1/2-p(uy) dA dp. (10)

Ha ocHoBanuu (9) BBeaém yHKITMN
~£284 )
51 83}41( -

€4 &2
— '[ '[ x1/2+a y1/2+ﬁu(x’ y, Z) X
€3 &1
X J1/2-a(A%)]1/2-p(uy) dxdy,

rae €, j = 1,4 — 10JIOKUTENILHBIE YUCIIA.
O4eBHUIHO, YTO

(11)

lim £1,630 UEZE:A#(Z) = fl/lu(Z).
Ep,E4+00

C nomompto ¢pynkuuu (11) u ypasaenus (1)

BBIYHCIIAM BBIpakenue BZ_, ,, 6525, (2):
y—1/2%¢e g5

f f x1/2+a 1/2+ﬁ><

~Er&y
y 1/2u£1£3

141

X J1/2-a(AX)]1/2-p (1Y) X
X By_qpu(x,y,z) dxdy =

&4 &y
_ _f f x1/2+a1/24
&3 &1

X J1/2-a(AX)]1/2-p (1Y) X
X (Bg_l/z + BB 1/Z)u(x, y,z)dxdy =

=L

X Bg—l/zu(x; Y, Z) dx] X
X yV24B] 0 p(uy) dy —

£ &
—f [f VY2 1 g (uy) X
& &

1 3

x1/2+a]1/2—a(lx) X

1

B, pu(x,y,7) dy] X

X x1/2+“]1/2_a (Ax) dx,

_ 0% 2q+10

q = 9z2 z 0z
[IpuMeHsAsT TNPaBHJIO WMHTErPUPOBAHHA  TI0

gacTsMm, u3 (12) momyaum

~EHE
B2, (2) =

- f (U /oa ) —
€3
— A1 j2-a(Ax)u]xt/ZFe 202 —

&2
7 [ Gy, R ) ) x
€1

(12)

rie — omepatop beccens [16].

X y1/2+B]1/2—ﬁ(#J’) dy —
&2

_f {U1/z—ﬁ(MJ’)uy -
€1

Y=¢&s

_:u]—l/Z—B (My)u]y1/2+ﬁ |y=g3 -

€4
—p? f u (x,y, 2)y ¥ jp_p(uy) dy} x
&

3
x x1/2%e], o (Ax) dx. (13)
HemocpeacTBEHHBIM — BBIYHCICHHEM  MOYKHO
ybenuthbes, uto npu GpukcupoBaHHbix A € (0, +00)
u U € (0,4+00) cremyromme npeensl CyImecTBYOT
Y KOHEYHBI:

limx_,oxl/z-'-a]_l/z_a (Ax) =

= 22tap=12-a r(1/2 —a),  (14)
1imy—>0y1/2+ﬁ]—1/2—ﬁ(ﬂ3’) =
=2VAPu= 2 b r/z - ). (19

IMoBenenne ¢Gyuknuu J,(x) TpH Manbix u
OOJBIINX 3HAYCHUSAX X JAETCSl COOTBETCTBEHHO
¢dopmymnamu [18]:

b)) =

xV

x>0 2VT'(1 +v)’
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Sy(x) = (1)1/2 cos (x — % — %)

X—+o0o \TTX

(16)

N3 paeenctra (13), mepexons K mpeneny Ipu
& >0, & >0, & > +0, g4 > +00 U yunuThHIBas
ycnosus (2), (3), (4), (5) u paBencrsa (14), (15), a
Takke o0o3HaueHue (9), momydnM ypaBHEHHE BHIA

- 2y _ 9~
uzzlu(z) + 7uzlu(z) —X uly(z) =0,
0<Adu<+4+oco, 0<z<c,

rae y? = A% + u?.
Kpome Toro, B cuimy rpaHUYHBIX ycioBui (5),

(17)

us  (9) crnenyer, wuyro dynxkums 1y, (2)
yIOBJIETBOPSIET CIIE Iy FOIIAM IPaHUYHBIM
YCITIOBHSIM:

limz_)OZZVﬂZA#(Z) = V3w
lim, e uy,(x,y,2) =0, (18)

riue

+00 400
V3A/,¢ — j j x1/2+a y1/2+ﬁv3(x, y) %
0 0

X J1/2-a(Ax)]1/2-p(1y) dxdy. (19)
Tenepr HaiinéM oOImIee pellieHne ypaBHEHHS
(17) B Buge [6]

ﬁ,w(z) = 0121/2_”1/2—)’()(2) +
+C2Z1/2_YK1/2_]/(XZ); VIS [OI C]) (20)

r1ie C; ¥ C; — MPOM3BOJILHBIEC MOCTOSHHBIE, a [} (X)
u Kj(x) — ¢ysxkuus Huadenbaa u  GyHKUus
Maxknonanbaa nopsiaka [ [13] cooTBETCTBEHHO.

N3  paencrBa (18), Ha  OCHOBaHHH
ACHMITTOTHYCCKUX ToBeaeHuit (ynkimin [,(x) u
K, (x) npu Gompmmx x [18, ¢. 172-173]:

X

e
L,(x) = W,
1/2
K00~ (£) e, (21)
cienyer, uro pemenue  ypaBHeHusa — (17),
VIOBIETBOpSIIOIIee  BTOpoMy  ycioBuio  (18),
OTIpEeIETISIETCS] PABEHCTBOM
iy, (2) = szl/z_yKuz—y()(Z)- (22)

VYnosnerBopsist ¢ynkiuio (20) mepBomy u3
ycnoBuii (18), momyunm

limZ_,OZZVﬁZA”(Z) =
= —limz—>o)(czzl/2+yK—1/2—y(XZ) = Vaaw
OTKYJla OJHO3HAYHO HAXOJIUM Cp'
2\V*r 1
N e —
*\x ra/2+y)
[loncrasmnss 3naueHue ¢, B paBeHCTBO (20) m
yuntsiBas K, (x) = 217VxVK, (x)/T(v), v >0,
OJTHO3HAYHO HAaXOJIuM pemieHue ypaBHeHus (18) B
BHJIE

142

i (Z) = El/Z—‘y(XZ)F(l/Z_y)
A 3 vy =T (1/2+4y)
Pemenne ke MCXOMHOHM 3aaum TMONydaeMm ¢
ITOMOIIBI0  00paTHOTO TPeoOpa3oBaHUSI XaHKEIs

(20):

(23)

400 400
wy = [ [ k@
o Jo
X 1, (z) dAdp, (24)
e X3(x) = x50 (AX), Quy) =
y/2=Bj, 2-pg(y), a  1,(z) onpenensercs

dopmyioit  (23), mpuu€M OHU COOTBETCTBEHHO
SIBIISTIOTCS PEMICHUSIMH CIIETYIOIINX YpaBHEHUI:

By 1/2X3(x) = —=A2X; (),

0<x<+oo, (25)
Bﬁy_l/zQu(y) = _”ZQy(y);

0<y<+o, (26)
35—1/211/1;1(2) = Xzﬁly(z).

X2=22+u? 0<Aupz<+oo. (27)

Ecmu B (24) Bo3moxHO nuddepeHnmponanme
0/ 3HAKOM HHTerpaia, To GyHKius U(X,y, Z) ecTh
pemnenue ypaBuenus (1). JlelictBurensHo,

B;.’C—l/Zu(xl Y, Z) + Bﬁy_l/zu(xi Y, Z) +
+Bf_1/2u(x, y,z) =

+00 ~+00
= f f A#[Bg—l/zX/l(x)] X
0 0
X Qu(¥)tiy,(2) dAdu +

400 400 y
o] 2o [ ,0.00] x
X 1iy, (2) dA dyt +

400 400
+ f AU (00 (¥) X
0 0

X [BJ_y j50i3,(2)] dA dp.
Orcrona B cuiny (25)—(27) umeem
Bg—l/zu(x: y' Z) + Bg_l/zu(x, y, Z) +
+B;_1/2u(‘xl Y, Z) = 0.

[Mokaxkem, uto QyHKIMs (24) yHOBIETBOPSIET
ycnoBusiMm (4) u (5). Ucnonw3ys dopmynsr (16),
dynxmmn X (x) n Q,(y) mpu Mambx U 6oIbIIMX
3HAYEHHSX apryMeHTOB COOTBETCTBEHHO

MEPETNIIYTCS B BUIE
/11/2—0.' x1-2a

X =~
1)~ e —ay
0<x,A<1, (28)
1/2 an
~ y Q| i -
X(x) = x (n/l) sin (Ax + > ),
1<x,A< +0x, (29)
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1/2-8,,1-28
__H y
Qy()’) ~ 21/2_3[.(3/2 _ '3);
O<yu<i, (30)
1/2
Quy) =y7F (n%) sin (uy + ﬁ;)

1<y, pu<+oo. (31)
Uz NPUBEIEHHBIX ACUMITTOTHYECKUX
COOTHOIIeHWH ciemyer, dro (Qyukousa (24)

yIOBIETBOPAET ycIoBHuaM (4) u (5).

Teneps AOKakeM HECKOJBKO JIEMM, KOTOPHIC
OyIyT  WCIONB30BaHBI TPH  YCTAHOBJICHHUH
PaBHOMEPHOM CXOAMMOCTH JBOWHOTO HHTErpasa
(24).

Jemma 1. Ecwu a€(0,1/2), mo
OMHOCUMENLHO pynxyuu X (x) =
xl/z_“jl/z_a(lx) npu x € [0,4+00) cnpasednuevi
credyouue OYeHKU:

100 <

- {03/1“_1/2, 0<x-1<1, (32)
T e 272, 1< x- A< oo,
|x24X; (0)| <
- {65/11/2‘“, 0<x-A<1, (33)
T AV (AX)%, 1< x-A < oo,
|B§_1/2X,1(x)| <
- {07/13/““, 0<x-1<1, (34)
T A3, 1< x- 1< oo,

20e ¢j, J = 3,8, — nonodicumenvhvle nocmosmmole.

Hokaszamenocmeo. W3 paBeHctBa (25) m
onpeneneHuss  omeparopa beccens  moiyvaem
o1ieHKY (34).

Teneps paccmotpum dynkumio x2%X;(x) =
x5, o(Ax) u pasenctBo (23). B cuy
acuMnTotTHueckux  ¢opmyn  (16), HeTpyaHO
MOKa3arh, YTO YISl TUX (DYHKIMH CIPaBeTUBbI
orneHku (32) m (33) coorBercTtBeHHO. Jlemma 1
JI0Ka3aHa. 0

AHAJIOTHYHO JIOKA3BIBACTCS CIIETYIOIIast

Jemma 2. Ecu B €(0,1/2), mo
OMHOCUMENLHO Gynxyuu Q.(y) =
yl/z_ﬂjl/z_[;(yy) npu y € [0,+00) cnpageonusvi
crneoyiowue OYeHKu.

|0, (] <
< {Cgﬂﬁ_l/z, 0<y-u<l, 35)
T lepouf V2, 1<y u< +oo,
ly*£ Q. ()| <
< {Cnlll/z_ﬁ' 0<y-u<], (36)
T e P EPuy)P, 1<y p< o,

53120000 <
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<

{c13,u3/2+ﬁ, 0<y-u<i, 37)

crat3PHE, 1<y p < +oo,
20e cj, j = 9,14, — nonodcumenvivie ROCMOAHHbLE.

Jlemma 3. Ilpu nioboix A, u € (0,+0) u Vz €
[0,c] ona  yuxyuu iy, (z), onpedenénnoi
paserncmeom (23), cnpaseonusvl OyeHKu

|ﬂlu(z)| = |V3/1u|'
|Bf—1/2ﬁ/1u(z)| < )(2|V3/1u|- (38)

Jloxazamenvcmeo. WzectHo [18], uTo ecmu

v = const > 0, To
K, <1 K,(0)=1. (39)

W3 paeenctBa (23), cormacuo (39), cnemyer
repBas orieHka u3 (38).

Kak Obu10 mokaszano pauee, Gynxims iy, (z)
yAOBJIeTBOpsieT ypaBHeHuto (27). OTciona, B CHITy
nepBoin OIICHKH (38), cpasy  ciemyer
CHpaBeTIMBOCTD M BTOPOi olleHKH U3 (38). Jlemma
3 nokasaHa. O

Jlemma 4. Ilycmo Qynxyus v3(x,y), x,y €
(0,1), yoosremsopsiem cnedyiowemy yciosuio:

a) vi(x,y)€C(M), 20e M={(xy)x€

(0,1), y € (0,1)}.
Tozoa ons koaghduyuenmos

1 1
V3iu = f f x1/2ra y1/2+By, (x, y) x
o Jo

X J1/2-a(AX)]1/2-p(uy) dxdy
CNpageonusa Cieoyuas OYeHKa:
|V3/1u| < CpoA~V/2-ay=1/2-6,
0<Adu<l.
b) Ilycmo pynxyus vs(x,y), x,y € (1,+00),
yooeiemeopsiem cie0yiowum yCio8UsIM:
l. vs(x,y) € Cf,‘;(ﬁ), 20e I ={(x,y): x €
(1,+00), y € (1, +o0)};

. aJ
Il. lim,._,4 EV3(X, y) =0,

(40)

j=0,

w

o/
3 a j—
limye 40X o v3(x,y) =0,
4

+00 a ;
fl |x“ﬁv3(x,y)| dx < +o0;

. aJ
1. hmy_,lﬁw(x,y) =0,

Jj =03,

. il
hmy—>+ooyﬁ WVS (x' }’) =0,

4
f1+00 |yﬁaa_y4v3(x'y)| dy < +0o.
Jokazamenvcmeo. CHavana JOKaKEM ITyHKT
(a) memMMer 4.
Paccmotpum ko3 dument V3au B
npomexytke [0,1]. CormacHo ¢dopmyne (40),
KOO HUIMEHTBI V3, MOXKHO TIEPENUCATE B BUIE

1
Vaiu = fo y1/2+ﬁ]1/2_ﬁ(yy)F,1(y) dy, (41)
rae
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1

F(y) = f XL v (e, y) dox.

0
Crauaina ouennm Fy (y) B npomexytke [0,1]:

1
) sf v y)] -
0

* |x1/2+a]1/2_a(2.x)|d.x S
< Cig - CiA™V/27% < €171 /2m2,

[MoxcraBnss HalineHHYO oieHKY Fy (V) B (41),
HoJIy9qaeM

1
W f )] - [y 2%y g (uy)|dy <
0

-1/2— -1/2-8 —
< Cp A2 Crgu /2P =
= CioA~ 12y~ 1/2-6,
Tem cambIM J0Ka3aHO YTBEpIKICHHE ITyHKTa
(a) nemmer 4. TlepeitnéM K 10Ka3aTELCTBY IYHKTA
(6).
Paccmotpum kodpurmeHt V3au B
npoMexyTtke [1,+00). CornacHo ¢opmyne (19),
KO (DUIMEHTBI V3, MOXKHO TIEPENHCATH B BHIE

400
Vo = j Y2 I ) F() d,
1

+00

() = f x1/2+“]1/2_a(2x)v3(x, y) dx.
1

CHayanma paccMOTpUM

[Tonp3ysice paBeHCTBOM
x1/2+“]1/2_a(lx) =
1d

=T [xY/24)_4 1o (AX)],

1 NPUMEHSS NPAaBWJIO UHTETPUPOBAHUS 110 YACTAM
YETBIpE Pa3a, U3 MOCIEAHETO MMOIYYUM

1
k)= —1x1/2+a]—1/2—a(/1x) X
X v3 (6, Y ZZT” -

1 =too
— X2 (AX)a G WIS -

dynxumo  Fy(y).

AZ

1 =400
=5 oAV (e, V)T

1 =400
_/1_4x1/2+a]1/2—a(/1x)v3xxx(x' }’)lfﬁzf +

1 (>
+Ff V3xxxx (X, Y) X
1

X xY2+], o0 (Ax) dx. (42)

B cuny ycnoBuii neMMbl 4, BHEUHTEIPaIbHbIC
cnaraemMele B (42) paBHbl Hymio. CienoBaTensHoO,

1 [t
FA(Y) = 1_4—[ V3xxxx (xJY) X
1

x x1/2%ay, o (Ax) dx.
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Tenepy paccmoTpuM  KOdQDUIMEHT V3,
ompenensemMblii paBeHcTBOM (19), B mpomexyTke
[1,+00). TlokaxkeM, uTO I QYHKUMH V3;,

CIIpaBC€ajinBa CIICAYIOMias OLICHKA:
8

o Sqag || 12 e y)
v <— X —v3(x,
3Au 24t ), . y dx* oy* 3Ly
X
X x1/2]1/2—a(/1x) y1/2]1/2—/3(li)’)| dxdy <
C
<tz
= Q8545
TockonbKy (yHKIMS V3,3, OTpaHMYEHa, Jajlee
NOMyYMM  OUEHKM s GyHKuud iy, (2),
paccmarpuBas otaenbHo ciydan A, 4 € (0,1) u
A u € (1,+00):
|3, (2)| <
C23l_1/2_aﬂ_1/2_ﬁ, 0< A,[l < 1,
Coat~ 452745, 1<Apu<+oo,
Wcronb3yst TOJNyYEHHBIE OUEHKHA ()YHKI[HH
ii3,(z), mepeiinéM K OlEHKE COOTBETCTBYIOLIMX
OIepaTopOB:

<

e, 0<Au<i,
|B(’Z‘_1/2u| < ¢ u
Cr60 1< Au< oo,
|By ul < {C2n 0<Au<l,
3_1/2 ng, 1 < A,‘u < +OO’
Cry, 0<Au<l,
|Bf_1/2u| <i? ’
C30, 1< /LH. < +00,
YcraHoBiIeHHAas paBHOMEpHAasi CXOJIUMOCTh
OTMepaTopoB  HA  YKa3aHHBIX  MPOMEXYTKax

MO3BOJISIET 3aKJIIOYNTh O CYIIECTBOBAHUM PELICHMUS
3anaun DNy, mnpuuéM  JaHHOE  PEIICHHE
BhIpaxkaetcs hopmyJioit (24).
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CTaTUCTUYECKUIN KOHTPOJSIb PaAOHOBbIX NpeaBeCTHUKOBB NPSAMON U
obpaTHOM 3afayYyax KPaTKOCPOYHOronporHo3npoBaHUs 3eMIeTPSICEHUN

AxmenoB CaxuGxoH!, Axmegos OgumkoH?
LAHOMXKaHCKUI rocynapCcTBEHHbIN YHUBepcuTeT, 2AHanxaHckuin dounuan KokaHgckoro yHmBepcuTeTa

AHHOTauma: B cratbe paccmaTpuBaeTcs MeTOAONIorMs  KpaTKOCPOYHOrO  MPOrHO3MpOBaHUS
3eMIIeTPSACEHUA MO pPagoHOBBIM NPeABECTHMKAaM Ha OCHOBE CTaTUCTUYECKOro KoHTpons. B kayectse
LEeHTpanbHOro afeMeHTa nogxoda paccmaTpuBalTcs npsmass u obpaTHas 3agaun. [lpsimas 3agada
3aKMoYaeTcs B OLEHMBAHUM NapamMeTpoB OXWOAeMOro 3eMIeTPsiCeHUsI MO XapakTepucTvkaM pagoHOBOWA
aHoManuu, BKIYas MaKkCUMarnbHYIO KOHLEHTpauuio pagoHa, MaKCUMarbHYH CKOpPOCTb €ro pocTa,
NPOAOIDKUTENBHOCTL ChMaja W nnowaab aHoManbHOW 30Hbl. [Ana npsiMon  3ajayv  MCMonb3ykTcs
lMyaccoHoBckasi M norapudmuyeckas MOAenu, Mo3BoMsioWmne CBA3aTb XapakTepPUCTUMKMA NPeaBECTHUKOB C
MarHuTygon u BpemeHem 3emnieTpsiceHusi. ObpaTHas 3agaya, HanpoTuB, COCTOMT B BOCCTaHOBIEHMU
[ONYCTUMbIX XapakTepUCTMK PafioHOBOro NpeaBeCcTHWKa MO W3BECTHbIM MapamMeTpam 3eMIeTPsiCeHUs.
lMokasaHo, 4YTo norapudmMmmyeckas obpatHas 3agayvya MMeeT HEKOPPEKTHBIN XapaKkTep, BCNeACTBMUE Yero Ans
nony4YeHnsl yYCTOMYMBBIX OLIEHOK MNpeanaraeTcs WCnonb3oBaTb KOHTPONbHY kKapTy Llyxapta. Bbixog
pafoHOBOro Mpouecca 3a KOHTPOSbHbIE TrpaHuLUbl WUCMONb3yeTcsl Afsi CTaTUCTUYECKOro BblAerneHus
aHoManbHOW obnactM u orpaHudeHnss obnactm [ONyCTUMbIX 3Ha4YeHUM NapamMeTpoB MNpefBEeCTHUKA.
MpepnoxeHHaa nocnegoBaTeNbHOCTbL BKOYAET MOCTAHOBKY MPSMOM M OOpaTHOM 3ajay, BbIsIBNEHME
HEKOPPEKTHOCTU 0DOpaTHOW 3adauyn, CTaTUCTUYECKYHD Pperynspus3aumio C MOMOLLBbI0 KOHTPOSbHbBIX KapT,
onpeneneHne Havyana aHoManum W MOoNyYeHWe YCTOMYMBBLIX OLEHOK XapakTepuCTUMK NpeaBecTHMKa.
PesynbTtatel oOpMUMPYIOT OCHOBY ANns AanbHenwen Bepudrkaumm MeTOAMKU Ha MCTOPMYECKUX LaHHbIX
PaAoHOBOMO Y CEMCMUYECKOrO MOHUTOPUHTA.

KnioyeBble croBa: 3eMneTpsiCeHMEe, KPaTKOCPOYHOE MPOrHO3MpOBaHWE, PASOHOBbLIN MPEeaBECTHUK,
CTaTUCTMYECKMI KOHTPOIb, KOHTPONbHas kapTta WyxapTa, npsimas 3agada, obpatHas 3agada, [lyaccoHoBckas
Mozernb, norapugmmnyeckas Moaenb, pagoHoBasi aHoMarnwsi.

Abstract: In this paper, a methodology for short-term earthquake forecasting based on radon
precursors and statistical process control is considered. The approach is formulated through two
interconnected problems: a forward problem and an inverse problem. The forward problem consists in
estimating parameters of an expected earthquake from characteristics of a radon anomaly, including maximum
radon concentration, maximum growth rate, decay duration, and the area of the anomalous zone. Poisson and
logarithmic models are used to relate precursor characteristics to earthquake magnitude and occurrence time.
The inverse problem consists in estimating admissible precursor characteristics from known earthquake
parameters. It is shown that the inverse problem in the logarithmic model has an ill-posed character; therefore,
a Shewhart control chart is proposed as a statistical regularization mechanism. Exceeding the control limits is
used to identify the anomalous region and to restrict the admissible range of precursor parameters. The
resulting methodology includes formulation of the forward and inverse problems, identification of the ill-
posedness of the inverse problem, statistical regularization using control charts, determination of anomaly
onset, and obtaining stable estimates of precursor characteristics. The proposed framework provides a basis
for further validation using historical radon and seismic monitoring data.

Keywords: earthquake, short-term forecasting, radon precursor, statistical control, Shewhart control
chart, forward problem, inverse problem, Poisson model, logarithmic model, radon anomaly.

AHHoTauma: Maqolada radon prekursorlari va statistik nazorat asosida zilzilalarni gisqga muddatli
prognoz qilish metodologiyasi ko‘rib chigiladi. Yondashuv ikkita o‘zaro bog‘lig masala — to‘g‘ri va teskari
masalalar asosida qurilgan. To‘g‘ri masala radon anomaliyasining maksimal konsentratsiyasi, maksimal o'sish
tezligi, pasayish davomiyligi va anomaliya maydoni kabi ko‘rsatkichlari asosida kutilayotgan zilzilaning
parametrlarini baholashdan iborat. Bunda prekursorlar xususiyatlarini zilzila magnitudasi va sodir bo‘lish vagti
bilan bog‘lash uchun Puasson va logarifmik modellar go‘llaniladi. Teskari masala ma’lum zilzila parametrlariga
ko‘ra radon prekursorining mumkin bo‘lgan xususiyatlarini tiklashdan iborat. Logarifmik modeldagi teskari
masala noto‘g‘ri qo‘yilgan masala xususiyatiga ega bo‘lgani sababli, barqaror baholarni olish uchun Shewhart
nazorat kartasidan statistik regularizatsiya vositasi sifatida foydalanish taklif etiladi. Nazorat chegaralaridan
chiqgish radon jarayonidagi anomal sohani ajratish va prekursor parametrlarining mumkin bo‘lgan giymatlari
oralig‘ini cheklash uchun ishlatiladi. Metodologiya to'g‘ri va teskari masalalarni qo‘yish, teskari masalaning
noto‘g‘ri qo‘yilganligini aniglash, nazorat kartalari yordamida statistik regularizatsiya qilish, anomaliya
boshlanish vaqtini aniglash va prekursor xususiyatlarining bargaror baholarini olish bosgichlarini oz ichiga
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oladi. Taklif etilgan yondashuv radon va seysmik monitoringning tarixiy ma’lumotlarida keyingi tekshiruvlar

uchun metodik asos yaratadi.

Kalit so‘zlar: zilzila, gisga muddatli prognoz, radon prekursori, statistik nazorat, Shewhart nazorat
kartasi, to‘g‘ri masala, teskari masala, Puasson modeli, logarifmik model, radon anomaliyasi.

|. BBenenue
Kparkocpounoe IIPOTHO3UPOBAHUE
3eMJIETPSICEHU I o reopu3n4ecKuM

MPEeIBECTHUKAM TPEJCTABISIET COOOM 3a1ady, B
KOTOpOl HeoOXoIuMO CBs3aTh HaONII0JaeMble
W3MEHEHUs KOHTPOJIUPYEMOro MapaMmerpa ¢
OydyUIMMH XapaKTePUCTUKAMH CEHCMUYECKOTO
coobrtusi[ 1-4]. B paccmarpuBaemoii pabore
TakKUM TapaMeTpoM SIBIISIETCS KOHIEHTpaLus
pazioHa, U3MEHEHUE KOTOPOI aHAIM3UPYETCS KaK
CllydaiiHbIil mpouecc. PanoHoBBIe aHOMaNMH
paccMaTpuBalOTCs ~ HE  H30JHUPOBAHHO,  a
COBMECTHO co CTaTUCTUYECKUMU
XapakTEePUCTUKAMH TpoIlecca U pe3ysibTaTaMu
KOHTPOJIBHOIO MOHHUTOpHUHTra. Takod moIxo[
MIO3BOJISIET TEPEUTH OT MPOCTOr0 OOHAPYKEHUS
aHOMaJIUU K  KOJUYECTBEHHOMU OLICHKE
rapaMeTpOB MPEI0JIaraéMOro COOBITHS.

B 3amagax mporHosa mo pagoOHOBBIM
MPEABECTHUKAM E€CTECTBEHHO BO3HHUKAIOT JIBE
B3aMMOCBs3aHHbIEe 3a1a4yu. llepBas — mpsmas:
0 HAOJIIOJACMBIM XapaKTePUCTHKAM PaIOHOBOMN
aHOMaJIMHU OMpEAeNUTh MapamMeTpbl OyayIIero
3emieTpsicenusi. Brtopas oOpaTHas: 1O
W3BECTHBIM WM  33JaHHBIM  [apaMmerpam
3eMJICTPSICEHUSI  OMPEIEIUTh  JOIMYCTUMBIE
XapaKTEPUCTUKUA PaJOHOBOTO MpeIBECTHUKA. B
HUCXOJHOW paboTe OTH JBE IOCTAaHOBKH
CBA3BIBAIOTCS c [IyaccoHoBCcKOM 51
Jorapu(MHUIECKOM MOJIEIsIMU, @ KOHTPOJIbHBIC
KapThl UCIOJB3YIOTCS UISl PEIICHUS MPOOIeMbl
YCTOWYMBOCTH 0OpaTHOM 3aauu.

Llenp cTaTbu COCTOUT B CHCTEMaTH3alUU
MPEAJIOKEHHON METOJO0JOTUU CTATUCTHYECKOTO
KOHTpOJISI PaJOHOBBIX MPEJBECTHUKOB M B
00BbeTMHEHNN TIPSIMOM 1 0OOpPaTHOM MTOCTAHOBOK B

EIMHYI0 CXeMy KpaTKOCPOYHOTO MpPOrHO3a
3EMJIETPSICEHHIA.
1. MeToanl uccae 0BaHus

B  kadectBe  mcxomHoro - oOBEKTa

paccmarpuBaetcs ciaydaiHblii  mpomecc  X(t),
ONMCHIBAIOUINI ~ HM3MEHEHHWE  KOHIIEHTpallH

pazoHa BO BpeMeHHM. M3 Hero BbIIENAIOTCA
XapaKTepUCTUKU paJloHOBOM aHomainuu: Rmax
— MaKCHMaJbHas KOHLIEHTpALUs paJloHa; VMmax
— MakKCHMaJjbHasi CKOPOCTb POCTa PaJiOHA; T —
BPEMEHHON HHTEPBAJI OT IIMKA A0 [OCIETYIOLEro
cmaga; S — IUIOm@aab 30HBI  PaJOHOBOM
aHomMasinu; tp —  BpeMs  JOCTHXKEHUS
MakcuMmanabHOro muka; T, =t, + T --Bpems
3emieTpsceHus. B ucxomHoil craThe 3TH
XapaKTEePUCTHKH  HWHTEPIPETHPYIOTCS  Kak
KOJINYECTBEHHbIE TIOKA3aTENN CUJIbl U AUHAMUKU
aHOMAJILHOTO TIpoliecca.

MeTtono0rn4ecku  HMCIOJIb3YKOTCS  ABa
B3aUMOJIOIIOJIHAOIMX HHCTpYMeHTA. [IepBbIil —
BEPOSTHOCTHAs MOJENIb YHUCIa U BPEMEHH
HOSIBJIEHNS aHOMAJIbHBIX ITMKOB, OCHOBAaHHAs Ha
ITyaccoHoBckoM mnpezactaBieHuu. Bropoil —
jgorapuMuueckas  perpecCHoHHas  MOJEIb,
CBSI3bIBAIOIIAs] MArHuUTyJy C HOPMHUPOBaHHBIMU
XapaKTepUCTUKAaMU  pPaJOHOBOM  aHOMAJIUU.
[TapameTpsl Mozenel mpeniaraercs OLICHUBATh
[0 JIaHHBIM  MPEIbIAYUIUX  3EMIIETPSICEHUI
METO/10M HauMEHbBIINX KBaJPaTOB.

Jns  CTaTMCTUYECKOTO  BbIAENIEHUS
aHOMAQJIMU HUCHOJb3YeTCs] KOHTPOJbHAs Kapra
lyxapra. B Helt BBIXOA HaOII0aEMOTO
Ipolecca 3a YCTAHOBJICHHBIE KOHTPOJIBHBIE
TPAaHUIBI  TPAKTYeTCs KaK CTaTUCTHYECKUH
CUTHQJI, HA OCHOBAHUU KOTOPOTO BBIJEINACTCS
aHoMaJbHas obsacTe. B paMmkax naHHOW cTaTbu
KOHTPOJIbHAs KapTa BBINOJHAET HE TOJIBKO
¢GyHKIMIO OOHapyXeHHs CUTHajla, HO W
(YHKIHIO CTaTUCTUYECKOI'O OTPAHUYEHHUs IPH
perieHuu oOpaTHOM 3a7auH.

Takum o00Opa3oMm, MOCIEN0BATEIbHOCTD
METOJIa MOKHO MPEACTaBUTh Kak: HaOJto/IeHue
X({) — cratucthyeckwii  KOHTPOJIb  —
BEIZIETICHUE pPaToOHOBOM aHOMAJINHA —
olieHuBaHue Rmax, vmax, T u S — omnpenenenue
MarHutyasl M u Bpemenu Te B mpsMoil 3aaaue;
1160, B 00paTHOM HampaBJeHHH, 3aAaHHbie M u
Te —  KOHTpPOJbHBIE  OrpaHUYEHUs —
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BOCCTAHOBJICHUC JOMYCTUMBIX XapaKTCPUCTUK
PaaOHOBOI'O IIPECABCCTHUKA.

I11. Pe3yabTaTsl

3.1. [Ipamas 3amaua

[IpsiMast 3ajja4a COCTOUT B ONpPEACIICHUN
rmapamMeTpoB  OyayIIero 3eMIICTPSICEHUS IO
HAO0III0/IaeMBIM  XapPaKTEPUCTUKAM PaTOHOBOTO
npeABecTHUKA. B HMcxomHoW pabore st 3TOi
uenu paccMmarpuBaroTcsi  IlyaccoHoBckas U
sorapudmMudecKas MOJICIH.

B ITyaccoHOBCKOM MOJEIN UCIIOJIB3YETCs
YHUCJIO aHOMaJIbHBIX MTUKOB 3a pacCMaTPUBAEMBbIi
npomMexxyTok Bpemenu. Ilycts Np YHCIIO
MUKOB 3a BpeMs T, K — ciy4aiiHoe 4nciIo TUKOB
OT MOMEHTa CUTHaNa t;, 10 3eMJIETPSCEHHMS, a a
u b pErMoHaNIbHBIE IMapaMeTPhbl MOJICIIH.
Ouenka cpeanero uymcina nmkoB — E(K)
OTIPEIEIACTCS TI0 IKCIICPUMECHTAIBHBIM JTAHHBIM
NPEABIAYIIAX 3EMIIETPSICEHUM M0 CIEIYIOLIEN

dbopmye:
1 n
E(K)==) K;
(K) =7 ) K
i=1
re:

N — YUCJIO 3€MJIETPSICEHUH;
K; —4ncno aHoMaJIbHBIX ITMKOB MEX/1y CUTHAJIOM
(t,) 1 3emyIeTpACEHUEM.

Torma gns IlyaccoHOBCKON — Monenu
penieHue npooﬁ 3a/1a4u UMEET BU/I:
_ TE(K) Np
Ny,
logE(K)—a
M = LogEt=a ; ) (1)

t,  ompenensercs u3
KOHTPOJIbHON KapThl, IPUYEM:
T, = t, + TE(K)
B cnyuae norapupmuueckoit moxenu
MarHuTyjia OIleHuBaeTcs 1Mo hopmyre:

M= a+blog( m‘“‘) +

clog( ma") + dlog( )
@)

JarpamMmmbl

rue:
— ()OHOBBIN YpOBEHb PaJIOHA;
Vo — TUIIMYHAs CKOPOCTB;
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So — XapakTepHas IO b AHOMAJIHH.
Koaddumnmentsr a,b,c,d onenuBaroTcs
10 DKCIEPUMEHTAIBHBIM JAHHBIM TPEIbITYITIX

3eMJICTPSICEHUM 1O  METOAY  HAWMEHBIIUX
KBa/IpaToB.
Bk
Hanpuwmep, ecnu: R4, = 60 —3 Vmax =
bk
12MTcyT'S=15OO'R0=20' U0=4,SO=

300,a =3.1,b =0.7,c = 0.5. To o dopmyie
(2) mommywaem: M =~ 5.9.

Hns Bpemenu: t, = 25 ampens, 8:00, T =
iCYTOK, E(K)=4

Torpa:

.~ 25+ G) * 4 = 26 ampens

OTU 4YHUCIIEHHBIE PE3yNbTaThl ClIEIyeT
paccMaTpuBaTh KaK WJUTIOCTPATHBHBIA IMPUMED
NPUMEHEHUS MOJENH, a He KaK HEe3aBUCUMYIO
CTAaTHCTUYECKYIO BT IAITUIO
3.2. OOparHas 3aaa4a

OOpaTtHas 3amada COCTOMT B OIICHKE
XapaKTePUCTHK PAJOHOBOTO MPEABECTHUKA II0
U3BECTHBIM napaMeTrpaMm  3eMJIETpSICEeHUS.
Otmetum, uto B IlyaccoHoBckoil Mmonenu
oOparHas 3ajava JOMyCKaeT OllEHUBaHHUE, TOTAA
KaK JUIsl Jorapu)MUYEeCKONH MOJEIM OHA UMEET
HEKOPPEKTHBIN xapaktep. [loaTomMy B KadecTBe

MEXaHHu3Ma CTaTUCTHUYECKOI'O OrpaHUYCHUIA
UCIIOJIB3YETCSl KOHTpOJbHBIE KapThl Llyxapra.
YrBepxaenue. Ecnn PagOHOBBIN

NpOLIECC AHAIU3UPYETCS] KOHTPOJIBHOM KapTOM
[llyxapra u anHoManbHas 00JIaCTb ONPEACIISICTCS
BBIXOJIOM 3a KOHTPOJIbHBIE TpaHUIlbl, TOTrAa
oOpaTHasi 3ajlaya BOCCTAHOBJICHUsI MapaMeTpPOB
NPEIBECTHUKOB  CTAHOBUTCSA  CTATHCTHYECKHU
OTPAaHMYEHHOM M  JIONYCKAaeT  YCTOWYMBYIO
OIIEHKY TIapaMeTpoB: Ry ax U Vpy gy

Hanpumep, ecmm M =6,a=2,b=
0.8,c =0.5,d = 0.3, 7,4, = 10,5 =500,v,y =
2,5, =100,Ry, = 20 To u3 (2) HaAXoaUM
Rimax = 12025,

TeM caMbIM  KOHTpOJbHAs  KapTa
BBITIOJTHSET (DYHKIMIO PETYISPU3alUA: BMECTO
MOWCKA E€IUHCTBEHHOTO peIIeHUs OOpaTHOMN
3aaun  0e3 OrpaHUYEeHH paccMaTpuBaeTCs
o0jacTh  MapaMmeTpoB,  COTJACYIOMIAsiCid  C
HaOIJIr01aeMOI CTATUCTHYECKON aHOMAITHEH. DTO
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MO3BOJISIET  CBSI3aTh  M3BECTHBIE IapaMeETpbl
3eMJIETPSICEHUs. C JIOIMYCTHMBIM JAMAalla30HOM
XapaKTEPUCTHUK PaJlOHOBOTO Ipolecca.

IV.O6cy:xnenue

[TosyueHHBbIE pe3yJbTaThl IOKa3bIBAIOT,
YTO OCHOBHAsI METOJMYECKasl IIEHHOCTh MOIX0/1a
COCTOUT B OOBEAMHEHUH BEPOSTHOCTHOTO
MOJIETTUPOBAHUSL U CTaTUCTUYECKOTO KOHTPOJIS.
[IyaccoHoBCckass Momenp 3a1a€T MEXaHU3M
OLICHKH BPEMEHHOM COCTaBJISIOLICH uepe3 YHCIo
AHOMAaJbHBIX TMKOB, a JiorapudMuueckas
MOJIeTIb CBSI3bIBAET MHTEHCUBHOCTH PaJIOHOBOM
aHomaymu ¢ MarHuTynou. KoHrposbHas kapra
Hlyxapra, B CBOIW0O ouepenp, oOecrneynBaeT
00BEKTUBHOE CTaTUCTHYECKOE MIPaBUIIO
BBIICTICHUS] AaHOMAJIMU W BBOJUT OTpaHUYCHUS,
HEOOXOAWMBIE JUISI  yCTOMYMBOTO  PEIICHUS
oOpaTHO# 3a1a4H.

BaxHbIM pe3ysibTaToM SIBIISIETCS IEPEXO]T
OT TPAJAMIMOHHOW CXEMbl «OOHApYKECHHE
IIPEIBECTHUKA MPOTHO3  COOBITHS» K
JBYCTOpPOHHEH mocTaHOBKe. B mpsimoii 3anade
HaOmo1aeMbeie Rmax, vmax, T S ucnob3yroTes
st onenkn M um Te. B oOpartHoit 3amaue
m3BectHble M u Te 3agaroT ycinoBus, Ipu
KOTOPBIX HEOOXOIMMO ONPEAETUTH JOMYCTUMbIE
XapakTEPUCTUKHA PaJOHOBOM aHOManuu. Takoe
o0beIMHEHNE JeNlaeT METO0JIOTHIO PUTOAHOM
KaKk JJIsl TPOTHO3HOM OLIGHKH, Tak U s
MOCIEAYIOIEr0  aHajgu3a  COINIACOBAaHHOCTH
Ha0JIl0/1aeMOro MpeIBECTHUKA C MapaMeTpamu
IIPOU30LIEIIETO 3EMIIETPSICEHMUS.

BMecre ¢ Tem = mpencraBieHHas
METOI0IOT S TpebyeT JanbHenIen
SMIIMPUYECKOM  TpoBepku. B wactHOCTH,

HEOO0XO/JMMO Ha HE3aBUCHUMBIX HCTOPUYECKHUX
psAngax OLEHUTh YCTOWYMBOCTH KO3(PPHUIMEHTOB
MOJIEIIEH, OIIpENEIUTh PETHOHAJIBHYIO
BOCIPOU3BOJUMOCTb  KOHTPOJIBHBIX — TpaHUIl,
IIPOBEPUTH UYBCTBUTEJIBHOCTh PE3YJIBTATOB K
BBIOOPY (POHOBOTO YpOBHS U KOJMYECTBEHHO
OLIEHUTH OIMIMOKU MPOTHO3UPOBAHMS MATHUTYIbI
U BPEMEHH. DTU BOMPOCHI BBIXOAT 3a MPEIEIIbl

HpI/IBCIléHHOFO B CTaTheC TCOPCTUKO-
METOJHUYECCKOI'O pe3yiibTara u JOJIXKHBI
paccMaTpuBaTLCA Ha CJICAYIOHIEM oTarec
HUCCICIOBaHU.
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Takum 00pa3oMm, KOHTpOJbHAs KapTa B
peiaraeMoil CXxemMe BBICTYIIAeT He TOJBKO Kak
WHCTPYMEHT MOHMTOPHHIA, HO U KaK 3JIEMEHT
perynspuzauuu oOpatHoil 3amaun. IMeHHO 3TO

O00OCTOSITENILCTBO ~ TIO3BOJISIET ~ PacCMaTPHUBAThH
CTAaTHCTUYCCKUH KOHTPOJIb Kak CBS3YIOIIEE
3BEHO  MEXIy  HaONIOJACHHEM  PaJOHOBOMN
aHOMAaJINH u KOJINYECTBEHHBIM
MIPOTHO3UPOBAHUEM rapaMeTpoB
3eMJICTPSICCHHUS.
V. 3akiiouenue

B pabote CHUCTEeMaTH3UPOBaHA
METOIOJIOTHST KpPaTKOCPOYHOTO
IIPOrHO3MPOBAHUS 3eMJICTPSICEHUI 1o
paI[OHOBI)IM HpCIlBCCTHI/IKaM Ha OCHOBC

CTaTUCTUYECKOTr0 KOHTpoIsA. CPopMyTupoBaHbI
ABC B3aMMOCBA3aHHBIC ITIOCTAHOBKH — IpsAMasa U
06paTHa}1. [[J'I}I HpﬂMOfI 3aJa4du HCIIOJIb30BaHbI
ITyacconoBckass m mnorapudmuyueckas MOICIH,
IMMO3BOJIOIIME OLUCHUBATH BPEMSA U MArHuTyay
3eMJIETPSICEHHUSI 110 XapaKTEPUCTUKAM PaJOHOBOM
aHomanuu. J[ns oOpaTHOW 3amaum MpeioKEeHO
HCIIOJIb30BaTh KOHTpoOJbHYHO KapTy Illyxapra
KaK CpCACTBO CTATUCTUYCCKOI'O OI'paHUYCHUA H
peryaspusanuu.

OcHoBHOU MeTOI[I/I‘leCKI/Iﬁ pe3yiIbTaT
3aKJIIO49acTCA B MMPEACTABJICHUHN ITPOLECCA B BU/IC
IMMOCJICAOBATCIIBHOCTU: KOHTPOJIb  PaJdOHOBOI'O
nporecca — OOHApYy)KEHHWE CTAaTUCTUYECKOM
dHOMAJINU —> BBIACICHUC eé XapaKTCPUCTUK —>
OIICHKAa TIapaMeTpoOB  3eMJIeTpsiceHus Jmbo
BOCCTAHOBJICHUC JOIMYCTUMBIX XapaKTCPUCTUK
NIPEIBECTHUKA. [IpenoxeHHbIi OAXO/
¢dbopmupyer OCHOBY 1A JaJIbHENIIETO
KOJIMYCCTBCHHOI'0O TECTUPOBAHUA Ha JaHHBIX
PCTrUOHAJIBHOTO MOHHUTOPHWHIA W IJId PAa3BUTHUA
MHOT'OIIPEIBECTHUKOBOM MOJIEIH.
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daszoBble nepexonbl BOAbl: OT TepMOANHAMUKN OO0 cTaTUCTUYECKON
MeXaHUNKN

UDK 536.42

B. M. Ucakos, M. T. CatTopoB.
AHOuUXxaHcKul eocydapcmeeHHbil yHusepcumem. Y3bekucmaH, 100170. AHOuxaH, yn. yHusepcumeckas 129.

Annotatsiya. Ushbu magolada suvning fazaviy o‘tishlari: erish, bug‘lanish, uchlik nugta, kritik nugta
va muzning polimorfizmi ko'rib chigilgan. Suv anomaliyalari, o‘ta sovutilgan suvda ikkinchi kritik nuqta
mavijudligi hagidagi gipoteza hamda fazaviy o‘tishning statistik mexanika va Gibbs o‘Ichovlari tilidagi qat’iy
ta’rifi tahlil gilingan. Haqiqgiy suv uchun fazaviy o‘tishning qat’iy isboti mavjud emasligi ko‘rsatilgan.

Kalit so‘zlar: suv, fazaviy o'tish, Gibbs oflchovi, kritik nugta, muz polimorfizmi, o‘ta sovutilgan suv.

AHHOTaumMA. B cTaTbe paccMOTpeHbl OCHOBHble ()a3oBble MNepexodbl BoAbl (MnaBneHue,
ucnapeHune, TporMHas U KpUTMYeckas TOYKW, NonMmopduaM nbaa), aHomanuum €€ CBOWCTB U runotesa
BTOPOM KPUTUYECKOWM TOYKM B nepeoxnaxaéHHon soge. OBcyxaaeTca cTporoe onpenerneHne gasoBoro
nepexoga B CTaTUCTUYECKON MeXaHuKe Kak HeeOMHCTBEHHOCTU rmbbcoBckor Mepbl. [lokasaHo, 4YTo ansg
peanbHOM BOAbI CTPOroro gokasartenbcrBa (pa3oBOro nepexona He CyLlecTByeT, a CTporve pesynbTathl
nony4yeHbl N1Lb ANS YAPOLEHHBIX Moaenen.

KnroueBble cnoBa: Boga, ha3oBbin nepexoa, mepa 'mbbca, kputnyeckas Tovka, nonmMmMopgumam
nbAa, nepeoxnaxaéHHas Boaa.

Abstract. The paper considers the main phase transitions of water (melting, vaporization, the triple
and critical points, ice polymorphism), the anomalies of its properties and the hypothesis of a second critical
point in supercooled water. A phase transition is defined in the language of statistical mechanics as non-
unigueness of a Gibbs measure. It is shown that no rigorous proof of a phase transition exists for real water:
rigorous results are known only for simplified models such as the lattice gas, the Widom—Rowlinson model
and Kac interactions.

Keywords: water, phase transition, Gibbs measure, critical point, ice polymorphism, supercooled

water.
BeBepeHue ckpeItas termnora L = TAS. K HuM oTHOCATCS
@Da30BbIi  TMEpPEX0] — 3TO KauyeCTBEHHOE TIaBIICHHE, KUIICHUE, CYOIMMALIHSL.

— HenpepbiBHbIe (BTOpOro poma): S u V
HENpPEPBIBHBI, & CKAa4OK WJIM PacXOJIUMOCTh
WCIIBITHIBAIOT BTOpEIE MTPOU3BOIHBIE
(TeTI0€MKOCTh, CKMMaeMOCTh). [lpumep —

W3MEHEHHE COCTOSHHUS BEIIECTBA TNPH ILIABHOM
M3MCHEHUH BHEINTHUX IMapaMeTpoB (TEMIIEpaTyphl,
JaBJICHUsI, XUMHYECKOro moreHiuana). C Touku
3peHusT TEePMOJIMHAMHUKH OH TIPOSBISETCS Kak

0COOEHHOCTD (HEaHaIUTUYIHOCTH) KPUTHICCKAA TOUKA XKUIKOCTb—TIAp.
TEPMOJAMHAMUYECKOTO  TOTEHIMaNa, HalpuMep CospemenHas K1acCH(uKarms ACJINT
notenumana Fu66ca G(T, p). Mepexojbl Ha TepexojJpl I[EpBOro  poja u

HCIIPEPBIBHBIC, TAK KAaK «YUCTBIC» CKA4YKH BTOpOﬁ

Boma wunTtepecHa TeM, 4To €€ «OOBIYHBIEH
MIPOM3BOJHOM 10 DpeH(pecTy BcTpeyaroTcs PeaKo.

HEepPEeXObl COTPOBOXIAIOTCS HEOOBIYHBIMU
CBOWCTBaMHM: JEM Jierde >KUAKOCTH, TUIOTHOCTh
MaKcHMaJbHa HE Y TOYKH 3aMep3aHusi, a OKojo 4
°C, a CXHMMaeMoCTb U TeIIOEMKOCTh TIpHU
OXJIOKJCHUH PACTyT, BMECTO TOTO YTOOBI MajiaTh. B

2. OcHoBHBIE (pa30BBIE MEPexXoAbl BOAbI

2.1. ITnasnenue u Kpucmannuzayus
[Tpu HOpManbHOM Aasnennu néx lh mmaBurcs

Z[aHHOﬁ CTaTbE PaCCMOTPCHBI OCHOBHBIC (baSOBBIe
Mepexoabl BOJIbI, nux TEPMOAUHAMHNYICCKOC
OIMUCaHNE€, MUKPOCKOIINMYECKAas Mprupoaa aHOMAJIHH
" TO, UTO O HUX U3BCCTHO CTPOIO.

1. Knaccugukanus ¢pa3oBbIX epexogon

IIo Dpendecty mepexom n-ro poga — 3TO
epexo1, MPU KOTOPOM IIepBhIe N — 1 TPOU3BOIHEIE
G HempepbIBHBI, a N-1 MPOU3BOAHAS UCIBITHIBAET
CKaYoK.

— IlepBoro poaa: ckaukoM MEHSIOTCSI SHTPOIIHS

S = —-0G/0T u 06béM V = 0G/0p. IlosBisieTcs

mpu 273,15 K. Temnora 1uiaBaeHUs COCTaBISET
oxomo 6,01 xJlx/momsb (= 334 k/[x/xr). O0BéM npu
IUTABJICHUM yMEHBIIAETCSl HpuMepHO Ha 9 %,
[I03TOMY HAKJIOH KPUBOM IUIABJICHUS OTPULIATEIICH.
Oto cnexyer wu3 ypaBHeHus Kiamelipona—
Knaysuyca:

dp/dT =L/ (T-4v), 1)

[Mockompky Av < 0 (KMAKOCTH TUIOTHEE JbHJA),
dp/dT < 0: mnoBBIICHHE JaBJICHUS IOHMXKACT
temmneparypy miasnenus lh (mpumepHo Ha 0,0075 K
Ha atMocdhepy). DTO OJIMH U3 PEIKUX CITydaeB CPeIu
BEIIECTB.
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2.2. Hcnapenue u Konoencayus

IIpu 100 °C u 1 aTtM TemuoTa HCHAPEHMS
coctapiseT okoio 40,7 xJ[x/Monb (= 2257 kIX/KT),
TO €CTh Ha HOPSIOK OOJbIIE TEIUIOTHI IJIABJICHHUS.
[TpuunHa B TOM, YTO TIPH HCTIAPEHUH Pa3phIBAIOTCS
MPaKTUYECKH BCE BOJOPOAHBIC CBSI3H. 3aBUCHMOCTh
JIaBJICHUSI HACBILIEHHOTO 11apa OT TeMIIEPaTyphl IPU
HE CIMIIKOM OOJIBIIMX HHTEpBalax OIMWCHIBACTCS
ypaBHeHueM Knaysnyca—Knaneiipona:

Inp=—-L/R-T) + const.

2.3. Cybnumanyus u mpoinas mouxka

)

TpotiiHast TOuKa BOBI (COCYIIECTBOBAHKE JIbJA,
JKUIKOCTH W mapa) Haxoxutes npu T = 273,16 K u
p = 611,7 Ila. PanbIre oHa ciry>xuia onpeaeieHueM
kenpBuHA. CornacHo npaswiy (a3 ['mboca

f=c—@p+2=1-3+2=0, 3)
TO €CTh B TPOMHOH TOYKE HET CTEIEHEH CBOOO/IBI.

2.4. Kpumuueckan mouka

KpuBas kuneHus: 3aKaHYMBACTCSI KPUTHUECKOU
toukoit: Tc = 647,1 K, pc = 22,06 MIla, p. = 322
kr/m°. Beimie Heé pasnmuure Mexay KUIAKOCTBIO U
mapoM wucye3aeT (CBEPXKPUTUYECKHA (DITFOHT).
BOmu3un  kpuTHYecKoW — TOYKM — HAONIOIAeTCs
yHHUBepcanbHoe rnoBeaeHue. [lapamerp nopsaka p —
pc BeIET ce0s Kak

pr=pg~Te =TV, p= 0,326,

U TPUHAUICSKUT  KJaccy
TpéxmepHoi Monenu M3unra.

(4)

YHHUBEPCAIbHOCTU

2.5. llonumopgpuzm nvoa

ITox naBnenmem né€n oOpa3yeT MHOXKECTBO
kpuctamumueckux cTpykryp: lh, Ic, I, 1II, V, VI,
VII, VIII, X, XI u npyrue, a Tak:xe aMOp(HBIE JIb BT
(LDA, HDA, VHDA). B kpucramiax pa3in4aroT
MIPOTOHHO-YIIOPSIIOYEHHBIE U Pa3yNopsI0UYeHHBIE
¢opmbl. Ilpu oueHb BBICOKMX MOaBICHHUAX U
TeMmreparypax IpejcKa3aHbl W  OOHapyKEHBI
CyNepuoHHBIe  (a3bl, TIIe HOHBI KHCIOpOJa
00pa3yloT pemeéTKy, a MNPOTOHBI MOJBMXKHBL.
Ilepexoapl MEXy MHOTUMH MOTU(BHUKALNIMH JIbAA
— (azoBble Mepexoibl MEPBOTO Poja, a Mepexoj
«YHOPSI0YECHUE—Pa3yIOPSIOUCHHE) MIPOTOHOB
(manpumep, VII-VIII) Onmxe kK HENPEPHIBHBIM.

Tabauya 1. Xapaxmepnvie senutunsl 0118 nepexooos
600bl (MPUOIUNCEHHBLE 3HAYEHUS)

Iepexon Ycaosust CkpbiTas Pox
TEeIioTa

TInaBnenune ITh | 273,15 K, 1 atm 6,01 |
k/Ix/Moi1b

HUcnapenne 373,15 K, 1 atm 40,7 |
k/Ix/Moi1b

Tpoiinas Touka | 273,16 K, 611,7 — —

ITa
Kputnueckas | 647,1 K, 22,06 0 Herpep.
TOYKA MlIla
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3. AHOMAJIUHM BOAbI

Nmenno
HETPUBUAIBHOMU:

1. Makcumym miaotHocTu oxono 3,98 °C mpu
aTMoc(epHOM JaBJICHUH.

2. PocT M30TepMHUYECKOH CKUMAEMOCTH KT U
n300apHOH TEIIIOEMKOCTH Co pu
oxJaxaeHnn Hmwke ~ 46 °C (MUHUMYM K1) U
BOmm3u 35 °C (Munumym Cp).

3. YMeHbLIeHHE BS3KOCTH MPH CKATUH B
ompeAenéHHOM AMana3oHe TeMIepaTyp.

OTH 3QQeKThl CBA3BIBAIOT C KOHKYypEHIHEH
JIBYX THUIOB JIOKQJIbHOM CTPYKTYpBI: PBIXJION
TEeTPadAPUICCKOM (c OoBIITIM YUCIIOM
BOJIOPOJIHBIX CBSI3€M, HU3KOU MJIOTHOCTHIO M HU3KOM
SHTpOMNHEN) 1 OoJiee MIIOTHON HeYopsI0UeHHOH.

aHOMaJIMH JCIar0T BOY

4. Ilepeoxya:kaéHHAs BOJA M THIIOTE32 BTOPOM
KPUTHYECKOH TOYKHU

Uucras Boga MOXKET OCTaBaThCA KUAKOU IMpH
TeMneparypax 3HauuTesnsHo Hke 0 °C. Ilpenen e€
CYLIECTBOBaHUS INpH aTMOC(EpPHOM JaBJICHUU
ONpENEeNsieTCs  IOMOICHHOM  HyKjeauued U
cocraBisieT okojo 235 K. BOmmsu 3Toii rpaHUIBI
CKUMAEMOCTh U TEIIIOEMKOCTh PE3KO BO3PACTAloT.
s 0oOBSICHEHHS 3TOr0 pPOCTa IMPEIIOKEHBI
HECKOJIBKO CIICHApHEB:

— I'mmoresa FKMIKOCTb—KUAKOCTHOMI
kputndeckoii Toukm (IIym, lapunorrn,
OccmanH, Crannu, 1992) [1]. CymectBytoT
nBe sxujkue ¢dasbl — HuskorwioTHas (LDL) u
BeIcokomutoTHass (HDL), pasnenéHHbIe
JUHUEW TIepexona MEepBOro pojia, KOTOpas
3aKaHYMBAETCS BTOPON KPUTHUECKONW TOUYKOU B
obOmactn mepeoxnaxiaenusa. Ot He€ B
cTa0wibHyt0  00JacTh  OTXOZUT  JIMHHUSA
MaKCHMYyMOB KOPPEISIIMOHHON JJTWHBI (JIMHUSA
Bunoma), ¢ KoTopo#i CBA3aHBI aHOMAJTHH.

— Cuenapui «cBOOOAHOI oT
CHHTYJSIPHOCTEID»  MOJeJH: AHOMAJINH
00BSCHSIOTCS 0€3 HACTOSIIETO Iepexo/a.

— CueHapuili ¢ npefelbHON TeMIepaTypoi

YCTOHMYHUBOCTH.

B xommbroTepHbIx Moaenax (Hampumep, ST2,
TIP4P/2005, mW B HEKOTOpPBHIX BapHAHTAaX)
nepexon LDL-HDL wnaGmogaercs. Ilpsmas

JKCIIEpUMEHTAIbHAS TpPOBEpKa OYeHb TPY/JHA,
MOCKOJIBKY HY)KHBIE YCIIOBHS JIe)KaT B «HUYbEH
3eMJIe» MEXIy TOMOTeHHOM HyKileauued u
CTeKJIoBaHHMEM. Bompoc ocTaércs npeaMeTroMm
aKTHBHBIX UCCIIeIOBaHUH [2].
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5. TeopeTnueckoe onucaHue

5.1. @enomenonozusn

IIpocreiiine onucanus OCHOBaHbI HA TEOPUU
Ban-nep-Baansca u reopuu Jlanaay. {ns nepexona
JKUJKOCTb—IIap ypaBHeHHe BaH-nep-Baanbca maér
HEYCTOMYMBYIO  METII0  M30TEPM,  KOTOPYIO
3aMEHAIOT TpaBwioM MakcBemia (paBEHCTBO
XUMHAYECKHUX MTOTEHIINAIOB (a3).

5.2. Pewuémounvie u ynpouwiénnsie mooenu

PemiéTounslii ra3 SKBUBAJICHTEH MOJCIHU
M3uHra u omnuchIBaeT MEPexXoj]] KUIKOCTb—IIap
KadyecTBeHHO.  UTOOBI  MONyYUTh  CBOICTBa,
CHCIU(UYHBIC IS BOJBI, UCIONB3YIOT MOJCIU C
HalpaBJICHHBIMU CBSI3AMU: Mojelb bemna—JlaBuca,
Mercedes-Benz, a Takke MOHATOMHYIO MOJIEIb
mW, rie TPEXYACTUUHBIN MOTEHIIUAII
Crummunkepa—Bebepa MOJAEP/KUBAET
TETPAdAPUUYECKYIO T€OMETPHUIO.

5.3. Monexynapuoe moodenuposanue

Kmaccnueckue momenu (SPC/E, TIP4P/2005,
TIP5P) [5], monsipuzyeMblie MOAETH, MHOTOTEIbHBIC

MTOTEHITUAITBI (MB-pol) U HEHWpOCeTeBbIC
HOTEHIHAIBL, 00yuYeHHBIE Ha JTAHHBIX
TMEPBONPUHIUITHBIX paC‘-IéTOB, BOCIIPOU3BOIAT
MHOXECTBO  XapaKTEPUCTUK  BOIBI,  BKJIIOYas

MOJIOKEHUE MAKCUMyMa IUIOTHOCTH U KPUBYIO
raBneHusi.  To4yHOCTH — pasHas:  HampuMep,
Temreparypa IutaBieHus apaa [h 3ametHo 3aBucHt
OT MOJEJH.

6. Ctporuii noaxoa: mepol I'n60ca

B MartemaTHueckoi CTaTHCTHYECKOH (u3nKe
(hazoBsIit nepexon onpenensieTcs KaK
HEeIMHCTBEHHOCTh THOOCOBCKOW MepHI JJIsT TaHHOM
crienuuKaIny y:

G| > 1. (®)
Jns mozenei, OIM3KUX K BOZE, CTPOTO JIOKa3aHO
caenyrouee [3]:

— Pemérounsbrii ras / Mogeas M3uHra: nepexoq
MpU  HU3BKUX  TeMmreparypax  JIOKa3zaH
aprymentom llaiiepnca, a s moneneir 6e3
cummeTpun — teopuelt [Inporosa—CrHasl.

Cesedenus 06 asmope:
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— Mopaeas Buaoma—PoyiauHcoHa: crporoe
JIOKa3aTeNbcTBO CcOocyliecTBOBaHUS (a3 B

HenpeprIBHOM cucteme (Proan).

— Slapa Kana: nepexof )XUAKOCTb—Tap JA0Ka3aH
B TIpefiesie MaJiol CWIIBI W JajbHero paanyca
(JIe6oBur—Ilenpoys).

Hns peanmucTuyHOi BOIBI (KYJIOHOBCKHE U
KBaHTOBBIC B3aUMOJIEHCTBHS, BOIOPOTHBIE CBS3H)
CTPOTOTO JI0Ka3aTeNbCTBa (Ha30BOTO IEpPexo/ia HeT.
Her ero maxe mus mepexoma >KUAKOCTb—TIAp B
KJIACCUYECKOM HETNPEPHIBHOM MOJENH c
MOTEHILIMAJIOM Jlennapna-JIxoHca, a
KpUCTAIIM3auusi B TPEX H3MEPEHHAX CTPOrO HE
JI0Ka3aHa HHU AJS OJAHOW HETNpEepHIBHOM MOJENH ¢
peaTMCTHYHBIM TToTeHITaoM. Takum 06pa3om, Bce
BEIBOJIBI O BOJIE OMHPAIOTCS HAa DIKCIEPUMEHT U
YHCIICHHOE MOACTHPOBAHHE.
3akntoyeHue

®da3oBas BOABI  BKJIOYAeT
KJIACCUYECKHUE Hepexo.Ibl HIEPBOTO poxna
(nnaBneHWe, UCHApEeHUE, TEPEeXOAbl  MEXAY
JbJAaMH), KPUTHYECKYIO TOUKY MXUAKOCTh—IIap C
VHHMBEpPCAIbHBIM  IIOBEAEHHMEM U 00jacTh
NEPEOXJIAKICHNS, I'leé aHOMAIHWU YKa3bIBalOT Ha
BO3MOXXHYIO ~ BTOPYIO  KPUTHUECKYIO  TOUYKY.
Muxkpockonuueckas MIpUYUHA oorarcTBa
JUarpaMMbl KOHKYPEHLUS MEXIY
TETPadAPUIECKOM YIOPAIOYECHHOCTBIO,
NOJJAEP)KUBAEMO  BOJOPOJHBIMU  CBA3SMH, U
IJIOTHOM ymakoBkoil. Crporasg MaTeMaTHyecKas
TEOPHsI OXBATHIBAET JMIIb YIPOIIEHHBIE MOJIEIH,
MO3TOMY «J0Ka3aTeNIbCTBO» MJs BOJBI OCTaércs
OTKPBITOM 3aJlauei.
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Talabalarning kollaborativ loyiha kompetentligini baholashning mezon-

ko‘rsatkichlari va darajalari

Mirsaidov Ibroximbek Tolib o‘g‘li
University of Business and Science,

Annotatsiya: Maqolada ragamli ta’lim muhitida talabalarning kollaborativ loyiha kompetentligini
baholashning mezon-ko‘rsatkichlar tizimi ishlab chigilgan. To‘rtta komponent asosida to‘rtta mezon va o‘n ikkita
ko'rsatkich ajratilib, ularning har biri uchun uch darajali deskriptorlar shakllantirilgan. Delfi metodining ikki turi
(21 nafar ekspert, W = 0,78) orqali ko‘rsatkichlar tarkibi aniglashtiriigan, 96 nafar talaba ishtirokidagi pilot sinov
metodikaning ichki izchilligini tasdiglagan (Kronbax alfa = 0,86; test-retest korrelyatsiyasi r = 0,79).
Baholashning to‘rt manbali tizimi — o'qituvchi ekspertizasi, o‘zaro baholash, platforma analitikasi va o‘z-o‘zini
baholash og‘irlik koeffitsientlari bilan birlashtirilib, integral ballni hisoblash formulasi taklif etilgan. Ishlab
chigilgan metodika oliy ta’'lim muassasalarida loyihaviy topshiriglarni obyektiv baholash uchun amaliy vosita

vazifasini bajaradi.

Kalit so‘zlar, kollaborativ loyiha kompetentligi, mezon-ko‘rsatkichlar tizimi, deskriptor, Delfi metodi,
o‘zaro baholash, o‘quv analitikasi, integral ball, oliy ta’lim.

I.LKIRISH

Jamoaviy loyihalarni baholash oliy ta’lim
amaliyotidagi eng nozik masalalardan biri
hisoblanadi. O‘qituvchi odatda faqat yakuniy
mahsulotni ko‘radi va unga bitta baho qo‘yadi,
holbuki bu mahsulot ortida turli darajadagi
hissalar turadi. Natijada guruhda ikki xil salbiy
hodisa yuzaga keladi ishning asosiy gismini
bajargan talaba adolatsizlik hissini tuyadi,
minimal ishtirok etgan talaba esa o‘zgalar
hisobiga baho oladi. Adabiyotda bu hodisa
«ijtimoiy bekorchilik» (social loafing) atamasi
bilan ifodalanadi va u kollaborativ ta’limning
eng bargaror muammosi sifatida tan olinadi. [11]

Ragamli muhit bu muammoni ikki
tomonlama  o‘zgartiradi.  Bir  tomondan,
masofadan ishlash sharoitida o‘qituvchining
bevosita kuzatuvi yo‘qoladi va nominal
ishtirokni aniglash yanada giyinlashadi. Ikkinchi

tomondan, ragamli platformalar har bir
foydalanuvchining harakatlarini — hujjatga
kiritilgan ~ tahrirlarni, izohlarni, vazifalar

taxtasidagi o‘zgarishlarni avtomatik qayd etadi.
Ya’ni ragamli muhit adolatli baholash uchun
mutlago yangi obyektiv asos yaratadi [12,13],
ammo bu asosdan foydalanish uchun tegishli
mezon-ko‘rsatkichlar tizimi zarur.

Amaldagi baholash amaliyotida esa
bunday tizim ko‘pincha uchramaydi. Ko‘pgina
fan dasturlarida jamoaviy topshirig nazarda
tutilgan bo‘lsa-da, unda individual hissani
hisobga olish mexanizmi ham, jarayonni
baholash mezonlari ham ko‘rsatilmaydi [3,5].
Baho asosan intuitiv tarzda qo‘yiladi, bu esa
uning ishonchliligini pasaytiradi va talabalarda

baholash
zaiflashtiradi.

tizimiga bo‘lgan ishonchni

Il. Adabiyotlar tahlili va metadologiya.

Mezon-ko‘rsatkichlar tizimini
shakllantirish uch bosgichda amalga oshirildi.
Birinchi  bosqichda kompetentlikning to‘rt
komponentli  tuzilmasi  asosida  [2,4,16]
ko‘rsatkichlarning dastlabki ro‘yxati tuzildi;
unga 19 ta ko‘rsatkich kiritildi. Ikkinchi
bosqichda ro‘yxat Delfi metodining ikki turi
orgali aniglashtirildi [15]. Uchinchi bosgichda
yakuniy variant pilot sinovdan o‘tkazildi.

Ekspert guruhiga 21 nafar mutaxassis jalb
gilindi, pedagogika fanlari bo‘yicha ilmiy
darajaga ega 8 nafar olim, oliy ta’lim
muassasalarining kamida besh vyillik tajribaga
ega 9 nafar professor-o‘qituvchisi hamda ta’lim
sifatini baholash sohasidagi 4 nafar mutaxassis.
Birinchi turda ekspertlar har bir ko‘rsatkichning
ahamiyatlilik darajasini besh balli shkalada
baholadi; o‘rtacha bahosi 3,5 balldan past
bo‘lgan 5 ta ko‘rsatkich chiqarib tashlandi.
Ikkinchi turda mazmunan takrorlanuvchi 2 ta
ko‘rsatkich birlashtirildi va yakuniy ro‘yxat 12 ta
ko‘rsatkichdan iborat bo‘ldi. Ekspert fikrlarining
muvofiqligi Kendall konkordatsiya koeffitsienti
orgali tekshirildi, birinchi turda W = 0,61,
ikkinchi turda W = 0,78 (x> = 61,3; p < 0,01),
ya’ni kelishuv darajasi ikkinchi turda sezilarli
darajada oshdi.

Pilot sinovda ikkita oliy ta’lim
muassasasining 96 nafar talabasi ishtirok etdi.
Metodikaning ichki izchilligi Kronbax alfa
koeffitsienti, bargarorligi esa uch hafta oraliq
bilan o‘tkazilgan takroriy o‘lchov (test-retest)
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orgali baholandi. Mazmuniy validlik ekspertlar Kompetentlikning to‘rt komponenti har biri
bahosi asosida hisoblangan mazmun validligi uchun bitta yetakchi mezon va uchtadan

indeksi (CV1) yordamida tekshirildi [14]. ko‘rsatkich belgilandi. Ko‘rsatkichlar shunday
. tanlandiki, ularning har biri kuzatiladigan yoki
I.Natijalar va muhokama. hujjatlashtiriladigan faktga tayanadi — bu
bahoning subyektivligini kamaytiradi (1-jadval).
1-jadval
Kollaborativ loyiha kompetentligini baholashning mezon-ko‘rsatkichlar tizimi
Komponent va mezon Ko‘rsatkichlar Baholash manbayi
1. Guruh muhokamalarida ixtiyoriy
faollik
Motivatsion-gadriyatli 2. Qo‘shimcha vazifani 0‘z zimmasiga | Platforma analitikasi;
(hamkorlikka yo‘nalganlik) olish holatlari o‘zaro baholash
3. Manbalarga havola berish
madaniyati
4. Muammoning asoslanganligi va
anigligi
Kognitiv-loyihaviy (loyihaviy |5. Magsad va vazifalar ierarxiyasining Loyiha pasporti
tafakkur) izchilligi ekspertizasi
6. Manbalarni tanqidiy tanlash va
giyoslash
7. Umumiy hujjatga kiritilgan
Operatsion-ragamli (ragamli mazm‘!]["; hlgsa imlash Platforma analitikasi;
hamkorlik ko‘nikmalari) 8. Vazifalarni tagsimiash va o‘qituvchi kuzatuvi
muddatlarga rioya
9. Onlayn mulogotning konstruktivligi
Refleksiv-baholovchi 10. O"z-o'zini bahoning adekvatligh | pegey giy esse; peer-
(baholovchi mustaqillik) 11. O'zaro bahoning asoslanganligi assessment kartasi
12. Tangid asosida mahsulotni tuzatish

Har bir ko‘rsatkich 0 dan 3 ballgacha belgilandi, 0-15 ball — reproduktiv daraja, 16—
baholanadi, shunga ko‘ra maksimal yig‘indi 36 26 ball — konstruktiv daraja, 27-36 ball —
ballni tashkil etadi. Ballarning darajalarga ijodiy-mustaqil daraja (1-rasm).
tagsimlanishi  ekspert muhokamasi asosida

KOLLABORATIV LOYIHA KOMPETENTLIGI SHAKLLANGANLIGINING DARAJALARI

12 ta ko'rsatkich x 0-3 ball = maksimal 36 ball

1l daraja — IJODIY-MUSTAQIL

1l daraja — KONSTRUKTIV 27-36 ball

| daraja — REPRODUKTIV ™ 16-26 ball
0-15 ball

Guruh shida passiv ishtirok etadi; Eelgilangan rolni mustaqil bajaradi; Loyiha g'oyasini o'zi llgari suradi;
topshirigni fagat ko'rsatma ba'yicha ragamil vasitalardan (shonchil shenklarinl muvafiglashtiradi;
bajaradl; o'z bahosi ko'pincha foydalanadi; o'zaro bahonl asoslay refleksiya asosida Jarayonni
noadekvat. aladi, gayta qurad:.

1-rasm. Kollaborativ loyiha kompetentligi shakllanganligining darajalari va ularning
umumlashtirilgan tavsifi
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Daraja deskriptorlari. Baholovchilar
o‘rtasidagi tafovutni kamaytirish uchun har bir
komponent bo‘yicha uch darajali deskriptorlar
ishlab chiqildi. Deskriptorlar kuzatiladigan xulg-
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atvor tilida yozildi, ularda «biladi», «tushunadi»
kabi tekshirib bo‘lmaydigan iboralar o‘rniga aniq
harakat tavsifi keltirildi (2-jadval).

2-jadval
Komponentlar bo‘yicha daraja deskriptorlari
Komponent | daraja (0-1 ball) Il daraja (2 ball) 111 daraja (3 ball)
Motivatsion- Muhokamalarda fagat | Muntazam gatnashadi, | | 2srabbus ko'rsatadi,
gadriyatli so‘ralganda qatnashadi | o‘z vazifasini bajaradi sheriklarini
rag‘batlantiradi
Koaniti Tayyor g‘oyani gqabul Muammoni asoslaydi, Mugobil yechimlarni
ognitiv- Tadi : ani bosaichl voslab li tan
loyihaviy giladi, muammoni rejani bosgichlarga giyoslab, asosli tanlov
asoslamaydi bo‘ladi qgiladi
Operatsion- Platformadan fagat Umumiy hujjatda Ish jarayonini tashkil
rapamli material olish uchun mustaqil ishlaydi, giladi, sheriklariga
g foydalanadi muddatga rioya giladi texnik yordam beradi
Refleksiv- Oz IShTm b%hOIay Baholashni mezonlarga Tangidni q.abul q|I|b_,
. olmaydi yoki baho . ) mahsulotni magsadli
baholovchi 4 - tayanib asoslaydi .
keskin oshirilgan tuzatadi

Baholashning to‘rt manbali tizimi.

har biriga og‘irlik koeffitsienti berildi (2-rasm).

Ko‘rsatkichlarning turli tabiati yagona baholash [9,12] Koeffitsientlar — giymati  ekspertlar
manbayidan foydalanishga imkon bermaydi. Shu  bahosining  o‘rtacha  arifmetigi  asosida
sababli to‘rtta manba birlashtirildi va ularning belgilandi.
O'QITUVCHI EKSPERTIZASI O'ZARO BAHOLASH PLATFORMA ANALITIKASI
cutek koeiiant 025 [ ot kaaruaane 20
INTEGRAL BALL
B = 0.40:B; + 0.25:B: + 0.20-B+ + 0,15:B+
+
| daraja Il daraja 1 daraja
reproduktiv. konstruktiv Tjodiy-mustagil
0-15 ball 16-26 ball 27-36 ball
2-rasm. Integral ballni shakllantirishning to‘rt manbali tizimi
O‘qituvchi ekspertizasiga eng yuqori obyektiv qaydini ta’minlaydi. O‘z-o‘zini

og‘irlik (0,40) berilishi uning yagona manba

baholashga eng past koeffitsient (0,15) berilgan,

ekanligini anglatmaydi, balki uning fagat chunki uning asosiy vazifasi ballni shakllantirish
mazmuniy sifatni baholashda hal qiluvchi emas, balki refleksiv ko‘nikmani
ovozga ega ekanligini bildiradi. Ofzaro rivojlantirishdir.

baholashning ulushi (0,25) guruh ichidagi hissa Metodikaning psixometrik
hagidagi ma’lumot faqat ishtirokchilarning Kko‘rsatkichlari.  Pilot  sinov  natijalari
o‘zlarida bo‘lishi bilan izohlanadi [10]. metodikaning ishonchliligini tasdigladi (3-
Platforma  analitikasi  (0,20) jarayonning jadval).
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3-jadval
Diagnostik metodikaning ishonchlilik va validlik ko‘rsatkichlari (n = 96)
Ko‘rsatkichlar .'V'?‘Z.m“” .
Shkala (komponent) . Kronbax alfa | Test-retest (r) | validligi indeksi
soni
(CVI)
Motivatsion-gadriyatli 3 0,84 0,77 0,86
Kognitiv-loyihaviy 3 0,88 0,81 0,92
0,87
Operatsion-ragamli 3 0,83 0,90
0,82
Refleksiv-baholovchi 3 0,74 0,88
. C 0,86
Metodika bo‘yicha jami 12 0,79 0,89

Barcha shkalalar bo‘yicha Kronbax alfa
giymati 0,80 dan yuqori bo‘lib, bu
psixometriyada qabul qilingan me’yorga javob
beradi. Eng past ko‘rsatkich refleksiv-
baholovchi shkalada gayd etildi (0,82), buning
sababi — ushbu komponent ko‘rsatkichlari ichki
holatga eng yaqin turgani va shu bois ularni
tashqi kuzatuv orqgali gayd etish qiyinrog
kechishidir.  Test-retest  korrelyatsiyasining
gonigarli giymati (r = 0,79) metodika
natjjalarining vaqt bo‘yicha barqarorligini
ko‘rsatadi.

Muhokama. Ishlab chigilgan
metodikaning  asosiy = g‘oyasi  baholash
manbalarini ko‘paytirish orqali subyektivlikni
kamaytirishdan iborat. Bitta manbaga tayangan
har ganday baholash tizimi o‘sha manbaning
cheklovlarini meros qilib oladi, o‘qituvchi
jarayonni to‘liq ko‘rmaydi, talabalar o‘zaro
baholashda do‘stona munosabatlar ta’siriga
tushadi, platforma esa faollikni gayd etsa-da,
uning  mazmunli  yoki  mazmunsizligini
farglamaydi [12]. To‘rt manbadan foydalanish
bu cheklovlarni o‘zaro qoplash imkonini beradi.

O‘zaro baholashning ulushi masalasi
alohida muhokamaga loyiq. Xalgaro amaliyotda
bu ko‘rsatkich 0,10 dan 0,40 gacha o‘zgaradi
[9,10]. Juda past qiymat o‘zaro baholashni
formal jarayonga aylantiradi va talabalar unga
jiddiy yondashmaydi. Juda yuqori giymat esa
guruh ichidagi kelishuvga — barchaning bir-
biriga maksimal baho qo‘yishiga yo‘l ochadi.
Pilot sinov davomida 0,25 giymati optimal deb
topildi, bu bahoning ta’sirini sezilarli darajada
saglab qoladi, ammo yakuniy natijani hal

gilmaydi. Bundan tashqari, o‘zaro baholash
kartasida har bir bahoni gisga matnli izoh bilan
asoslash talabi joriy etildi, bu esa kelishuv riskini
sezilarli darajada kamaytirdi.

Platforma analitikasidan foydalanishda
ikkita chegaradan chigmaslik muhim [13].
Birinchisi — miqdorni sifat bilan aralashtirib
yubormaslik, ko‘p sonli gisqa izohlar qoldirgan
talaba bitta chuqur tahliliy fikr bildirgan
talabadan faolroq ko‘rinadi, holbuki mazmuniy
hissasi kamroq bo‘lishi mumkin. Shu sababli 7-
ko‘rsatkich «mazmunli  hissa»  tarzida
shakllantirilgan va uni baholashda o‘qituvchi
tahrirlar tarixini sifat jihatidan ko‘rib chiqadi.
Ikkinchi chegara — nazorat vositasiga aylanib
ketmaslik, talabalarga analitikaning qgaysi
parametrlari hisobga olinishi oldindan ochiq
e¢’lon qilinadi, aks holda kuzatilayotganlik hissi
hamkorlik muhitiga salbiy ta’sir ko‘rsatadi.

Deskriptorlarni kuzatiladigan xulg-atvor
tilida yozish tanlovi ham amaliy ahamiyatga ega.
Pilot sinov davomida dastlab «guruh magsadini
tushunadi» tipidagi  formulirovkalar sinab
ko‘rildi va ular baholovchilar o‘rtasida sezilarli
tafovut keltirib chiqardi. Ularni «muhokamada
guruh  magsadiga havola qiladi»  kabi
kuzatiladigan harakat tavsifiga almashtirgandan
so‘ng baholovchilararo kelishuv ko‘rsatkichi
oshdi. Bu tajriba deskriptor sifati metodikaning
ishonchliligiga to‘g‘ridan-to‘g‘ri ta’sir qilishini
ko‘rsatadi [6,7].
IVV.Xulosa.

Kollaborativ loyiha kompetentligini baholash
to‘rtta mezon va o‘n ikkita ko‘rsatkich asosida
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amalga  oshirilishi  magsadga  muvofiq;
ko‘rsatkichlarning har biri kuzatiladigan yoki
hujjatlashtiriladigan faktga tayanishi kerak.

Uch daraja— reproduktiv, konstruktiv va
ijodiy-mustaqil darajalar 36 balli shkalada 0-15,
16-26 va 27-36 ball oraliglari bilan
chegaralanadi.

Deskriptorlarni kuzatiladigan xulg-atvor
tilida shakllantirish baholovchilar o‘rtasidagi
tafovutni sezilarli darajada kamaytiradi.
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Taqqoslamalarni matematikaning boshqa sohalaida qo’llanilishi.
0. O. Nuriddinov, M. A. Amanbayeva, K. Alijonova

Z. M. Bobur nomidagi Andijon davlat universiteti, O‘zbekiston, 170100, Andijan sh, Universitet
ko‘chasi 129 uy

Annotatsiya. Ushbu magolada matematikaning bir nechta sohalaridagi ba’zi masalalarni Sonlar
nazariyasi fanining asosiy bo‘limlaridan bo‘lgan tagqoslamalar nazariyasi elementlari yordamida yechish
usullari batafsil tahlil gilingan. Z,,, chegirmalar sinfi to‘plamida binar algebraik amallarni kiritish va undagi bir
noma’lumli birinchi darajali tenglamalarni yechish masalalari o‘rganilgan. Chizigli tagqoslamalarni
yechishning tanlash, sonlarning EKUBi hamda koeffitsiyentlarni o‘zgartirish kabi zamonaviy va qulay
usullari keltirilgan. Mazkur usullarni amalda qo'llash orgali butun sonlarga oid, diofant tenglamalari,
funksiyalarning butun giymat gabul qilishi hamda berilgan ragamlar yordamida ko‘p xonali sonlarni
yasashga doir murakkab matematik masalalarning ajoyib va sodda yechimlari ko‘rsatib berilgan.

Kalit so‘zlar: Chegirmalar sinfi, chizigli taggoslama, EKUB, EKUK, tanlash usuli, koeffitsiyentlarni
o‘zgartirish.

Abstract. In this work, methods for solving some problems in several areas of mathematics using
elements of the theory of congruences, which is one of the main branches of number theory, are analyzed
in detail. The introduction of binary algebraic operations in the residue class set Z,, and the problems of
solving linear equations with one unknown in this set are studied. Modern and convenient methods of
solving linear congruences, such as the trial method, the GCD method, and the coefficient transformation
method, are presented. By applying these methods in practice, wonderful and simple solutions to complex
mathematical problems related to integers, Diophantine equations, functions taking integer values, and
forming multi-digit numbers using given digits are demonstrated.

Keywords: Residue class, linear congruence, GCD, LCM, trial method, coefficient transformation
method.

AHHOTauma. B gaHHon pabote nogpobHO aHanM3MpyroTCa MeToAdbl PeLUeHUs HEKOTOpbIX 3adad B
HECKOITbKMX 00MnacTaX mMaTteMaTuKM C UCMONb30BaHWEM 3MEMEHTOB TEOPWUM CPaBHEHWN, ABMSIHOLLENCS
OOHUM M3 OCHOBHbIX pa3gernioB Teopun vucen. M3yyeHbl BONpockl BBeAeHNst BMHapHbIX anrebpanyeckmx
onepaumii B MHOXECTBE KINacCoOB BbIYETOB Z,, U peLUeHUs] NMMHENHbIX YPaBHEHWUI C OAHUM HEU3BECTHbIM B
3TOM MHOXecTBe. [MpeacTaBneHbl COBPEMEHHbIE N YOOOHbIE METOAbl PELUEHUs] NIMHENHbIX CPaBHEHWN,
Takue kak meTtog nogbopa, metog HOL n metoan mameHeHus koacbduumneHToB. MyTem npakTu4eckoro
NPUMEHEHNST 3TUX METOAOB MNPOAEMOHCTPUPOBAHbI 3aMevaTeribHble W MPOCTble PEeLUEHUsT CMOXHbIX
MaTemMaTU4eCcKUx 3afay, CBA3aHHbIX C LenbiMW Yucnamu, AMoaHTOBbIMU YPaBHEHUSAMU, MPUHSATUEM
LenbIX 3HaYeHUN PYHKUUSIMU 1 COCTaBIIEHMEM MHOMO3HaYHbIX YACEN MO 3afaHHbIM Ludpam.

KnioueBble cnoBa: Knacc BblveToB, NUHenHoe cpaBHeHue, HOL, HOK, metoa nopbopa, meton
n3meHeHns1 KoaOPULIMEHTOB.

I. KIRISH.

Zamonaviy diskret matematika, axborot
xavfsizligi va yugori unumdorlikka ega hisoblash
tizimlarining rivojlanishi arifmetik amallarni chekli
algebraik tuzilmalarda optimallashtirish
muammosini dolzarb qilib qo‘ymoqda. Nemis
matematigi K. F. Gauss tomonidan asos solingan
tagqoslamalar nazariyasi bugungi kunda sof
mavhum algebraik konsepsiya doirasidan chiqib,

amaliy matematikaning eng kuchli
instrumentlaridan biriga aylandi.

Xususan, kombinator tahlil, hisoblash
geometriyasi, xatolarni tuzatuvchi kodlar nazariyasi
(Coding Theory) va asimmetrik shifrlash
algoritmlari (Kriptografiya) bevosita chegirmalar
sinfi halgasidagi xossalarga tayanadi. Z,, =
{0,1,2,..,m -1} faktor-to‘plami ustida

aniglangan binar algebraik amallar va chizigli
taggoslamalar:

ax = b (mod m)

bu yerda a,b € Z, x - noma’lum butun son, m €
N (m > 1) esa taqgoslama modulidir. Mazkur
tenglamalarning yechimlar fazosi va ularning
matematikaning turli fundamental hamda amaliy
tarmoqlaridagi integral bog‘ligliklarini tadqiq etish,
yangi avlod kriptografik bargarorlik modellarini
yaratishda muhim ilmiy-amaliy ahamiyat kasb etadi.

Il. MATERIAL VA USULLAR.

/- chegirmalar halqasi kommutativlik,
assotsiativlik va ko‘paytirishning qo‘shishga
nisbatan distributivlik aksiomalarini
ganoatlantiradi. Z, halgasi misolida binar

amallarning strukturaviy xususiyatlarini  Keyli
matrisalari orgali ifodalash mumkin (1-jadval).

1-jadval. Z, chegirmalar halgasining multiplikativ
va additiv Keyli matrisalari [7]
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Matrisalardan ko‘rinadiki, Zg halgasida noldan
farqli elementlarning ko‘paytmasi nolga teng
bo‘lishi holati (2-3 =0, 4- 3 = 0) kuzatiladi, bu
esa halgada nolning bo ‘luvchilari mavjudligini
anglatadi. Chizigli taggoslamalarni yechish va
ularni integral sohalarga tatbiq etishda quyidagi
fundamental matematik uslublar qo‘llaniladi:

1. Kengaytirilgan Yevklid algoritmi. Agar a vam
o‘zaro tub bo‘lsa, ya’ni EKUB(a,m) = 1 bo‘lsa, u
holda Z,, halgasida a element uchun yagona a™!
(multiplikativ teskari element) mavjud bo‘ladi. Buni
Bezu chizigli kombinatsiyasi tengligi orqali
ifodalaymiz:

au+mv=1=au = 1(modm) =

a™! = u(mod m)
U holda ax = b(mod m) taqgoslamasining yagona
yechimi X = u-b(modm) ko‘rinishida
aniglanadi.

2. Eyler va Ferma teoremalari apparati. Agar
modul tub son (m = p) bo‘lsa, Fermaning kichik
teoremasidan  foydalaniladi: a?~! = 1(mod p).
Murakkab modullar va kompyuter algebrasi
tizimlari uchun esa Eyler teoremasi tatbiq etiladi:

a®™ = 1 (mod m)

bu yeda ¢ (m) — m dan katta bo’lmagan va m bilan
o’zaro tub bo’lgan natural sonlar sonini aniglovchi
Eyler funksiyasidir.

I11. NATIJALAR VA MUHOKAMA

Tadgiqot doirasida chizigli taggoslamalar
nazariyasining matematikaning turli
yo‘nalishlaridagi samaradorligi matematik
modellashtirish va analitik hisoblashlar yordamida
isbotlandi.

1. Kriptografik asimmetrik tizimlar (RSA
algoritmi).

Axborot xavfsizligida keng qo‘llaniladigan

RSA shifrlash algoritmining matematik asosi

chizigli taggoslamalarga tayanadi. Tizimda ochiq

kalit e va shifrlash moduli m = p - q (p, ¢ — ulkan

tub sonlar) berilgan bo‘lsa, maxfiy kalit d quyidagi

chizigli taggoslamadan aniglanadi:
e- d = 1(mod (¢ (m)).
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Bu jarayonda kengaytirilgan Yevklid algoritmi
yordamida d yagona yechim (maxfiy kalit) sifatida
topiladi. Xabarni shifrlash ¢ = M¢ (mod m) va
deshifrlash M = C% (mod m) funksiyalari orgali
modulli darajaga oshirish tamoyilida xavfsiz
ishlaydi.

2. Xronologik matematika va tagvim masalalari

Vaqt o‘lchovlarining davriyligi (hafta
kunlari, oylar, kabisa yillari) m =7, m =12 va
m = 365 modulli chizigli taggoslamalar yordamida
mukammal shaklda modellashtiriladi. X haftaning
n —kuniga mos kelsa, K kundan keyingi muddat:

f(K)=m+K)(mod 7)

funksiyasi orqali chizigli algoritm ko‘rinishida
hisoblanadi.

3. Amaliy matematik masalalarning analitik
yechimlari.

Quyida oliy algebra, diofant tenglamalari va
funksional tahlil kesimidagi chizigli tagqoslamalar
yordamida olingan anig masalalarning matematik
tahlili keltirilgan:

Masala 1 (Integral algebrada invariantlik):

11a+2b ¢ 7 sharti berilganda, 18?;51’ € Z ekanligini
invariant tahlil usuli bilan isbotlash.
Isboti:  Berilgan shartdan 11la+2b =

0(mod19) ekani kelib chigadi. Ushbu chizigli
formani Z,o maydonida multiplikativ operator 5 ga
ko‘paytiramiz:

5(11a + 2b) = 55a + 10b = 17a + 10b =
0(mod 19).

Ma'lumki,

18a + 5b = (17a + 10b) + (a — 5b).
Demak, magsadimiz  (a —5b) = 0(mod 19)
ekanini ko‘rsatish. Z,o halgasida 2 elementining
teskarisi 27! = 10(mod 19) bo‘lgani uchun [1]
dastlabki taggoslamadan 2b = —11a (mod 19) =
b =—-110a = 4a(mod 19) kelib chigadi. Bu
giymatni o‘rniga qo‘ysak:
a—5b=a—-5(4a) =—-19a = 0(mod 19).

Isbot yakunlandi.

Masala 2 (Diofant tenglamalari tizimi):
5x + 4y = 3 tenglamasini butun sonlar to‘plamida
yechish.

Yechimi: Ushbu tenglamani m=4 moduli

bo‘yicha  chizigli  taqqoslamaga  keltiramiz:
5x = 3(mod 4) = (4+ 1)x =3(mod 4) > x
= 3(mod 4).
Demak, x =344k (k€ Z). Ushbu ifodani
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boshlang‘ich tenglamaga qo‘yib, y ning giymatini
parametrik ko‘rinishda aniqlaymiz:
5(3 + 4k) + 4y =3 = 15+ 20k + 4y = 3
= 4y = —12 — 20k =

y=—-3-5k
Yechimlar fazosi:

{(,y) | x =3+4k,y =-3—-5kk €Z}.

Masala 3. f(x) = ? funksiyasi x € Z

ning ganday giymatlarida f(x) € Z bo‘lishini
aniglang.

Yechimi. f(x)butun son bo‘lishi uchun
uning surati maxrajiga qoldigsiz bo‘linishi, ya'ni
9x — 1 ifodasi 7 soniga karrali bo‘lishi zarur va
yetarli:

9x — 1= 0(mod 7)

Ushbu shart Z,
taggoslamaga

chegirmalar maydonida chizigli
teng kuchlidir:
9x =1 (mod 7).

Mazkur taggoslamani yechish uchun
koeffitsiyentlarni modulli o ‘zgartirish usulidan
foydalanamiz. Erkin hadga 7 modulining 5
karralisini (5- 7 = 35) qo‘shish orgali noma’lum
oldidagi 9 koeffitsiyentiga bo‘linuvchi shaklni hosil
gilamiz:

9x =1+ 35(mod 7) = 9x = 36(mod 7)

EKUB(9,7) =1 bo‘lgani uchun taqqoslamaning

ikkala gismini 9 ga qisqgartirib, Z-, halgasidagi

yagona fundamental yechimlar sinfini aniglaymiz:
x=4(mod7)=> x=4+7kVk €L

Olingan natijaning invariantliginik = 0va k = —1
parametrik giymatlarda tekshiramiz:

1. x;,=4 bo‘lganda:
(9-4-1) 35
4)y=————2="_"=5¢7
fW ===
2. x5 =-3 bo‘lganda:
(3)_9-(—3)—1_ 28 _ ey
f(=3)= 7 7
Demak, f(x) = == funksiya fagat x € {4 + 7k |

7
k € Z} ekvivalentlik sinfida butun giymatlar gabul

giladi. Ushbu algoritm an'anaviy usullarga
garaganda ancha sodda va hisoblash jihatidan yugori
unumdorlikka ega.

Masala 4. 523 sonining o‘ng tomoniga
shunday uchta ragam yozingki, hosil bo‘lgan olti
xonali son 7, 8,9 sonlariga qoldigsiz bo‘linsin.

Yechimi. lzlanayotgan olti xonali sonni
aniqlash uchun uning o‘ng tomoniga yoziladigan
uch xonali sonni n=Xyz (0 <n <999) deb
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belgilaymiz. U holda hosil bo‘lgan sonni quyidagi
additiv shaklda ifodalash mumkin:
523xyz = 523000 + n.

Masala shartiga ko‘ra, ushbu olti xonali son 7, 8 va
9 sonlariga bir vaqtda bo‘linishi kerak. Demak, u
ushbu sonlarning eng kichik umumiy karralisiga
(EKUK) ham qoldigsiz bo‘linadi:
EKUK(7,89) =7 8- 9 = 504.

Ushbu shart Zs,, chegirmalar halgasida
quyidagi chizigli taggoslamaga ekvivalentdir:
523000 + n = 0 (mod 504)

Hisoblashlarni  soddalashtirish  uchun 523000
sonini 504 moduliga nisbatan eng kichik musbat
goldiq (regulyar chegirma) shaklida
approksimatsiyalaymiz:
523000 =504 - 1037+ 352 = 523000
= 352(mod 504).

Olingan chegirmani dastlabki tagqoslamaga
qo‘yib, n parametriga nisbatan chizigli tenglamani
yechamiz:

352+ n = 0(mod504) = n

= —352(mod 504)

Zso4 halgasidagi invariant musbat chegirmaga
o‘tish uchun modul qiymatini qo‘shamiz:
= —352 + 504 = 152(mod 504).

Bundan n ning fundamental yechimlar sinfi kelib
chigadi:

n =152+ 504k, k € Z
nuch xonali son (0<n< 999) bo‘lganligi

sababli, k parametrning fagat k=0 va k=1
giymatlari chegaraviy shartni ganoatlantiradi:

1. k=0 bo‘lganda: n, =152 =
Izlanayotgan birinchi olti xonali son:
523152

2. k=1 bo‘lganda: n, = 656 =
Izlanayotgan ikkinchi olti xonali son:
523656
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